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Abstract 
In this paper we introduce attribute-oriented induction with partial vote propagation – a 
new approach allowing acquisition of generalized knowledge from uncertain data. We 
utilize a proximity-based fuzzy relational database as the medium carrying the original 
information, where the lack of precise information about an entity is reflected via 
insertion of multiple attribute values, and the fuzzy relation of α-proximity replaces the 
classical equivalence relation. Following a well-known approach for generalization of 
exact data in ordinary databases [9], we introduce a new method for induction of tuples 
with non-atomic attribute values. In our approach we take advantage of the implicit 
information about the generalized attributes in the fuzzy database model and apply it to 
generalize imprecise information. 
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1. Introduction 
 

Attribute-Oriented Induction (AOI) is a descriptive database mining technique, which 
compresses the original set of data into a generalized relation, providing concise and 
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summarative information about the massive set of the original data. This technique 
enables a transformation of similar data collections, expressed originally in a database at a 
low (primitive) level, into more abstract conceptual representations. 

The generalization of database records is performed on an attribute-by-attribute basis, 
utilizing a separate concept hierarchy for the each of the generalized attributes included in 
the relation of task-relevant data. Each concept hierarchy reflects background knowledge 
about the domain, which is going to be generalized. The concept hierarchies progressively 
increase the abstraction of the generalization concepts at each new level, allowing the 
gradual aggregation of attribute values stored in the original tuples. 

In contrast to simplified, non-hierarchical data summarization, a gradual attribute-
oriented induction through concep t hierarchies allows detailed tracking of all records, and 
can lead to the discovery of interesting patterns among data at the lowest abstraction level 
of their occurrence. In effect we are able to avoid unnecessary loss of information due to 
the overgeneralization. Moreover, thorough attribute-oriented induction allows extraction 
of generalized knowledge, without omitting even rare attribute values. It might occur that 
such atypical values, despite being initially (at a low level of the generalization hierarchy) 
infrequent, can sum up to meaningful numbers when generalized to a sufficiently high 
abstraction level. 

In this work we focus on the extraction of generalized knowledge from the imprecise 
data stored in the fuzzy relational database. In real life, imperfect information occurs very 
frequently (e.g. caused by the lack of suitable precision during measurements; 
inconsistency of the data coming from multiple sources; uncertainty in judgments 
performed by human beings caused by the lack of their objective assessment), and in the 
miscellaneous areas (e.g. weather maps, genotype characteristics, census data, etc.). An 
ability to mine knowledge from such data, in spite of the occurring imperfections, has 
significance for real-world applications. A choice of a suitable approach for generalization 
of original data can have a fundamental influence on retrieved results, regardless of 
further data mining techniques. 

In the next section we provide a brief review of research conducted on AOI. We also 
give an overview  of a proximity based fuzzy database model, which we utilized as the 
basis for our generalization approach. Then we present how the fuzzy proximity relation 
can be applied to build generalization hierarchies, and finally introduce our method 
allowing attri bute-oriented induction of imperfect data.  

 
 

2. Background 
 

2.1 Attribute -Oriented Induction (AOI) 
The idea of applying concept hierarchies to generalize database records for data mining 

purposes was initially developed by Han et al. [8-10] and extended further by Hamilton et 
al. [5, 11]. The majority of this work focuses on attribute-oriented induction with 
utilization of crisp concept hierarchies, where each attribute value (concept) can have only 
one direct abstract to which it fully belongs. 

Several groups of researchers have investigated applications of fuzzy concept 
hierarchies for AOI. Fuzzy hierarchies of concepts seem to better model real life 
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dependencies, since they are able to reflect the degree with which one concept belongs to 
its direct abstract and more than one direct abstract of a single concept is also allowed. 
Lee and Kim [13] used ISA hierarchies, from area of data modeling, to generalize 
database records to more abstract concepts. Lee [14] applied fuzzy generalization 
hierarchies to mine generalized fuzzy quantitative association rules. Cubero et al. [6] 
presented fuzzy gradual rules for data summarization. Raschia and Mouaddib [17] 
implemented the SaintEtiq system for data summarization through extended concept 
hierarchies. Consistent fuzzy concept hierarchies, where each degree of membership is 
normalized to preserve an exact vote propagation of each tuple when generalized, were 
recently investigated by the authors [1-2]. 

 
2.2 Proximity-based Fuzzy Relational Database 

The similarity-based fuzzy model of a relational database, proposed originally by 
Buckles and Petry [4, 16], is actually a formal generalization of the ordinary relational 
database model introduced by Codd [7]. The fuzzy model, based on the max-min 
composition of a fuzzy similarity relation, which replaces the classical equivalence 
relation coming was further extended by Shenoi and Melton [12, 18-19] with the concept 
of the proximity relation and because of its more general character, we utilized an 
extension for this approach. 

The most distinctive qualities of the fuzzy relational database are: (1) allowing non-
atomic domain values, when characterizing attributes of an entity and (2) generation of 
equivalence classes with the support of a proximity relation applied in the place of 
traditional identity relation. 

As mentioned above, each attribute value of the fuzzy database record is allowed to be a 
subset of the whole base set of attribute values describing a particular domain. Formally, 
if we denote a set of acceptable attribute values as Dj, and we let dij to symbolize a 
particular (jth) attribute value, characterizing the ith entity; the original Codd’s principle 
dij∈D j is replaced in the fuzzy database schema with the set jij Dd ⊆ . Any member of the 

power set of accepted domain values can be inserted as an attribute descriptor except the 
null set. Therefore a fuzzy database relation is actually a subset of the cross product of all 

power sets of its constituent attributes m21 DDD 222 ××× K . This property permits fuzzy 
database to store imprecision coming from the original source of information. In cases 
when the particular entity cannot be clearly characterized by a single descriptor, the 
uncertainty can be reflected by multiple attribute values. 

A proximity-based fuz zy database uses an explicitly declared proximity relation of 
which both the identity and similarity relations are special cases. Since a fuzzy proximity 
relation (also called tolerance relation) is only reflexive and symmetric, which is not 
sufficient to obtain equivalence classes, transitivity of proximity relation was an 
extension. This is achieved by modifying the original definition of fuzzy    proximity 
relations with transitivity via similarity paths (sequences of similarities), using Tamura 
chains [20]. The definition of α-proximity relation employed in this approach is: 

If P is a proximity relation on D j, then given an α∈[0, 1], two elements x, z∈D j are α -
similar (denoted by  xPαz) if and only if P(x,z)≥ α, and are said to be α-proximate (denoted 
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by x +
αP z) if and only if they are (1) either α-similar or (2) there exists a sequence 

y1,y2,…,ym∈Dj, such that xPαy1Pαy2Pα…PαymPαz. 
 
 

Table 1: Proximity table for a domain HAIR COLOR. 
 

 black d. brown auburn red blond bleached 
black 1.0 0.8 0.6 0.5 0.3 0.1 
d. brown 0.8 1.0 0.7 0.6 0.5 0.2 
auburn 0.6 0.7 1.0 0.8 0.4 0.3 
red 0.5 0.6 0.8 1.0 0.5 0.4 
blond 0.3 0.5 0.4 0.5 1.0 0.8 
bleached 0.1 0.2 0.3 0.4 0.8 1.0 
 

Each of the attributes in the fuzzy database has its own proximity table, which includes 
the degrees of proximity (called above α -similarity) between all values occurring for the 
particular attribute. A proximity table for the domain of HAIR COLOR, which we will 
use as an example for our further analysis, is presented in the Tabl e 1. Since it is not 
necessary to preserve max-min transitivity when defining the proximity values the relation 
becomes much easier to specify. 

As proposed by Tamura [20], the proximity table can be transformed to reflect the α -
proximity relation. The results of such a transformation are seen in Table 2. 
 
 
Table 2: α-proximity table for a domain HAIR COLOR. 
 
 black d. brown auburn red blond bleached 
black 1.0 0.8 0.7 0.7 0.5 0.5 
d. brown 0.8 1.0 0.7 0.7 0.5 0.5 
auburn 0.7 0.7 1.0 0.8 0.5 0.5 
red 0.7 0.7 0.8 1.0 0.5 0.5 
blond 0.5 0.5 0.5 0.5 1.0 0.8 
bleached 0.5 0.5 0.5 0.5 0.8 1.0 
 

Now the disjoint classes of attribute values, considered to be equivalent at the specific 
α-level, can be extracted from the table. They are marked by shadings in Table 2. Such a 
separation of the equivalence classes arises due to the sequential similarity proposed by 
Tamura. For instance, despite the fact that the proximity degree, presented in Table 1, 
between the concepts red and black  is 0.5, the α-proximity is 0.7. Via the sequence of the 
original proximity degrees: black Pα d.brown=0.8 ∧ d.brown Pα auburn=0.7 ∧ auburn Pα 
red=0.8, we get black +

αP red=0.7, which is shown in Table 2. 
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3. Attribute-Oriented Induction from fuzzy tuples 
 
3.1 Building concept hierarchy from α -proximity table 

The creation of an α-proximity relation for a particular domain Dj can lead to the 
extraction of a crisp concept hierarchy, allowing attribute-oriented induction on such a 
domain. From the propagation of shadings in the Table 2, we can easily observe that the 
equivalence classes marked in the table have a nested character. 

As in the case of a fuzzy similarity relation [21], each α-cut (where α ∈ [0, 1]) of a 
fuzzy binary relation in Table 2 creates disjoint equivalence classes in the domain D j.  If 
we let Πα denote a single equivalence class partition induced on domain Dj by a single α -
level-set, then by an increase of the value of α  to α’ we are able to extract the subclass of 
Πα, denoted Πα’ (a refinement of the previous equivalence class partition). A nested 
sequence of partitions Π 1α , Π 2α ,…, Π kα  , where α 1<α2<…<α k, may be represented 
in the form of a partition tree, as in Figure 1. 

This nested sequence of partitions in the form of a tree has a structure identical with the 
crisp concept hierarchy used for AOI. The increase of conceptual abstraction in the 
partition tree is denoted by decreasing values of α ; lack of abstraction during 
generalization (0-abstraction level at the bottom of generalization hierarchy) complies 
with the 1-cut of the similarity relation (α=1.0), and is denoted as S1.0. 
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Figure 1: Partition tree of domain HAIR COLOR, built on the basis of Table 2. 

 
 

An advantage of  the utilization of the proximity-based fuzzy model is that such a 
hierarchy, by definition implemented in every such fuzzy database, can be extracted 
automatically for a user who has no background knowledge about the specific domain. 

The only thing differentiating the hierarchy in the Figure 1 from the crisp concept 
hierarchies applicable for AOI is the lack of abstract concepts, which are used as the 
labels characterizing the sets of generalized (grouped) concepts. To create a complete set 
of the abstract labels it is sufficient to choose only one value of the attribute per the 
equivalence class at the each level of hierarchy (α ), and assign a unique abstract 
descriptor to it. Sets of such definitions (value of attribute and value of α linked with an 
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abstract name) can be stored as a relational database table (Table 3), where the first two 
columns create a natural key for this relation. 
 
 
Table 3: Table of abstract descriptors (for Figure1). 

 
ATTRIBUTE 
VALUE 

ABSTRACTION 
LEVEL (α ) 

ABSTRACT 
DESCRIPTOR 

black  0.8 DARKISH 
red 0.8 REDDISH 
blond 0.8 BLONDISH 
black  0.7 DARK 
blond 0.7 BLONDISH 
black  0.5 ANY 

 
The combination of partition tree in Figure 1 and the table of abstract descriptors allow 

us to build the generalization hierarchy in the form shown in Figure 2. 
The disjoint character of equivalence classes generated from the α-proximity table does 

not allow any concept in the hierarchy to have more than one direct abstract at every level 
of generalization hierarchy. Therefore this approach can be utilized only to form a crisp 
generalization hierarchy. Such a hierarchy, however, can be then successfully applied as a 
foundation to the development of a fuzzy concept hierarchy – by extending it with 
additional edges to represent partial membership of the lower level concepts in their direct 
abstract descriptors. Depending on the assigned memberships, reflecting preferences of 
the user, this can create consistent or inconsistent fuzzy concept hierarchies. 
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Figure 2: Crisp generalization hierarchy formed using Tables 2 and 3. 
 
 
3.2 Character of imprecision reflected in fuzzy records  

Before introducing our approach to AOI from imprecise data, let us analyze briefly the 
nature of the uncertainty representation allowed in the fuzzy database model. There are 
two actual representations of imprecision in the fuzzy database schema. First, as already 
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mentioned, is the occurrence of multiple attribute values. Obviously, the more descriptors 
we use to characterize a particular record in the database, the more imprecise is its 
depiction.  Uncertainty about the description is also implicitly reflected in the similarity of 
values characterizing a particular entity. e.g. when we describe someone’s hair as {black, 
dark brown, red, auburn}  we have more doubt about the person’s hair colour than in the 
case when we characterize it as {blond, dark blond, light brown, brown}, since this 
description would be rather immediately interpreted as “blondish”. There are the same 
number of attribute values in each case, however the higher similarity of values utilized in 
the second set results in the higher informativeness carried by the second example.  

The imprecision of the original information is actually reflected both in the number of 
inserted descriptors for a particular attribute and in the similarity of these values. In Table 
4 we summarize observations concerning their relationship. The domain called Quantity 
of attribute values  is a discrete set of integer numbers (> 0, since the fuzzy model does not 
allow empty attributes); the Similarity of attribute values is characterized in fuzzy 
databases with a continuous set of real numbers in a range [0, 1] – the values of α. 
 
 
Table 4: Character of information stored in the Fuzzy Databases. 
 

Similarity of  
attr. values 

Quantity of 
attr. values 

LOW HIGH 

SMALL Imprecise Precise 

LARGE 
Imprecise 

(Error suspected) 
Precise 

(Confirmed) 

 
The simplified characterization of data imprecision presented in Table 4 can be 

enhanced with a brief analysis of the boundary values. The measure of imprecision can be 
thought of ranging between 0 (i.e. the lack of uncertainty about results) and infinity 
(maximum imprecision). The common opinion that even flawed information is better than 
lack of the information, leads us to say that imprecision reaches its maximum limits when 
there is no data inserted at all. Since the fuzzy database model does not allow empty 
attributes we will not consider this further. The minimum imprecision (0-level) is 
achieved by a single attribute value. If there ar e no other descriptors or auxiliary 
information, we must assume the inserted value is a perfect characterization of the 
particular entity’s feature. The same minimum can be also accomplished with multiple 
values if they all have identical meaning (synonyms ). Despite the fact that multiple, 
identical descriptors additionally confirm an initially inserted value, they cannot lead to 
further reduction of imprecision, since it already has the minimal value. Therefore the 
descriptors, which are so similar that they are considered to be identical, can be reduced to 
a single descriptor. Obviously, some attribute values, initially considered as different, may 
be treated as identical at a higher abstraction level. Therefore we can conclude that the 
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practically achievable minimum of imprecision depends on the abstraction level of 
employed descriptors, and can reach its original 0-level only at the lowest level of 
abstraction (for α=1.0 in our fuzzy database model). 

 
3.3 Partial Vote Propagation to generalize imprecise data 

Since the fuzzy database model permits the reflection of uncertainty about the value 
characterizing each feature via insertion of multiple attribute descriptors, it is necessary to 
provide a mechanism allowing AOI from such data. In this section we propose a method 
enabling generalization of multiple attribute values, based on the dependencies presented 
in the previous section. 

In the case of attribute generalization with utilization of a concept hierarchy (Figure 2), 
we have single attribute values at the bottom level of the hierarchy. Therefore the 
generalization of tuples with single descriptors is straightforward. A problem arises with 
the case of multiple attribute values describing a single entity. Where should we assign a 
person whose hair was described as {d.brown, auburn, red}? Our solution is based on 
partial vote propagation, where a single vote, corresponding to one database record, is 
partitioned to represent each of the originally inserted attribute values. During AOI all 
fractions of this vote propagate gradually through multiple levels of generalization 
hierarchy, the same way as the regular (precise) records do. The only difference is that the 
record with uncertainty has multiple generalization paths (different paths for different 
vote’s fractions), whereas each of the precise records has only one generalization path. 

The most trivial solution would be to split the vote equally among all inserted 
descriptors: {d.brown|0.(3), auburn|0.(3), red|0.(3)}. This approach however does not take 
into consideration real life dependencies, which are reflected not only in the number of 
inserted descriptors, but also in their similarity. We propose replacement of the even 
distribution of vote with a nonlinear spread, dependent on the similarity and the number of 
inserted values. Using the partition tree (Figure 1), we can extract from the set of the 
originally inserted values the concepts which are more similar to each other than to the 
remaining descriptors; we call these subsets of resemblances (e.g. {red, auburn} from the 
above-mentioned example). Then we use the subset as a base for calculating new vote’s 
fractions. An important aspect of this approach is extraction of the subsets of similarities 
at the lowest possible level of their occurrence, since the nested character of α -proximity 
relation guarantees that above this α -level they will always occur together. Repetitive 
extraction of such subsets could unbalance the original dependencies among inserted 
values. 

The proposed approach is rather straightforward given (1) a set of attribute values 
inserted as a description of particular entity (i.e. Set of Descriptors), and (2) a hierarchical 
structure (tree) reflecting Zadeh’s partition tree for the particular attribute (Figure 1). We 
want to extract the list of all subsets of similarities from the given Set of Descriptors, with 
the highest Level of α-proximity of their common occurrence. This is achieved by 
preorder recursive traversal of the partition tree.. Searching from the root of the tree, if 
any subset of the given Set of Descriptors occurs at a particular node of the concept 
hierarchy, we store the values that were recognized as similar, and the value of α . In 
Figure 3 we present an example of such a search for subsets of similarities for a record 
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with values {black, d.brown, blond, red}. Numbers on the links in the tree represent the 
order in which the particular subsets of similarities were extracted. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Subsets of similar values extracted from the original set of descriptors. 
 
 

After extracting the subsets of similarities (Figure 3), we summarize α  values as a 
measure reflecting both the frequency of occurrence of the particular attribute values in 
the subsets of similarities, as well as the abstraction level of these occurrences. Since 
value blond appeared only at the top and the bottom level, we assign it a grade 1.5 
(1.0+0.5). The remaining attribute values were graded as follows: 
black|(1.0 + 0.8 + 0.7 + 0.5) = black|3.0 
d.brown|(1. 0 + 0.8 + 0.7 + 0.5) = d.brown|3.0 
red|(1.0 + 0.7 + 0.5)= red|2.2 

In the next step, we use the sum of all generated grades (1.5+3.0 + 3.0 + 2.2 = 9.7) in 
order to normalize the grades finally assigned to each of the participating attribute values: 
black|(3.0/9.7) = black|0.31 
d.brown|(3.0/9.7) = d.brown|0.31 
red|(2.2/9.7) = red|0.23 
blond|(1.5/9.7) = blond|0.15 

This new distribution of the vote’s fractions more accurately reflects real life 
dependencies than a linear approach. The final results are shown in Figure 4. 

Normalization of the initial grades has a crucial meaning for preservation of the 
generalization model’s completeness. It guarantees that each of the records is represented 
as a unity, despite being variously distributed at each of the generalization levels. 

During the AOI process all fract ions of the vote may gradually merge to finally become 
unity at the level of abstraction high enough to erase the originally occurring imprecision. 
In such a case, we observe that there is a removal of imprecision from data due to its 
generalization. Such a connection between the precision and certainty seems to be natural 
and was already noted by other researchers [3, 15]. In general, very abstract statements 
have a greater probability to be “correct” than more detailed ones. 
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Figure 4: Partial Vote Propagation for records with uncertainty. 
 
 
4 Conclusions 
 

An acceptance of non-atomic values for an attribute may lead to the occurrence of 
imprecision, when a single attribute is described by multiple values which are not 
considered to be equal at the given level of detail. In this paper we presented a new 
approach allowing Attribute-Oriented Induction in such cases. 

In our approach, multiple descriptors with high similarity are allowed to dominate 
distribution of the vote’s fractions, which seems to more accurately reflect the actually 
occurring dependencies. Such a nonlinear distribution of the record’s vote, based on the 
similarities among attribute values, implicitly supports a reduction of the original data’s 
inconsistency. 

In this paper we utilized a proximity-based fuzzy relational database model, however 
the proposed mechanism of generalization via partial vote distribution based on the shape 
of concept hierarchy seems to be applicable to AOI on any data with non-atomic attribute 
values. Applying this approach to mine abstract knowledge from imprecise data stored in 
other types of databases remains an interesting challenge for our future work. 
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