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Abstract. A genomic map is represented by a sequence of gene markers, and
a gene marker can appear in several different genomic maps, in either positive
or negative form. A strip (syntenic block) is a sequence of distinct markers that
appears as subsequences in two or more maps, either directly or in reversed and
negated form. Given two genomic maps G and H, the problem Maximal Strip
Recovery (MSR) is to find two subsequences G’ and H' of G and H, respectively,
such that the total length of disjoint strips in G’ and H’ is maximized. Previously
only a heuristic was provided for this problem, which does not guarantee finding
the optimal solution, and it was unknown whether the problem is NP-complete
or polynomially solvable. In this paper, we develop a factor-4 polynomial-time
approximation algorithm for the problem, and show that several close variants of
the problem are intractable.

1 Introduction

In comparative genomics, a starting point is to decompose two given genomes into
syntenic blocks—segments of chromosomes which are deemed to be homologous in the
two input genomes. Various methods have been proposed, but they are very vulnerable
to ambiguities and errors. Recently, a heuristic method was proposed to eliminate noise
and ambiguities in genomic maps, through handling a problem called Maximal Strip
Recovery (see below for the formal definition) [6/16]. But it was unknown whether the
problem can be solved in polynomial time or is NP-complete. In this paper, we design
a factor-4 polynomial-time approximation algorithm for the problem, and show that
several close variants of the problem are intractable.

A genomic map is represented by a sequence of gene markers, and a gene marker can
appear in several different genomic maps, in either positive or negative form. A strip
(syntenic block) is a sequence of distinct markers that appears as subsequences in two or
more maps, either directly or in reversed and negated form. Given two genomic maps G
and H, the problem Maximal Strip Recovery (MSR) [6416] is to find two subsequences
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G’ and H' of G and H, respectively, such that the total length of disjoint strips in G’
and H’ is maximized. Intuitively, those gene markers not included in G’ and H' are
noise and ambiguities.

We give a precise formulation of the generalized problem MSR-d: Given d signed
permutations (genomic maps) G; of (1,...,n), 1 <1i < d, find k sequences (strips) S
of length at least two, and find d signed permutations 7; of (1,..., k), such that each
sequence Gj = Sy, (1) ... Sx, (k) (here S_; denotes the reversed and negated sequence
of S;) is a subsequence of G;, and the total length of the strips .S; is maximized. Note
that the problem Maximal Strip Recovery (MSR) [6l16] is exactly the problem MSR-2
in our new formulation. We refer to Fig. [I] for an example.

G1=(1,2,3,4,5,6,7,8,9,10,11,12)

Gy = (—8,-5,-7,—6,4,1,3,2,—12,—11,-10,9)
S1=(1,3)

Sz = (6,7,8)

Ss = <10 11,12)

m = (1,2,3)

T = (— 2,1,—3)

G1 =(1,3,6,7,8,10,11,12)

Gy = (—8,-7,-6,1,3,—12, —11, —10)

Fig. 1. An example for the problem MSR

A heuristic based on Maximum Clique (and its complement Maximum Independent
Set) was previously given for the problem MSR (MSR-2) [6/16]], which does not guar-
antee finding the optimal solution. It was unknown whether MSR is NP-complete or
polynomially solvable. In this paper, we show that the previous heuristic [6/16] can be
modified to achieve a factor-4 approximation for MSR; we also show that the problem
becomes intractable when the number of genomic maps is increased from two to three.
In Section 2 and Section[3] we prove the following two theorems:

Theorem 1. There is a factor-4 polynomial-time approximation algorithm for MSR.

Theorem 2. MSR-3 is NP-complete.

1.1 Weight Constraint on Markers

When building genomic maps, a priori information about the gene markers can be de-
rived from comparative analysis. For example, certain genes that are responsible for
important genetic functions in several close species can often be identified. It is reason-
able to give the corresponding gene markers larger weights. Denote by MSR-WT the
problem MSR with the additional weight constraint WT:

WT: The total weight of markers in the strips is between two positive integers w; and wa.
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In Sectiond] we prove the following theorem:

Theorem 3. MSR-WT is NP-complete.

1.2 Number of Non-breaking Points as Score Function

A careful reader will notice that our definition of the problem MSR-2 is slightly dif-
ferent from the original definition of the problem Maximal Strip Recovery (MSR) [16|
Page 517]: we require a minimum length of two for each strip, i.e., each strip must
contain at least two distinct markers. We believe this requirement is indeed necessary
(but overlooked) in the original definition. Indeed, the problem would become trivial
otherwise: if a strip can have length one, then we simply need to count the number of
common markers, which can be done in O(n logn) time by sorting.

G1=1(1,2,3,4,5,6,7,8,9,10,11,12)

G2 =(1,2,-4,9,-3,5,10,6, 8,11, —7,12)
G1=(1,2,3,4,5,6,7,8)

Gy =(1,2,—4,-3,5,6,—8,—7)

GY = (1,2,9,10,11,12)

Gy = (1,2,9,10,11,12)

Fig. 2. An example for the two score functions

An alternative way to avoid such short strips is to define the score of each strip in a
different way: instead of using the strip length as the score, we can use the number of
non-breaking points (or adjacencies) in a strip [3/15]. Then a strip of length [ will have
ascore of [ — 1 when [ > 2, and a zero score when [ = 1. We believe that, in practice,
the two score functions can lead to different levels of effectiveness of the strip recovery
algorithm. We refer to Fig.[2lfor an example. For the two subsequences G and GY, the
total strip length (there are four strips) is 8 and the number of non-breaking points is 4.
For the two subsequences G} and G, the total strip length (there is only one strip) is
6 and the number of non-breaking points is 5. In the biological context, both solutions
may be desirable.

Denote by MSR-NB the problem MSR with the alternative score function NB:

NB: The score function uses the number of non-breaking points instead of the strip
length.

Also define two problems MSR-NB-3 and MSR-NB-WT, analogous to the two problems
MSR-3 and MSR-WT. The difference between the two score functions, the strip length
and the number of non-breaking points, has led to contrasting computational complexi-
ties (NP-hard versus polynomially solvable) of another biological problem [12/10]. For
our three problems MSR-NB, MSR-NB-3, and MSR-NB-WT, however, we can obtain
results similar to those for MSR, MSR-3, and MSR-WT. We have the following three
theorems (the proofs are omitted to avoid repeating trivial technical details):
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Theorem 4. There is afactor-4 polynomial-time approximation algorithm for MSR-NB.
Theorem 5. MSR-NB-3 is NP-complete.
Theorem 6. MSR-NB-WT is NP-complete.

1.3 Duplicate Markers

In our definition of MSR-d, each marker appears exactly once in each genomic map and
hence at most once in the strips. In the biological context, however, duplicate markers
are rare but still possible, as so-called paralogy set: “Two or more strips may contain
exactly the same markers but differ in where they appear, by virtue of the paralogy sets
their markers belong to.” [16, Page 516].

Define the following variation DU of the problem MSR:

DU: Duplicate markers are allowed in the genomic maps and the strips.

Note that although duplicate markers may appear in the strips, each strip in itself does
not contain duplicate markers since it is a sequence of distinct markers. That is, dupli-
cate markers may only appear in different strips.

Denote by MSR-NB-WT-DU the problem MSR with the score function NB, the
weight constraint WT, and the variation DU. It is not surprising that recovering syntenic
blocks becomes harder when duplicate markers are allowed. Recognizing the similar-
ity between the problem MSR-NB-WT-DU and the recently studied problem Exemplar
Non-breaking Similarity [3]], we prove the following theorem:

Theorem 7. MSR-NB-WI-DU is W[1 |-complete. Moreover, unless P equals NP, MSR-
NB-WT-DU does not admit any approximation of factor n* =€ for some ¢, 0 < € < 1.

Several more variants of the problem MSR can be defined analogously, in particular,
MSR-DU and MSR-NB-DU. Our factor-4 approximations for MSR and MSR-NB, with
slight modifications, also hold for MSR-DU and MSR-NB-DU; however, the complex-
ities of MSR and its several variants remain unknown. In Section [ we conclude with
two open problems.

2 A Factor-4 Approximation for MSR

We prove Theorem[Tlin this section. A heuristic for the problem Maximal Strip Recov-
ery (MSR) was previously proposed [6J/16]]. This simple heuristic works as follows:

1. Extract a set of pre-strips from the two sequences;
2. Compute an independent set of strips from the pre-strips.

This approach is inefficient because the number of pre-strips could be exponential in
the sequence length, and furthermore the problem Maximum Weight Independent Set
(MWIS) is NP-hard.

Our factor-4 approximation algorithm for MSR is slightly modified from the previ-
ous heuristic [6IL6]). For a sequence S and two indices ¢ and j, denote by S[i, j] the
substring of S starting at 7 and ending at j. The algorithm works as follows:
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1. Compose O(n*) 2-intervals, one for each pair of substrings of the two genomic
maps G and Go. For each 2-interval with indices i; and j; in G and indices
i9 and jo in Go, assign it a weight equal to the maximum length of a common
subsequence (may be reversed and negated) of the two substrings G1[i1, j1] and
Galiz, ja2].

2. Compute a 4-approximation for MWIS in the intersection graph of the 2-intervals
using the fractional local-ratio algorithm for split interval graphs [[1].

This completes the proof of Theorem 1}
We note that the problem MWIS in 2-interval graphs is also known as the problem 2-

of its application to RNA secondary structure prediction.

3 MSR-3 Is NP-Complete

We prove Theorem[2lin this section. It is clear that MSR-3 is in NP. We show that MSR-
3 is NP-hard by a reduction from the NP-hard problem Separated 2-Interval Pattern [1]].
Let Ly and Lo be two parallel lines. Denoted by D = (I, J) a separated 2-interval that
is the union of two closed intervals I C L; and J C Ls. Given a set of n separated
2-intervals, the problem Separated 2-Interval Pattern is to find a maximum independent
set in the corresponding intersection graph. By a standard technique in interval graphs,
we can assume without loss of generality that the 4n endpoints of the 2n intervals of
the n separated 2-intervals are distinct.

Our construction uses 2n? + 2n distinct markers: 2n? peg markers p; ; forl <i<n
and 1 < j < 2n, and 2n interval markers u; and v; for 1 < ¢ < n.

Use the 2n? peg markers to construct n pairs of peg sequences P; and @Q; of equal
length 2n, for 1 <4 < n:

P, =pi1...0i2n,
Qi = —Pi2n--- —Dil-

Let S be the sequence uqvy . .. u,v, of 2n interval markers. For each separated 2-
interval D; = (I;, J;), label the two left endpoints of I; and J; with the marker u;, and
label the two right endpoints of I; and .J; with the marker v;. Then the 2n markers for
the 2n endpoints of the n intervals I;, ordered along the line L1, is a permutation S; of
S; similarly, the 2n markers for the 2n endpoints of the n intervals J;, ordered along
the line Lo, is another permutation .Sy of S.

Construct three genomic maps:

Go = u1v1P1 .. .unvnPn,
G1=5Q1...Qn,
Ga = 52Q1...Qn.

Note that each genomic map is a signed permutation of the 2n? + 2n distinct markers.
We will show that the set of n separated 2-intervals has an independent set of size at least
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k if and only if G1, G2, and G5 have three subsequences G, G5, and G, respectively,
with a total strip length of at least 2n? + 2k.
We note the following important property of our construction:

Proposition 1. If a strip of G}, GY, and G contains a peg marker p; ;, then it does not
contain any interval marker or any peg marker p;s_j such that i’ # i.

We first prove the “only if” direction. Suppose that the set of n separated 2-intervals
has an independent set of size k, that is, there are k disjoint separated 2-intervals
Di,,...,D;, . Let G}, G, and G, respectively, be the subsequences of G, G2, and
('3 that contain the 2n? peg markers and the 2k interval markers w;, , Vi, , - - . , Ui, , Vi, -
Then G}, G%, and G5 have n + k strips: the n strips Py, . .., P,, each of length 2n, and
the k strips w;, vy, , - - - , U;, Vi, , €ach of length 2. The total strip length is 2n? + 2k.

We next prove the “if” direction. Suppose that G1, G2, and G3 have three subse-
quences G, G, and GY, respectively, with a total strip length of at least 2n? + 2k,
k > 0. We say that a sequence S contributes to a strip R if R contains a marker in S.
If a strip contains two interval markers for two different separated 2-intervals, then the
two interval markers would enclose a peg sequence P; in the genomic map G. Hence,
by Proposition[] the peg sequence P; would not contribute to any strip. Note that the
total length of the strips is at most the length of each genomic map, which is 2n? + 2n.
Also note that the length of each peg sequence is 2n. If the peg sequence P; does not
contribute to any strip, then the total length of the strips would be at most 2n2, which
is less than 2n2 + 2k, a contradiction. Therefore, if a strip contains an interval marker
u; or v; of a separated 2-interval D;, then the strip must contain only the two interval
markers u; and v;. The total length of strips of peg markers is at most the total length of
the n peg sequences, which is 2n?. The remaining strip length of at least 2k must come
from at least k strips of interval markers, which correspond to an independent set of &
separated 2-intervals.

The reduction time is clearly polynomial in the size of the Separated 2-Interval Pat-
tern instance. This completes the proof of Theorem[2l

4 MSR-WT Is NP-Complete

We prove Theorem [l in this section. It is easy to see that MSR-WT is in NP. We
show that MSR-WT is NP-hard by a reduction from the NP-hard problem One-In-Three
3SAT [13]. Let ¢ = fi A faA...A fi, be aboolean formula with m clauses in conjunc-
tive normal form, with n variables x1, zo, ..., x,. Each clause f; is the disjunction of
exactly three literals, like (z2 V x5V Z7). We will construct two genomic maps G and H
and show that ¢ is one-in-three satisfiable (i.e., each clause has exactly one true literal)
if and only if G and H have two subsequences G’ and H’, respectively, such that

1. The total length of the strips in G’ and H' is at least some integer /;
2. The total weight of the markers in G’ and H’ is equal to some integer w (note that
we set w; = we = w in this proof).
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Our construction uses 3m + n distinct markers: 3m clause markers

S iz fis s fmts fmizs fmss

and n peg markers
917 AR 7gn'

For each clause f;, label its three literals with the three clause markers f; 1, fi 2, fi 3.
For each variable z;, let F; and Fj, respectively, be the two sequences of markers for
the literals x; and Z;:

F = fil,jl .- 'fiuwju7
Fi=figp - Fiay-

Put

Then construct two genomic maps

G = 5191 ...Sngn,
H = T1g1 .. -Tngn-

Assign each peg marker g; a weight that is a decimal number with a one followed by
n — i zeros. Assign each clause marker for f; a weight that is a decimal number with a
one followed by m + n — ¢ zeros. Then set the threshold weight w to a decimal number
with m + n consecutive ones, and set the threshold strip length ¢ to m + n. Note that
each genomic map is a permutation of the 3m 4 n markers. Also note that w is exactly
the total weight of m clause markers, one for each clause, and the n peg markers.

We first prove the “only if” direction. Let ; = by,...,z, = b, be a one-in-three
truth assignment that satisfies ¢. For each 4, obtain two subsequences S} and T}, respec-
tively, from the two sequences \S; and T7:

;v ) Fio if by = true,
SiTi{Fi if b, = false.

Then let

G/ = S{gl . S,:Ign,

There is only one strip in G’ and H’ since G’ = H'. By the definition of one-in-three
truth assignment, each clause f; contains exactly one true literal, hence exactly one
of the three clause markers f; 1, fi 2, fi 3 appears in G’ (H’). Therefore the total strip
length is exactly ¢, and the total weight of markers is exactly w.

We next prove the “if”” direction. Let G’ and H' be two subsequences of G and H,
respectively, with total strip length at least ¢ and total marker weight exactly w. The
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weight condition ensures that exactly one of the three markers for each clause appears
in G’ and H'. The strip length condition then implies that there is only one strip of
length exactly £. Indeed G’ = H'. The distribution of the clause markers among the
“buckets” S} and T corresponds to a one-in-three truth assignment for ¢.

The reduction time is clearly polynomial in the length of ¢. This completes the proof
of Theorem[3]

5 Complexity of MSR-NB-WT-DU

We prove Theorem [/] in this section. We achieve this by showing that the problem
MSR-NB-WT-DU contains another difficult problem as a special case. Given a genome
G, which is a sequence of genes possibly with duplicates, a genome G’ is exemplar of G
if G’ contains the same set of genes as G does but has no duplicates. Given two genomes
G and ‘H, the problem Exemplar Non-Breaking Similarity (ENBS) [3] is to compute two
exemplar genomes G’ and H’ such that the number of non-breaking points between G’
and H' is maximized.

Let g1, ..., gy be the n distinct genes in the two genomes G and H. Use n distinct
markers, one marker g for each gene g;, 1 < ¢ < n, and construct two genomic maps
G and H of markers corresponding to the two genomes G and H of genes. The opti-
mization goal of maximizing non-breaking similarity in ENBS corresponds to exactly
the score function NB in MSR-NB-WT-DU. To ensure that each gene g; appears ex-
actly once in G' and in H’, assign each gene marker ¢/ a special weight that is a decimal
number with a one followed with n — 7 zeros, then set the threshold weights w; and ws
to an integer that is a decimal number with n ones.

ENBS is a very difficult problem [3]: (i) ENBS is W[1]-complete; (ii) even if each
of the n genes appears exactly once in G and at most twice in H, ENBS still cannot be
approximated within a factor of n!=¢ for some ¢, 0 < ¢ < 1, unless P equals NP. Since
ENBS is a special case of MSR-NB-WT-DU, these lower bounds automatically apply
to MSR-NB-WT-DU. This completes the proof of Theorem[7]

We note that the W[1]-completeness [8]] of MSR-NB-WT-DU has the following im-
plication [4]]: Let p be the optimal solution value for MSR-NB-WT-DU. Then, unless
an unlikely collapse occurs in the parameterized complexity theory, MSR-NB-WT-DU
is not solvable in time f(p)n°®) for any function f.

6 Open Problems

We conclude the paper with two open problems:

1. Are the four problems MSR (MSR-2), MSR-NB, MSR-DU, and MSR-NB-DU
NP-complete? (We conjecture that at least MSR-DU and MSR-NB-DU are NP-
complete.)

2. Are the two problems MSR-WT and MSR-NB-WT-DU still intractable with only
one-sided weight constraint, i.e., the total weight of the strips is at least w;? (Note
that our proofs of Theorem [3land Theorem [7] use the property that the weight con-
straint is from both directions.)
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