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1. Iniroduciion

The use of computers for control and monitoring of industrial processes has ex-
panded greatly in recent years, and will probably expand even more dramatically
in the near future. Often, the computer used in such an application is shared be-
tween a certain number of time-critical control and monitor functions and a non-
time-critical batch processing job stream. In other installations, however, no
non-time-critical jobs exist, and efficient use of the computer can only be achieved
by a careful scheduling of the time-critical control and monitor functions themselves.
This latter group might be termed ‘“‘pure process control” and provides the back-
ground for the combinatoric scheduling analyses presented in this paper. Two
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scheduling algorithms for this type of programming are studied; both are priority
driven and preemptive; meaning that the processing of any task is interrupted by
a request for any higher prionty task. The first algorithm studied uses a fixed
priority assignment and can achieve processor utilization on the order of 70 percent
or more. The second scheduling algorithm can achieve full processor utilization by
means of a dynamic assignment of priorities. A combination of these two algo-
rithms is also discussed.

2. Background

A process control computer performs one or more control and monitoring functions.
The pointing of an antenna to track a spacecraft in its orbit is one example of such
functions. Each function to be performed has associated with it a set of one or
more lasks. Some of these tasks are executed in response to events in the equipment
controlled or monitored by the computer. The remainder are executed in response to
events in other tasks. None of the tasks may be executed before the event which
requests it occurs. Each of the tasks must be completed before some fixed time has
elapsed following the request for it. Service within this span of time must be guaran-
teed, categorizing the environment as “hard-real-time” [1] in contrast to “soft-
real-time’” where a statistical distribution of response times is acceptable.

Much of the available literature on multiprogramming deals with the statistical
analysis of commercial time-sharing systems ([2] contains an extensive bibliography).
Another subset deals with the more interesting aspects of scheduling a batch-
processing facility or a mixed batch-time-sharing facility, usually in a multiple
processor configuration [3-8]. A few papers directly attack the problems of “hard-
real-time”’ programming. Manacher [1] derives an algorithm for the generation of
task schedules in a hard-real-time environment, but his results are restricted to the
somewhat unrealistic situation of only one request time for all tasks, even though
multiple deadlines are considered. Lampson [9] discusses the software scheduling
problem in general terms and presents a set of AngorL multiprogramming procedures
which could be software-implemented or designed into a special purpose scheduler.
For the allocation of resources and for the assignment of priorities and time slots,
he proposes a program which computes estimated response time distributions based
on the timing information supplied for programs needing guaranteed service. He
does not, however, describe the algorithms which such a program must use.

The text by Martin [10] depicts the range of systems which are considered to be
“real-time’” and discusses in an orderly fashion the problems which are encountered
in programming them. Martin’s description of the tight engineering management
control that must be maintained over real-time software development is empha-
tically echoed in a paper by Jirauch [11] on automatic checkout system software.

These discussions serve to emphasize the need for a more systematic approach to
software design than is currently in use.

3. The Environment

To obtain any analytical results about program behavior in a hard-real-time en-
vironment, certaln assumptions must be made about that environment. Not all of

Journal of the Assocation for Computing Machinery, Vol 20, No. 1, January 1973



48 C. L. LIU AND J. W. LAYLAND

these assumptions are absolutely necessary, and the effects of relaxing them will be
discussed in a later section.

(A1) The requests for all tasks for which hard deadlines exist are periodic, with
canstant interval between requests.

(A2) Deadlines consist of run-ability constraints only—i.e. each task must be
completed before the next request for it occurs,

(A3) The tasks are independent in that requests for a certain task do not depend
on the initiation or the completion of requests for other tasks.

(A4) Run-time for each task is constant for that task and does not vary with
time. Run-time here refers to the time which is taken by a processor to execute the
task without interruption.

(A5) Any nonperiodic tasks in the system are special; they are initialization or
failure-recovery routines; they displace periodic tasks while they themselves are
being run, and do not themselves have hard, critical deadlines.

Assumption (A1) contrasts with the opinion of Martin [2], but appears to be valid
for pure process control. Assumption (A2) eliminates queuing problems for the in-
dividual tasks. For assumption (A2) to hold, a small but possibly significant amount
of buffering hardware must exist for each peripheral function. Any control loops
closed within the computer must be designed to allow at least an extra unit sample
delay. Note that assumption (A3) does not exclude the situation in which the
occurrence of a task t,; can only follow a certain (fixed) number, say N, of occur-
rences of a task 7. . Such a situation can be modeled by choosing the periods of tasks
7, and 7, so that the period of 7,1s N times the period of 7, and the Nth request for
7. will coincide with the 1st request for 7, and so on. The run-time in assumption
(A4) can be interpreted as the maximum processing time for a task. In this way the
bookkeeping time necessary to request a successor and the costs of preemptions can
be taken into account. Because of the existence of large main memories out of which
programs are executed and the overlapping of transfers between main and auxiliary
storage and program execution in modern computer systems, assumption (A4)
should be a good approximation even if it is not exact. These assumptions allow the
complete characterization of a task by two numbers: its request period and its

run-time. Unless stated otherwise, throughout this paper we shall use 7y, 72, -+ , T
to denote m periodic tasks, with their request periods being 7y, 75, -+, T\, and
their run-times being Cy, Cy, - - -, Ca, respectively. The request rate of a task is

defined to be the reciprocal of its request period.

A scheduling algorithm is a set of rules that determine the task to be executed at a
particular moment. The scheduling algorithms to be studied in this paper are pre-
emptive and priorily driven ones. This means that whenever there is a request for a
task that is of higher priority than the one currently being executed, the running
task is immediately interrupted and the newly requested task is started. Thus the
specification of such algorithms amounts to the specification of the method of
assigning priorities to tasks. A scheduling algorithm is said to be stafic if priorities are
assigned to tasks once and for all. A static scheduling algorithm is also called a fixed
priority scheduling algorithm. A scheduling algorithm is said to be dynamic if priori-
ties of tasks might change from request to request. A scheduling algorithm is said to
be a mized scheduling algorithm if the priorities of some of the tasks are fixed yet the
priorities of the remaining tasks vary from request to request.
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4. A Fized Priovity Scheduling Algorithm

In this section we derive a rule for priority assignment that yields an optimum
static scheduling algorithm. An important concept in determining this rule is that of
the critical instant for a task. The deadline of a request for a task is defined to be the
time of the next request for the same task. For a set of tasks scheduled according to
some scheduling algorithm, we say that an overflow occurs at time ¢ if ¢ is the deadline
of an unfulfilled request. For a given set of tasks, a scheduling algorithm is feasible if
the tasks are scheduled so that no overflow ever occurs. We define the response time
of a request for a certain task to be the time span between the request and the end of
the response to that request. A crilical instant for a task is defined to be an instant at
which a request for that task will have the largest response time. A critical time zone
for a task is the time interval between a eritical instant and the end of the response
to the corresponding request of the task. We have the following theorem,

TrEOREM 1. A critical instant for any task occurs whenever the task is requested
stmultaneously with requests for all kigher priority tasks.

Proor. Let 7, 75, -+, 7. denote a set of priority-ordered tasks with 7,, being
the task with the lowest priority. Consider a particular request for 7,, that occurs at
t, . Suppose that between & and t; + 7', , the time at which the subsequent request
of 1. occurs, requests for task 7,, 2 < m,oceurat by, L+ T,, L+ 2T,,- -, &+
kT, as llustrated in Figure 1. Clearly, the preemption of 7,, by 7, will cause a certain
amount of delay in the completion of the request for 7,, that occurred at ¢, , unless
the request for 7., is completed before ¢, . Moreover, from Figure 1 we see imme-
diately that advancing the request time ¢, will not speed up the completion of 7. .
The completion time of 7, is either unchanged or delayed by such advancement.
Consequently, the delay in the completion of 1, is largest when ¢, coincides with ¢, .

Repeating the argument forall 7., ¢ = 2, - -+ | m — 1, we prove the theorem.

One of the values of this result is that a simple direct calculation can determine
whether or not a given priority assignment will yield a feasible scheduling algorithm.
Specifically, if the requests for all tasks at their critical instants are fulfilled before
their respective deadlines, then the scheduling algorithm is feasible. As an example,
consider a set of two tasks myand 1o with Ty = 2, Ty = 5, and C, = 1, C; = 1. If we
let 71 be the higher priority task, then from Figure 2(a) we see that such a priority
assignment is feasible. Moreover, the value of C; can be increased at most to 2 but
not further as illustrated in Figure 2 (b). On the other hand, if we let 7, be the higher

priority task, then neither of the values of C; and C, can be increased beyond 1 as
illustrated in Figure 2(c).

17T

72‘*'“("‘”1-}

]
i
i
i
|
I
‘2 ‘Z+Cl L+ T, 12+2T| iz ‘!-KTi )
|

ROCESSOR IS OCCUPIED BY T;

Fic. 1. Execution of 7. between requests for r,,
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Fig. 2. Schedules for two tasks

The result in Theorem 1 also suggests a priority assignment that is optimum in the
sense that will be stated in Theorem 2. Let us motivate the general result by con-
sidering the case of scheduling two tasks 7, and 7, . Let T) and T, be the request
periods of the tasks, with T, < T, . If we let r, be the higher priority task, then,
according to Theorem 1, the following inequality must be satisfied:" *

LT/Th) i1+ Co £ T, (1)

If we let 7, be the higher priority task, then, the following inequality must be satis-
fied:

C1+02<T1- (2)

Since

LTQ/T]_I C1 + L’.‘FQ/TI_I CQ < LTE/TI_I Tl < T25

(2) implies (1). In other words, whenever the 7y < T, and Cy , C; are such that the
task schedule is feasible with 7, at higher priority than 7, it is also feasible with 7,
at higher priority than 7., but the opposite is not true. Thus we should assign higher
priority to 7, and lower priority to 7, . Hence, more generally, it seems that a
“reasonable’ rule of priority assignment is to assign priorities to tasks according to
their request rates, independent of their run-times. Specifically, tasks with higher
request rates will have higher priorities. Such an assignment of priorities will be
known as the rate-monotonic priorily asstgnment. As it turns out, such a priority
assignment is optimum in the sense that no other fixed priority assignment rule can
schedule a task set which cannot be scheduled by the rate-monotonic priority
assignment.

1 Tt should be pointed out that (1) is necessary but not sufficient to guarantee the feasibility of
the priority assignment.

t |z | denotes the largest integer smaller than or equal to z. [27] denotes the smallest in-
teger larger than or equal to z.
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TrEOREM 2. If a feasible priority assignment exisls for some lask set, the rate-
monotonic priorily assignment is feasible for that task set.

Proor. Let 7, 75, -+, 7m be a set of m tasks with a certain feasible priority
assignment. Let 7, and 7, be two tasks of adjacent priorities in such an assignment
with 7, being the higher priority one. Suppose that T, > T, . Let us interchange the
priorities of 7, and 7, . It is not difficult to see that the resultant priority assignment
is still feasible. Since the rate-monotonic priority assignment can be obtained from
any priority ordering by a sequence of pairwise priority reorderings as above, we
prove the theorem.

5. Achievable Processor Utilizatlion

At this point, the tools are available to determine a least upper bound to processor
utilization in fixed priority systems. We define the (processor) utilization factor to be
the fraction of processor time spent in the execution of the task set. In other words,
the utilization factor is equal to one minus the fraction of idle processor time. Since
C./T, is the fraction of processor time spent in executing task 7., for m tasks, the
utilization factor is:

U= ; (E/P).

Although the processor utilization factor can be improved by increasing the values of
the C.’s or by decreasing the values of the T.’s it is upper bounded by the require-
ment that all tasks satisfy their deadlines at their critical instants. It is clearly
uninteresting to ask how small the processor utilization factor can be. However, 1t is
meaningful to ask how large the processor utilization factor can be. Let us be precise
about what we mean. Corresponding to a priority assignment, a set of tasks is said to
fully utilize the processor if the priority assignment is feasible for the set and if an
increase in the run-time of any of the tasks in the set will make the priority assign-
ment infeasible. For a given fixed priority scheduling algorithm, the least upper
bound of the utilization factor is the minimum of the utilization factors over all sets
of tasks that fully utilize the processor. For all task sets whose processor utilization
factor is below this bound, there exists a fixed priornity assignment which is feasible.
On the other hand, utilization above this bound can only be achieved if the 7', of the
fasks are suitably related.
~ Since the rate-monotonic priority assignment is optimum, the utilization factor
achieved by the rate-monontonic priority assignment for a given task set is greater
than or equal to the utilization factor for any other priority assignment for that task
set. Thus, the least upper bound to be determined is the infimum of the utilization
factors corresponding to the rate-monotonic priority assignment over all possible
request periods and run-times for the tasks. The bound is first determined for two
tasks, then extended for an arbitrary number of tasks.

THEOREM 3. For a set of two tasks with fized priority assignment, the least upper
bound to the processor utilization factor is U = 2(2} — 1).

Proor. Let 7; and 7; be two tasks with their periods being T, and T and their
run-times being €y and C, , respectively. Assume that T, > T, . According to the
rate-monotonic priority assignment, 7y has higher priority than 7, . In a critical time
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zone of 7y, there are ['T,/Ty7 requests for 7, . Let us now adjust Cy to fully utilize
the available processor time within the critical time zone. Two cases oceur:

Case 1. The run-time (' is short enough that all requests for r; within the eritical
time zone of T, are completed before the second 7, request. That is,

G- T, LTy/T ).
Thus, the largest possible value of C; is
C,=T,—-C, I'Ty/T\.
The corresponding processor utilization factor is
U=1+Cl/Ty) — (/T:) TTy/Ti11

In this case, the processor utilization factor U is monotonically decreasing in C; .
Case 2. The execution of the ["T:/T\71th request for ¢ overlaps the second
request for 7, . In this case

CG2T.— T LTyY/T].
It follows that the largest possible value of C; is
Cy = —=C, LTY/TJ + Ty LTy/Thd
and the corresponding utilization factor is
U= (TT:) LT/Tid + GI/T) — (/T2) LT/Thd .

In this case, U is monotonically increasing in C; .
The minimum of U eclearly occurs at the boundary between these two cases. That
is, for

Cy=T,— T LTy/TJ
we have
U=1— TYT)ITT/T — (T/TON(T/Th) — LTy/Tid ] (3)
For notational convenience,’ let I = LT,/7T:| and f = {T:/T)}. Equation (3) ecan
be written as
U=1-7a-/d+/).

Since U is monotonie increasing with f, minimum U occurs at the smallest possible
value of I, namely, I = 1. Minimizing U over f, we determine that at f = 2 — 1,
U attains its minimum value which is

U =2(2 — 1) ~083.

This is the relation we desired to prove.

It should be noted that the utilization factor becomes 1if f = 0, i.e. if the request
period for the lower priority task is a multiple of the other task’s request period.

We now derive the corresponding bound for an arbitrary number of tasks. At
this moment, let us restrict our discussion to the case in which the ratio between
any two request periods is less than 2.

3{Ty/Ts}denotes (Tz/T:) — LT:/T.:_] ,1.e.thefractional part of T'y/T) .
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TuroreEM 4. For a set of m tasks with fixed priority order, and the restriction that
the ratio between any two request periods s less than 2, the least upper bound to the
processor wtilizalion factor is U = m (2" — 1).

Proor. Let 7y, 712, -+, 7, denote the m tasks. Let C;, Cy, --- , C,, be the
run-times of the tasks that fully utilize the processor and minimize the processor
utilization factor. Assume that T > Ty > -+ > 1T > T . Let U denote the
processor utilization factor. We wish to show that

Cl = Tz b T1 .
Suppose that
C1=T2—‘T1+A, A>0

Let
CI’ = Tz = Tl
C‘z! = 02 + A -
C':sr = ( 5
’ : -
Cm—l =4 Cm—l
Cn = Cn.
Clearly, ¢y, iy ver i , C’ also fully utilize the processor. Let U denote the

corresponding utilization factor. We have
U—U = (A/Ty) — (A/T,) > 0.
Alternatively, suppose that
Ch=T, - T — 4, A>0.

Let

C;[” = Tz e T1

02” = Cz — 2A

03” 5 C3

C:l—l = Cm—l

Cm” —_— Cm .
Again, ¢\, C,", -+, s , € fully utilize the processor. Let U” denote the
corresponding utilization factor. We have

U—-U"= —(/Th) + (24/T:) > 0.
Therefore, if indeed U is the minimum utilization factor, then
C)_ o Tz - T[

In a similar way, we can show that

Cz = T3 — T'z
C:: =T, — T;

Cos = T — Tros .
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Consequently,
Con=Tpn—20C; +Co+ -+ + Cra).
To simplify the notation, let
g = (Tw —T)/T:, 1=1,2,---, m.

Thus
Cs=T:+1—T\=91T1'—'g1+1T1+1, 1:31,2,"‘,7??.—1
and
Cu = Tw — 2{21T1
and finally,
m m—1
U =2 (C/T) = 2l = g (Tona/ T + 1 = 20(Ty T')
m—1
= ;1 [91 - 91+1(Q1 + 1)/(9‘1-#1 + 1)] + 1 — 2[9!/(91 + 1)]
m—1
=1+ gl —1)/(+ 1] + };2 7:[(g. — g.2)/ (g. + 1)]. (4)

Just as in the two-task case, the utilization bound becomes 1 if g, = 0, for all 1.
To find the least upper bound to the utilization factor, eq. (4) must be mini-
mized over the g,’s. This can be done by setting the first derivative of U with

respect to each of the ¢g,’s equal to zero, and solving the resultant difference equa-
tions:

oU/dg, = (g, + 29, — ¢,=1)/ (g, + 1)* — (9,41)/ (@ysa + 1) =0,
j=1’2:"’)m“1- (5)

The definition g = 1 has been adopted for convenience.
The general solution to egs. (5) can be shown to be

g]gz(m—a)lmml’ j-——‘O,l,"',m—’l- (6)
It follows that
U=m@"™ -1),

which is the relation we desired to prove.
For m = 2, eq. (6) is the same bound as was found directly for the set of two
tasks with no restrictions on the request periods. For m = 3, eq. (6) becomes

U=32" —-1)~0.78

and for large m, U ~ In 2.

The restriction that the largest ratio between request period less than 2 in
Theorem 4 can actually be removed, which we state as:

THEOREM 5. For a set of m tasks with fixed priorily order, the least upper bound
to processor utilization ts U = m (2™ ~ 1).
" ProoF. et 11, Te, ", Te, - °° , Tm be a set of m tasks that fully utilize the
processor. Let U denote the corresponding utilization factor. Suppose that for
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some i, LT,/T.1 > 1. To be specific,let T, = qT.+ 7, ¢ > land r > 0. Let
us replace the task 7, by a task 7," such that T.” = ¢qT.and C,’ = C,, and increase
C'» by the amount needed to again fully utilize the processor. This increase is at
most C.{g — 1), the time within the critical time zone of 7, occupied by 7, but
not by 7,". Let U’ denote the utilization factor of such a set of tasks. We have

U < U + [lg = LC/T] 4 (€I = @)

or

U' < U+ Cilg — DI/ (qT: + 7) — (1/qT.)].

Sinceq — 1 > Oand [1/(qT. + r)] — (1/¢T.) £ 0, U < U. Therefore we con-
clude that in determining the least upper bound of the processor utilization factor,
we need only consider task sets in which the ratio between any two request periods
isless than 2. The theorem thus follows directly from Theorem 4.

6. Relaxing the Utilization Bound

The preceding section showed that the least upper bound imposed upon proces-
sor utilization by the requirement for real-time guaranteed service can approach
In(2) for large task sets. It is desirable to find ways to improve this situation,
since the practical costs of switching between tasks must still be counted. One of
the simplest ways of making the utilization bound equal to 1 is to make { T,/ T.} =
Ofor7z=1,2, - - ,m — 1, Since this cannot always be done, an alternative solu-
tion is to buffer task 7., and perhaps several of the lower priority tasks and relax
their hard deadlines. Supposing that the entire task set has a finite period and that
the buffered tasks are executed in some reasonable fashion—e.g. in a first come
first served fashion—then the maximum delay times and amount of buffering
required can be computed under the assumptions of this paper.

A better solution is to assign task priorities in some dynamic fashion. The re-
maining sections of this paper are devoted to one particular method of dynamic
priority assignment. This method is optimum in the sense that if a set of tasks
can be scheduled by some priority assignment, it can also be scheduled by this
method. In other words, the least upper bound on the processor utilization factor
is uniformly 100 percent.

7. The Deadline Driven Scheduling Algorithm

We turn now to study a dynamic scheduling algorithm which we call the deadline
driven scheduling algorithm, Using this algorithm, priorities are assigned to tasks
according to the deadlines of their current requests. A task will be assigned the
highest priority if the deadline of its current request is the nearest, and will be
assigned the lowest priority if the deadline of its current request is the furthest.
At any instant, the task with the highest priority and yet unfulfilled request will
be executed. Such a method of assigning priorities to the tasks is a dynamic one, in
contrast to a static assignment in which priorities of tasks do not change with
time. We want now to establish a necessary and sufficient condition for the feasi-
bility of the deadline driven scheduling algorithm.
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THEOREM 6. When the deadline driven scheduling algorithm is used to schedule a
set of lasks on a processor, there ts no processor idle time prior to an overflow.

Proor. Suppose that there is processor idle time prior to an overflow. To be
specific, starting at time 0, let ¢; denote the time at which an overflow occurs, and
let t; , &; denote the beginning and the end, respectively, of the processor idle period
closest to &3 (i.e. there is no processor idle time between ¢ and ¢; .) The situation is
illustrated in Figure 3, where the times of the first request for each of the m tasks
after the processor idle period [4; , t;] are denoted a,b, - - - , m.

Suppose that from ¢, on we move all requests of task 1 up so that a will coincide
with {, . Since there was no processor idle time between ¢, and {5 , there will be no
processor idle time after a is moved up. Moreover, an overflow will occur either at
or before {; . Repeating the same argument for all other tasks, we conclude that if
all tasks are initiated at ¢, , there will be an overflow with no processor idle period
prior to it. However, this is a contradiction to the assumption that starting at
time 0 there is a processor idle period to an overflow. This proves Theorem 6.

Theorem 6 will now be used to establish the following theorem:

TaEOREM 7. For a given set of m tasks, the deadline driven scheduling algorithm
18 feasible if and only if

(CyTy) + (Co/Te) + -+ + (Ca/Tw) < L.

Proor. To show the necessity, the total demand of computation time by all

tasks between{ = 0and t = ThT, - -+ T, , may be calculated to be
(T2T3 Sl Tm)cl + (TITS I Tm)c‘.! + ? R + (Tlsz 5 R Tm—l)Cm .
If the total demand exceeds the available processor time, i.e.
(T2T5 -+ Tw)Cr + (ThT5 -+ Tw)Ch
+ oo (TiTs - Tu1)Cn > ThT, -+ T (7)
or
(Ci/Th) + (Co/T2) + -+ + (Cu/Tw) > 1,

there is clearly no feasible scheduling algorithm.
To show the sufficiency, assume that the condition

(C/Th) + (Co/T2) + -+ + (Cu/Tw) <1
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Fia. 4. Processing overflow at time T

is satisfied and yet the scheduling algorithm is not feasible. That is, there is an
overflow between { = Qandt = T)Ty - -+ T . Moreover, according to Theorem 6
thereisat =T 0L T < T -+ Tn) at which there is an overflow with no
processor idle time between t = 0 and ¢ = 7. To be specific, let a;, a», -+,
b1, by, - - -, denote the request times of the m tasks immediately prior to T, where
a1, az, - - are the request times of tasks with deadlines at T, and by, b,, - - - are
the request times of tasks with deadlines beyond 7. This is illustrated in Figure 4.

Two cases must be examined.

Case 1. None of the computations requested at by, by, - - - was carried out
before 7. In this case, the total demand of computation time between 0 and 7' is

LT/Tyd Cy + LT/Tod Co+ ++ + LT/Tuld Ca.
Since there is no processor idle period,
Lr/7d G+ LT/T,d C:+ -+ LT/Tnd Co > T.

Also, since z > Lz for all z,

(T/T)Cy + (T/T)H)Ce 4 -+ + (T/Ta)Cr > T

and

(CY/T1) + (Co/Ts) + -+ + (Ca/Tw) > 1,

which is a contradiction to (7).

Case 2. Some of the computations requested at by, b, , - - - were carried out
before T'. Since an overflow occurs at 7T, there must exist a point T7” such that none
of the requests at by , by, - - - was carried out within the interval " < ¢ < 7. In
other words, within 7° < ¢ < T', only those requests with deadlines at or before T
will ke executed, as llustrated in Figure 5. Moreover, the fact that one or more of
the tasks having requests at the b.’s is executed until ¢ = T’ means that all those
requests initiated before T” with deadlines at or before 7' have been fulfilled before
T’. Therefore, the total demand of processor time within 7° < ¢ < T is less than or
equal to
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Fig. 5. Processing overflow at time 7 without execution of |b.] following T’

LT = T)/Tid v+ LT = T)/Ted Co+ -+ L(T = T')/Tud Cu.
That an overflow occurs at T means that

L(T — Ty T C+ L(T — THTyd Co + -+ L(T — T)/Twd C,
>T -7,

which implies again
(CI/TI) + (CQ/T2) + iR + (Cm/Tm) > 1)

and which is a contradiction to (7). This proves the theorem.

As was pointed out above, the deadline driven scheduling algorithm is optimum
in the sense that if a set of tasks can be scheduled by any algorithm, it can be
scheduled by the deadline driven scheduling algorithm.

8. A Mized Scheduling Algorithm

In this section we investigate a class of scheduling algorithms which are combina-
tions of the rate-monotonic scheduling algorithm and the deadline driven schedul-
ing algorithm. We call an algorithm in this class a mixed scheduling algorithm.
The study of the mixed scheduling algorithms is motivated by the observation
that the interrupt hardware of present day computers acts as a fixed priority
scheduler and does not appear to be compatible with a hardware dynamic sched-
uler. On the other hand, the cost of implementing a software scheduler for the
slower paced tasks is not significantly increased if these tasks are deadline driven
instead of having a fixed priority assignment. To be specific, let tasks 1, 2, - | k,
the k tasks of shortest periods, be scheduled aecording to the fixed priority rate-
monotonic scheduling algorithm, and let the remaining tasks, tasks k + 1,
k42, .- ,m,bescheduled according to the deadline driven scheduling algorithm
when the processor is not occupied by tasks 1,2, --- | k.

Let a(¢) be a nondecreasing function of {. We say that a (1) is sublinear if for all
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tand all T
a(f) La(t4+1T) — alt).

The availability function of a processor for a set of tasks is defined as the accumu-
lated processor time from 0 to ¢ available to this set of tasks. Suppose that k tasks
have been scheduled on a processor by a fixed priority scheduling algorithm. Let
ax (t) denote the availability function of the processor for tasks kb + 1,k 4+ 2, - - -,
m. Clearly, ax (t) is a nondecreasing function of . Moreover, ax (¢) can be shown to
be sublinear by means of the critical time zone argument. We have:

THEOREM 8. If a sel of tasks are scheduled by the deadline driven scheduling

algorithm on a processor whose availability funciion is sublinear, then there 1s no
processor idle period to an overflow.

Proor. Similar to that of Theorem 6.
THEOREM 9. A necessary and sufficient condition for the feastbility of the deadline

driven scheduling algorithm with respect to a processor with avalability function
ax(t) 1s

Lt/Tk“H_J Ck+1 + L.t/ Tic+2_J Cic+2 + e + L.t/Tm_I Cm S [¢72 (t)

for all s which are multiples of Txy1, 0 Thsay - ,0r T .

Proor. The proof is quite similar to that of Theorem 7. To show the necessity,
observe that at any moment the total demand of processor time cannot exceed the
total available processor time. Thus we must have

Lt/ Tennd Copa + Lt/ Thyed Craz 4 -+ 4+ LE/Tuld Cu < a(t)

for any t.

To show the sufficiency, assume that the condition stated in the theorem is
satisfied and yet there is an overflow at 7. Examine the two cases considered in the
proof of Theorem 7. For Case 1,

LT/Twid Cra + LT/ Thged Cige + -+ + LT/Tout Co > an(T),

which is a contradiction to the assumption. Note that 7' is multiple of T4y, or

Tiyz, -+, o0r Ty, . For Case 2,

L(T — T)/Tend Copn + L(T ~ T')/Tigad Crpat oo + g
L(T — T')/Twd Cu> a(T — T').

Let e be the smallest nonnegative number such that T — 77 — ¢ is a multiple of
Tis1,0r Teyoy -+, or Ty . Clearly,

LI =T —¢€)/Ter,d = L(T = T')/Tey,d  foreachj =1,2,--- ,m—k
and thus

LAT — T’ — €)/Thprd Ck+1+ L(T — 1" - 6)/Tk+2_! Ck+2+ e
LAT — 7 — g9/ Tud Cu » &l7 — T 2 aull — T° — &,

which is a contradiction to the assumption. This proves the theorem.

Although the result in Theorem 9 is a useful general result, its application in-
volves the solution of a large set of inequalities. In any specific case, it may be
advantageous to derive sufficient conditions on schedule feasibility rather than work
directly from Theorem 9. As an example, consider the special case in which three
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tasks are scheduled by the mixed scheduling algorithm such that the task with the
shortest period is assigned a fixed and highest priority, and the other two tasks are
scheduled by the deadline driven scheduling algorithm. It may be readily verified
that if

1 — (€YT1) — min [(Ty — C)/T:, (C/T)] 2 (Co/T2) + (C3/Ty),
then the mixed scheduling algorithm is feasible. It may be also verified that if

Co < ai(Ty), LT3/Td Co+ C; < ayf LTs/Tsd Ts), and
(LTa/TzJ + 1) C‘z + C; < al(T:i))

then the mixed scheduling algorithm is feasible.

The proof of these statements consists of some relatively straightforward but
extensive inequality manipulation, and may be found in Liu [13]. Unfortunately,
both of these sufficient conditions correspond to considerably lower processor
utilization than does the necessary and sufficient condition of Theorem 9.

9. Comparison and Comment

The constraints in Theorem 9 strongly suggest that 100 percent utilization is not
achievable universally by the mixed scheduling algorithm. The following simple
example will illustrate this. Let Ty = 3, T = 4, Ty = 5,and ¢, = C; = 1. Since
a;(20) = 13, it can be easily seen that the maximum allowable C; is 2. The cor-
responding utilization factor is

U=3+%i+%=983%.

If these three tasks are scheduled by the deadline driven scheduling algorithm, C;
can increase to 2.0833--- and achieve a 100 percent utilization. If they are all
scheduled by the fixed priority rate-monotnic scheduling algorithm, C; is restricted
to 1 or less, and the utilization factor is restricted to at most

U=3+1+1="183%,

which is only slightly greater than the worst case three task utilization bound.
Although a closed form expression for the least upper bound to processor utiliza-
tion has not been found for the mixed scheduling algorithm, this example strongly
suggests that the bound is considerably less restrictive for the mixed scheduling
algorithm than for the fixed priority rate-monotonic scheduling algorithm. The
mixed scheduling algorithm may thus be appropriate for many applications.

10. Conclusion

In the initial parts of this paper, five assumptions were made to define the environ-
ment which supported the remaining analytical work. Perhaps the most important
and least defensible of these are (Al), that all tasks have periodic requests, and
{A4), that run-times are constant. If these do not hold, the critical time zone for
each task should be defined as the time zone between its request and deadline
during which the maximum possible amount of computation is performed by the
tasks having higher priority. Unless detailed knowledge of the run-time and request
periods are available, run-ability constraints on task run-times would have to be
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computed on the basis of assumed periodicity and constant run-time, using a period
equal to the shortest request interval and a run-time equal to the longest run-time.
None of our analytic work would remain valid under this circumstance, and a severe
bound on processor utilization could well be imposed by the task aperiodicity. The
fixed priority ordering now is monotonic with the shortest span between request and
deadline for each task instead of with the undefined request period. The same will
be true if some of the deadlines are tighter than assumed in (A2), although the
impact on utilization will be slight if only the highest priority tasks are involved. It
would appear that the value of the implications of (A1) and (A4) are great enough
to make them a design goal for any real-time tasks which must receive guaranteed
service.

In conclusion, this paper has discussed some of the problems associated with
multiprogramming in a hard-real-time environment typified by process control and
monitoring, using some assumptions which seem to characterize that application,
A scheduling algorithm which assigns priorities to tasks in a monotonic relation to
their request rates was shown to be optimum among the class of all fixed priority
scheduling algorithms. The least upper bound to processor utilization factor for this
algorithm is on the order of 70 percent for large task sets. The dynamic deadline
driven scheduling algorithm was then shown to be globally optimum and capable of
achieving full processor utilization. A combination of the two scheduling algorithms
was then discussed; this appears to provide most of the benefits of the deadline
driven scheduling algorithm, and yet may be readily implemented in existing
computers.
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