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ABSTRA CT

Missing-text reconstruction (MTR) is a new application of text-oriented pattern
recognition. The goal of MTR is to reconstruct documerts in which fragments
of original text are missing. Using n-gram models of the documert's source
language,the MTR algorithm makessetsof hypothesesof the missingtext, and
combinesthesesetswith a probabilit y combining rule to form the best-supported
reconstruction of the missing text. A prototype software system (mitre ) was
dewveloped as a proof-of-conceptfor the MTR techniquesdiscussed.
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CHAPTER 1

Intro duction and Background

Given a text documert in which someof the text is missing, the purposeof
missing-text reconstruction (MTR) is to re-createand Il in the missing text,
thereby restoring the documert to its original state.

For example, Figure 1 corntains a small piece of text taken from Herman
Melville's novel Moby Dick. This text fragment contains a region of missing
text (a hole), shown in Figure 1 as a grey-shadedregion. If this fragmert were
fed into an MTR system, the goal of the systemwould be to analyzethe visible
text, together with the sizeand position of the hole, and reconstruct the missing
text.

OCR techniquesthat rely on visible features of the charactersto be recon-
structed cannot be applied meaningfully to the MTR problem, becausechar-
acters in a hole are wholly abser, by de nition. MTR benets from other
indirect methods for text correction and recognition. These methods use con-
textual cluesto recognizeor repair charactersin incomplete or noisy input data.
In the following sections,we will brie y review prior techniquesand perspectives
useful to understanding the problem of MTR.

Markov Models

fcall _melshmael. S

| how precisely :
 purse, ind nothing |
Lon sho I thoughtJ

Figure 1: Example of Damaged Text
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The following discussionof Markov Models is adapted from the treatments
givenin [26, p. 318{325]and in [35, ch. 15].

Often in natural phemonenathe situation occursin which a variable of in-
terest variesover time, with the current value of the variable depending only on
a set of one or more earlier values. More abstractly, we can think of a sequence
of values X; for somevariable X, in which the values of X come from some
state spaceS = fs;;:::; sy g whosecardinality is N. In physical systems, the
varying quartity corresponding with the sequenceindex t is time, but this in-
dex may have other reasonableinterpretations in generalsymbol sequenceshat
have no obvious mapping to temporal physical phenomena. The essetial idea
in a mark ov model is that a future value X1 in sequenceX is determined
only by the present value X, or equivalertly, the current value X; is depen-
dent only upon the previousvalue X; 1. We formalize this intuition of ordinal

dependencyvia the mark ov assumptions

P(Xt+1 = skjX1; 5 X)) = P(Xie1 = skjXt) (1.2)

which we could equivalertly interpret as\the value of the future event X471 in

the event sequenceX dependssolely on the value of the current event X", and

P(Xt+1 = skjXt) = P(X2 = s¢jX1) (1.2)

which meansthat the transition probabilities themselvesdo not changeas one

progresseshrough the model.?

1Here, we use futur e, present, and previous only in the ordinal senserelativ e to sequence
X, and not to imply any real-world temporal ordering between the values in the sequence.
2|n statistical literature, the rst Mark ov assumption is called the limited horizon condi-
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A sequenceX to which the Markov assumptionsapply is a mark ov chain ,
and can be described by a probability transition matrix A whoseelemers a;
are given by

aj = P(Xts1 = §jX¢ = 5) (1.3)

P
wherea;  0O; 8i;j and jN:1 aj = 1; 8i. Additionally , becausethe Markov

assumptionis self-refererial, we needto provide a \base case"for the recursive

probability de nition in equation 1.1, and so we specify a vector of initial state

probabilities [ 1;:5 n]sothat

i = P(X1=s) (1.4)

where P N, i = 1. For Markov models described so far, the transition prob-
abilities a; are known. Sudh models are called visible mark ov models . In
these models, the sequenceof states or values the variable X may assumeis
determined by the valuesin initial probability vector , transition probability
matrix A, and the actual statess; takenon by X.

One could draw a graphical represenation of a visible Markov model as
a nite state automaton in which nodes are the states s;, arcs are transition
probabilities a; , and a variable X is a path through the FSA. If the FSA is an
enumerator, the outputs X; are the sequenceof states X goesthrough.

The Markov assumptions described allow only a single prior state X; of

tion , in that it limits the amount of history we must have | or, formally , the number of prior
states X; 1, Xi 2;:: we must evaluate | to determine what the next value X;+; will bein
the state sequenceX . The second Mark ov assumption is the stationarity =~ condition , which
implies the Mark ov processis a stationary process| that is, that transition probabilities do
not change over time. In the most abstract sense,\time" simply refers to the index i in the
event sequenceX , rather than the actual passageof time we asscciate with the evolution of
physical phenomena.

17



sequencehistory when predicting the future state Xi+;. To allow the use of
more than one state appears to violate the rst Markov assumption | the
Limited Horizon condition. However, if more than a single history state is
required, it is possibleto recast the desired number of history states (say, m)
into the state spaceS. This reformulation requiresthat we make S the cross
product of m previous state sets,and thus a state s is itself an m-tuple of states.
The Markov model so constructed is an m*" -order Markov model, in which m
is the number of prior history states usedto predict the next state. A Markov
model in which the state spaceS is composed of simple 1-tuples (and hence,
which only usesa single prior state to predict the next state) is a rst order
Markov model.

In avisible Markov model, the sequenceof states X the model encounters is
known. In contrast, in a hidden mark ov model (HMM) only a probablistic
function of the state sequencethe model passesthrough is known. Relative to

the visible Markov model, we needto generalizetwo properties to achieve this:

1. Output alphatet. In a visible Markov model, outputs of the model are
sequenceof state valuestaken from state spaceS. In an HMM, the model
outputs are taken from an distinct output alphabet K = (ki;::i; kv ). We

denote the sequenceof outputs as O = (Oy;:::;O7), whereo; 2 K.

2. Symiml emission prokabilities. In a visible Markov model, the model out-
puts are emitted unconditionally. In an HMM, a matrix B is usedto rep-
resert emissionprobabilities that the model output symbol k is emitted

whenin current state s;, and the elemeris b; of this emissionprobability

18



matrix are

P(Or = kjXt = si) = by (1.5)
wheres; 2 S;k 2 K.

In the pattern recognition literature [1] [32], is usedto denote the triple
of parameters(A; B; ) which de ne an HMM, where A is the state transition
probability matrix, B is the symbol emissionprobability matrix, and is the
initial state probability vector described previously. The advantage these HMM
generalizationsyield relative to the visible Markov model is that an e cien t
method exists® for training the parametersto best t a particular obsened
output sequenceO, assumingthat someHMM generatesthe output sequence
O, although the model parametersA, B, and are unknown.

Hidden Markov modelshave found wide application in text recognition [1] [3]
[13] [14], handwriting recognition [4] [7][22] [23] [29] [30], and speedt recognition
[15] [31]. A brief survey of these applications follow.

Bose and Kuo. [3] applied hidden Markov modelsto the task of recognizing
connectedand degradedtext. A structural analysis algorithm was applied to
segmen a word into subcharacter segmetts, and the transition probabilities
betweenthese subcharacter segmeits formed the state probability functions of
the hidden Markov model, basedon samplesof training text.

Hull, Srihari and Choudhari. [14] useda diversehybrid of knowledgesources
to correct letter substitution errors in text recognition. The three sourcesused

comprisedchannel characteristics, the probabilities that obsened symbols were

3The Expectation Maximization (EM) algorithm.
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letters, as opposedto noise;bottom-up context, the letter conditional probabil-
ities when the previous letters in the word were known; top-down context, a
lexicon or dictionary in which proposedcorrections were validated.

Oh, Ha and Kim. [29] addressedthe task of handwriting recognition by
viewing handwritten words asalternating sequencesf charactersand ligatures,®
and using networks of circularly interconnected hidden Markov models with
character and ligature models alternating. Recognition of handwritten words
wasthen achievedby nding the most probable path through the input sequence
using the Viterbi algorithm to nd the optimal path through the hidden Markov
model network represerting a handwritten word.

Cho, Lee and Kim. [7] usedhidden Markov modelsin a novel way to imple-
mernt cursive handwriting recognition. A sequenceof thin xed-width vertical
frames were extracted from the sourceimage of handwritten text, and these
frames were quantized as feature vectors. A word image was represened as
a Markov chain of discretized frame vectors, and the source word was thus
analyzedasa sequenceof character and ligature symbols with transition proba-
bilities represertied in Markov model form. An important subproblemaddressed
in [7] wasthat of converting the data in a static imageinto a sequenceof obser-
vation symbols. The handwriting system proposedwasan o -line ¢ system, and

thus had no temporal information assaiated with the 2-D image of the hand-

4The de nition of bottom-up context in Hull's work is not dissimiliar to that of the recon-
struction probabilities discussedin section below.

5In typography and handwriting, a ligatur e is a character composed of two or more let-
ters combined into one. The  symbol is an example of a typographic ligature. In cursive
handwriting, ligatures are the connecting strokes between distinct characters.

60n-line recognition systems analyze data in real-time, asthe data are generated. O -line
systems analyze a static copy of the data during some indeterminate time interval after the
data were generated.
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writing to be analyzed. Thus, it wasnecessaryto reintroduce an ordinal aspect
to the data by converting the 2-D sourceimageinto a 1-D sequencesuitable for
represeration asa Markov model.

Pepper and Clements. [31] useda hidden Markov model training on speed
inputs as a preprocessorfor a phonemic recognition system.” The hidden
Markov model accepted discretized sound signals as inputs and yielded the
most likely state sequencethat described the input. This state sequencewas
then fed into phonemic recogition system which was itself constructed from a
secondhidden Markov model whosestate transition functions were the proba-
bilities of successie phonemes. The aggregatesystem produced a recognition
rate of 56.1%.

N-gram Models

As described in [26, p. 191], the classic problem of language modelling is
to predict the next word in a word sequence given the previous words in the
sequence.The task of predicting the next word can be viewed as an e ort to

estimate the probability function P:

P (Wnjwy; i wh 1) (1.6)

The idea hereis to usethe identi cation of the previous words (or history) to
predict the next word. For practicality, we needto bound the history becauseof

the sparsenes®f the data: often there is no previous identical history on which

7In linguistics, a phoneme is one of a small set of speed sounds that are distinguished by
the speakers of a particular language. For example, the phonemes in the the word phoneme
are /f/, lo(U)/, Inl, [i:/, and /m/, using the SAMP A encoding of the International Phonetic
Alphab et.
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to baseour predictions. One way to constrain the amount of history required is
to usethe Markov assumptionsthat posit that only previous local context (the
last few words) cortribute to the classi cation of the next word. A statistical
languagemaodel in which the histories cortaining the sameprevious(n 1) words
areplacedin the sameequivalenceclass,isa(n 1) order Markov model, or an
n-gram word model.2 The n-gramsthemselvesare the n words comprising the
sequencegws; i, W, 1;Wn). The model space of an n-gram model is the setfrom
which the individual textual units are taken; the previous discussionassumesa
word n-gram model space. Other model spacesare possible,including individual
characters, parts of speed, phonemes,or spoken syllablesfrom a language.

The terminology for speci ¢ typesof n-gramsin natural languageprocessing
is somewhatinconsistert. For n-gram models in which n = 2;3;4, these are
referred to as bigram, trigr am, and four-gram models, respectively [26, p. 193].

Earlier pattern recognition studies that used n-gram language models to
provide context for disambiguation and correction include [18], which used bi-
gramsaugmerted by parts of speed for an on-line OCR system,and Smith and
Erdman's NOAH system [41], which used syllable-level n-grams together with
context dependenciesto constrain the interpretation of speed segmerts in a
connected-sged recognition system.

N-grams from a Cryptologic Perspective

Long before n-grams were used as part of a quartitativ e approach to un-

8The last word of the n-gram is the word to be predicted, and the previous n 1 words
are the history used to make the prediction.
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derstanding natural language,they were routinely usedin the cryptanalysis of
encipheredmessage$20] [39).

The use of n-gramsin MTR is similar to these historic usesof n-grams for
cryptanalysis; accordingly, a brief treatment of cryptanalysis follows, basedon
[40, ch. 1].

A substitution cipher is a systematic method by which ead letter of the
original messagss replacedby a letter in the encrypted message A substitution
alphalet is a pair of sequencesthe plain sequen@ represeting characters in
the original message,and the cipher sequen@ represening characters in the
encrypted message When examining speci ¢ letters in a substitution alphabet,
we will usethe subscript c to indicate the letter comesfrom the cipher sequence,
and the subscript p to mark a letter in the plain sequence.

One of the earliest substitution ciphersusedwasthe CaesarCipher, in which
the substitution alphabet's plain and cipher sequencesvere

Plain ABCDEFGHI JKLMNOPQRSTUVWXYZ
Cipher DEFGHI JKLMNOPQRSTUVWXYZABC

A substitution alphabet in which both the plain and the cipher sequences
are the normal alphabet (with the cipher sequenceshifted a speci ¢ number of
places) is called a direct standard alphaket. The number of placesthe cipher
sequencds shifted with respect to the plain sequences the speci ¢ key of the
cipher. The CaesarCipher useda direct standard alphabet with a speci c key
of 3. Thus, in the CaesarCipher A, = De.

Supposeone has a English text messageencipheredwith a direct standard

alphabet:
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BPMVMOWBQIBQWYA1 AMBBTMUMWBIBPMABZQSNEZM
IB IV QUXIAAMMKWUUMEMQVKZMIAM/CANNNMZ

The task of cryptanalysis is to recover the original \plain text" form of the
message.One speci ¢ tool that can aid in this e ort is the frequency analysis
of n-grams? Sinkov [40, p. 18] gives the relative frequenciesof the charac-
ters found in a 1,000 character sample of English text. Table 1 gives these
standard character frequenciesin both numeric and graphic form, alongsidethe
frequenciesof the charactersin the encrypted messagepreviously given:

The important details to obserne in Table 1 are the locations of the fre-
quency peaks. For the standard alphabet, the letters with the highest 1-gram
frequenciesare at letters A, E, and |, and thesepeaksare four letters apart. In
the encrypted messagethe peak frequency occurs at letter M, and has smaller
peaksat | and Q. Sincethe encrypted messageausesa direct standard alphabet,
the correspondencebetweenthe frequency peakssuggestsAp = I¢, Ep = Mg,
and the encrypted messagehas a speci ¢ key of 8. Applying this key to the
encrypted messageyields the original message:

THENEGOTIATIONBORA SETTLEMENJIF THESTRIKEARE
AT AN IMPASSERECOMMEMNEINCREASEOUROFFER

This example of frequency-basedn-gram-oriented cryptanalysis, although
simple and cortriv ed, gives a feel for the use of n-gramsin MTR. By tallying
from a training text not just the frequenciesof 1-grams (single letters, in the
previous decryption example), but the frequenciesof larger units of text (n-

grams of characters), an MTR algorithm can derive a set of probabilities of

9Intelligent guessesbased on language characteristics could also be used. The advantage
of analysis based on frequency considerations is that it doesnot rely on the presenceof spaces
in the enciphered text for clues of the identities of specic characters.
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frequencies

standard

encrypted

oCododooor~rONAd Y YT dNBWOAddTON~NAdO N~

_/134B324700438730869312020

letter

<CO0AWLOI _~»¥ 1SZ00a0C0nNFD>2X>N

Table 1: Example 1-gram Frequencies

25



what symbols are statistically likely to occur together. For example, given the
text fragment THES???KEARE| here, a 3-letter hole is indicated by ??? |
an MTR systemcould generatefrequenciesof n-gramswheren = 4;5; 6; 8 based
on a corpus of training text, and determine what sequence®f three letters are
likely to occur in the position of the 3-letter hole. The underlying idea of MTR
is similar in spirit to frequency-basedn-gram methods of cryptanalysis.

Reconstruction of Texts by Manual Means

Reconstruction of text by manual meansfor purposesof interpretation and
exegesishas a long basisin religious studies, history, archaeologyand has re-
lied on largely interpretiv e and subjective techniques basedon the translator's
personal knowledge of the sourcetext [28] and the texts of the samehistorical
period, together with the collective interpretation of the scholarly community
[6]. Computers have beenusedto assistwith the medanical processof assem-
bling anciert texts from fragmerts, using a human operator to perform textual
emendationand reconstruction of manuscripts. The reconstruction systemsdis-
cussedin [25] [5] stored and manipulated manuscripts as scannedpage images
of text; thesesystemsdid not perform OCR on the text, but provided a simpli-
ed meansfor nontechnical usersto manipulate imagesof text fragmens and
perform manual reconstruction of the contents of anciert manuscripts.

Evenwith computer assistancethe recovery of both literal text and semartic
meaning from early manuscripts preseris a number of challenges,as noted in

[34, pg. 8]:
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In the scribal world, there was very little quality cortrol. [...]
'Print gavetexts xit y, for good or ill' Martin Davis obsenes. More
than this, print taught readerswhat to expect of a book, and enabled
them to passwith easefrom one book to another. Once readers of
print had acquairted themselveswith the genericidea of a page,they
could turn from book to book with little or no dicult y. A mod-
ern reader, turning to a sixteerth-century printed book, is broadly
familiar with the corvertions accordingto which the pagesoperate,
becauethose convertions have remained remarkably stable over the
certuries. In contrast, reading a manuscript book involves becom-
ing familiar with a vast range of di erent page formats and letter
forms. Abbreviations and contractions, example, abound: doesthe
abbreviated mia represert the word miseria or misericordia? [...]
The twentieth-century reader of early manuscripts, faced with this
profusion of forms, styles, and layouts, soon realizesthat their own
“software’, capable of coping with a printed page originating from
any number of European or New World pressesoperating over a
wide chronological range, is just not capable of accessingthe data
of the pre-Gutenberg world without rst mastering an ertirely new

set of reading skills.

Usesof MTR

The primary intended useof MTR s for the reconstruction of text in anciert
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manuscripts. For this use, a suitable body of similar text must exist that can
be usedto construct a probability model of the languageof the documert to be
repaired. One canervision MTR integrated into a larger text processingsystem:
original sourcetext would be initially processedby an OCR system,and MTR,
in the form of a \reconstructing spell-cheder" would analyzethe resulting text.
A human operator, in caseswhere the rst stage OCR system was unable to
recognizetext, either due to degradation of the text-image quality, or through
outright holesin the physical sourcedocumert, could graphically mark regionsof
text as\holes" and then apply the techniquesof MTR to generatea statistically
plausible set of reconstructionsto Il or replacethe damagedor missing text.
MTR may alsohave future potential asa meansof automatically recognizing

unsolicited commercial email, or \spam"”, asdiscussedin chapter 4.
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CHAPTER 2

Methods

To reconstruct missing text, an MTR systemmust rely solely on cortextual
clues: givenone'sknowledgeof the documert's sourcelanguageand of the visual
textual fragmerts surrounding a hole, what can oneinfer about the missingtext
in the hole?

Contextual clues may come from seweral sources: n-grams from a train-
ing corpus; punctuation; morphologic structures of words (e.g. word endings);
grammatic structures in the text (e.g. in English, a noun comesafter an arti-
cle); and global semartic structures in the text (meanings). In principle, any
direct or derived feature presert in the visible text surrounding a hole may give
us information about the missing text. In mitre , context is derived only from
character sequenceqn-grams) taken from a body of training text similar to
the damageddocumert we wish to reconstruct. Character n-gramswere chosen
becausethey represen the simplest form of textual context, and becausesuch
n-grams have beenusedbefore for text correction in OCR systems[42)].

Overview of MTR

MTR comprisesa set of methods distinct from those found in OCR and
pattern recognition. These methods have their roots in other disciplines, suc
as statistical natural languageprocessingand cryptology. To assistthe reader,
a brief intro duction follows for the underlying conceptsand terms usedin MTR.

A hole is a sequenceof contiguous missing symbols from the source docu-
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mernt. (Typographically, a hole will be written asa sequenceof oneor more\ ?"
symbols.) A hole large enoughto corntain k symbols is a k-hole. The number
of symbols that will t in a given hole dependson the width of the symbols. If

all symbols have a constart width, the number of symbols in a k-hole is simply

h
n= bgc (2.1)

where n is the number of symbols that will t in the hole, h is the physical
width of the hole, and s is the physical width of a symbol.! If the symbols in
the sourcedocumert have a variable width, there will generally not be a one-
to-one correspondencebetweena hole's size and the number of symbols in the
hole.

A reconstruction pattern is a seriesof n symbols containing a k-hole located
at a xed oset? from the beginning of the pattern. Reconstruction patterns
comein two kinds: specic patterns and general patterns. A specic pattern
has visible (non-hole) symbols before or after the hole in the pattern. These
visible symbols provide contextual cluesto the identity of the symbols in the
adjacert hole. For clarity, speci ¢ patterns will be written in angle brackets, in
this way: Hooi.

In cortrast, a generl pattern is the equivalenceclass of all speci ¢ patterns

1These widths may be measured in any consistent unit of length, such as typographic
points, millimeters, or inches.

2An oset is simply a length or distance, measured in xed-width characters. O sets in
reconstruction patterns are 1-based. This means a hole at the beginning of a pattern has an
oset of 1.

3The equivalence classis this: all specic patterns whose hole-geometry is the same, match
the same same regular expression. More precisely, \hole geometry" is the tuple (n; k;0) where
n is the length of the specic pattern, k is the hole size, and o is the distance of the hole from
the beginning of the pattern, with all three parameters n, k, and o measured in whole symbol-

30



relativeto xed valuesof pattern length n, hole sizek, and hole o set 0. Hence,
a triple of values (n; k;0) de nes a general pattern which denotesthe set of
all n-sequencef text containing a k-hole starting at symbol oset o in the
sequence.

For example, supposein the sourcetext there exists the phrase
the elder was n??ed Artaxerxes

where the sequence?? represerts a 2-hole. One speci ¢ pattern s; surrounding
this hole is hs n??edi and a secondspeci ¢ pattern s, adjoining this hole might
be ?%di .4

A reconstruction window is a sequenceof contiguous symbols that overlap
or straddle a hole. Reconstruction windows in this documert will be written as
text enclosedin boxes,in fashion. There is a one-to-onecorrespondence
betweenreconstruction windows and speci ¢ patterns. This connectionwill be
further described in section below. Specic patterns come from the training
text, while reconstruction windows come from the damageddocumen we are
trying to reconstruct.

Sincea speci ¢ pattern may occur in multiple contexts in a sourcedocumert,
multiple reconstructions (waysto Il in a k-hole) may be possiblefor a specic
pattern. For example, the speci c pattern m?7di may be reconstructed with

fchg in launched, or fdeg in indeed, or f My, asin then Medosades

widths. Thus, hC??olu i and hA??axeri are two specic patterns whose general pattern is
(7;2;2). Concretely, this tuple form can be thought of as a shorthand for a POSIX extended
regular expression, i.e. (7;2;2) [A-Z ].[A-Z ]f4g.

4For illustration, the general pattern of s; is (7;2;4), and the general pattern of s; is
(4;2;1). Note carefully that a \space" character is treated as a valid xed-width symbol for
purp oses of membership in specic and general patterns, just as alphabetic characters are
treated.
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inputs:

r a probability combining rule.

cor the training corpus of text.

cs the context string surrounding hole in damageddocumert.
outputs:

hyp a reconstruction hypothesis.
logic:

1 preprocesstraining corpus cor, yielding pre.

2 build n-ngram tables from pre.

3 chooseset of reconstruction windows w; from cs.

4 for ead reconstruction window w;:

derive massfunction m; from n-gram tables and w;.
combine all massfunctions m; into one massfunction cm, using rule r.
return hyp from cm such that probability of hyp is maximal.

o Ol

Figure 2: MTR Algorithm

A reconstruction hypothesis® is a string of k symbols that could Il ak-hole.
Reconstruction hypotheseswill be indicated by sets cortaining constart-width
symbols, as in fXg. Each reconstruction window has a set of possible recon-
structions, and assciated with ead reconstruction is a reconstruction prob-
ability which gives the likelihood of the symbols in the reconstruction being
found in the reconstruction window, basedon the n-gram frequenciesfrom the
training text. The sum of the reconstruction probabilities derived from a given
reconstruction window is 1.

The MTR Algorithm

Figure 2 lists the basic MTR algorithm in pseudaode form. The 6 stepsof

the algorithm are now preseried in detail.

1. Preprocesstraining corpus. A body of training text (a training corpus)

5A reconstruction hypothesis may also be called either a reconstruction or a hypothesis.
The three terms are equivalent in MTR.
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is selected. This text should be similar to the text one wishesto recon-
struct.® If the documert to be reconstructedis large enough, one can use
the damageddocumert itself as a sourceof training text. Appendix B
discusseghe implications of training corpus sizeon MTR accuracy The
training text is then cleanedin a seriesof preprocessingsteps. Thesesteps

are:

(a) readingin the raw machine-readablesourcetext of the documert to

be analyzed (e.g. Anakasis);

(b) eliminating spurious artifacts causedby machine distribution of the

text, such assystem-sgeci ¢ end-of-line indicators;

(c) eliminating artifacts that would not have beenpresen in the original
text, or which add little to the symbolic content of the text, sud as

punctuation;’

(d) corwverting the text to all uppercase-letters. The analyzed alphabet
of the training text consisted of the letters A through Z, and the
spacecharacter. This choice of alphabet was also usedin [44] and

[38], and is traditional in cryptology [40] [24].

2. Build n-gram tables. The context string cs consists of ¢ characters of
left-context, k characters of hole, and c characters of right context. From

the context string cs, the parametersc and k are calculated, and n-gram

6For example, to reconstruct a damaged excerpt from the essy On Horsemanship by
Xenophon, one could use the contents of other surviving manuscripts of this essa as training
text, or the contents of other works of Xenophon.

7A primary envisaged use of a missing-text reconstruction system was for ancient texts in
which neither punctuation nor character-case were presert.
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tables are built from the preprocessedraining text pre. Thesetables of n-
grams,wheren = 2; 3;:::c+ k characters, are constructed by taking all the
n-character sequence$rom the training text, and courting the frequencies
of the distinct n-grams encourtered.? In the resulting n-grams, the space
character receivesno special treatment. This is in contrast to the analysis
of [44], in which the spacecharacter, if preser, wasconstrainedto appear
only at the end of an n-gram. In the MTR algorithm, a spacecharacter
may appear in any position in an n-gram. For MTR, this assumption {
spacesmay occur anywhere in a hole { is realistic, sincethere are few if
any constraints one can place on the size, shape, and location of holesin

a damagedsourcedocumert.

The generation of n-gram tables for n-grams of length greater than 12
charactersis not performed. This is becausehere is an inverserelationship
betweenentropy and n-gram length, asdiscussedn Appendix A. In short,
asthe length n-gramsincrease,the amount of entropy decreasesBeyond
8-grams (covering a 4-hole with 4 characters of corntext), the number of
reconstruction possibilities drops to lessthan 2; equivalertly, the entropy

of 8-gramsapproaches bit.

3. Choose reconstruction windows. For ead hole to be lled, a set of dis-
tinct reconstruction windows are chosen. Each reconstruction window
fully overlapsor straddles the hole we wish to Il or reconstruct from the

damagedsourcetext. Thesereconstruction windows are chosenby sliding

8We do not build a n-gram table for 1-grams, since a 1-gram is not large enough to contain
both hole characters and non-hole context characters at the same time.
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Figure 3: Example of Reconstruction Windows

a window of c+ k symbolsin length, where c is the amourt of context and
k is the sizeof the hole, over the hole region of the damagedsourcetext.
This hole region is provided by the context string cs. Figure 3 shows the
reconstruction windows used for the cortext string \urse??nd n" taken
from Figure 1, using ¢ = 4 characters of context and k = 2 characters of

hole, marked by a \ ??" string.

. Derive reconstruction window mass functions. For ead reconstruction
window, we needto generateprobabilities for eadh possiblereconstruction
hypothesis. To do this, we treat the reconstruction window as a (¢ + k)-
gram | ¢ symbols of context straddling a k-hole| and count from the
training text the total number of c+ k-gramsthat match the reconstruction
window's context characters. The non-cortext characters in the match
are a possiblereconstruction hypothesis;the relativ e frequenciesof these
hypothesesdirectly yield the probabilities of the reconstruction window's

mass function.

For example, suppose we wish to construct the mass function for the

reconstruction window , and the n-grams which match this window
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include fCTlg, asin seCTlon; f CRIg, asin desCRIption; and f CHIg, as
in CHInese If the frequenciesof thesethree n-grams (f CTlg, f CRIg, and
fCHIg) in the training text are 65, 7, and 2, respectively, we count the
total number of these3-grams(65+ 7+ 2) = 74 and divide the individual
n-gram frequenciesby this total to get the reconstruction probabilities
for the reconstruction hC?l i window's massfunction. For this example,
the probability of the fTg reconstruction hypothesis is %; for the fRy
hypothesis, Z; and for the f Hy hypothesis, 72—4. The massfunction created
is simply the set of (r; p) tuples in which r is a particular reconstruction

and the p is the probability of that reconstruction relative to the n-grams

derived from the training text. In this example,the massfunction is:
fhT, 65=74i; R 7=74i; hH 2=74ig

. Combine massfunctions. Once we have massfunctions m; for all the re-
construction windows w; that overlap or straddle a given k-hole, we com-
bine these massfunctions into a single massfunction cm using a prob-
ability combining rule r. A probability combining rule is a method of
combining two or more probability massfunctions to form a new proba-
bilit y massfunction. In the main part of this dissertation, the probability
combining rule r is assumedto be Dempster's Rule of Combination® [37]

[17] (henceforth, dempster 's rule ). Two alternativ e probability combin-

9For MTR, the one (and indeed, only) part of Dempster-Shafer Theory (a theory of sub-
jectiv e probabilit y, see[37]) that is used is Dempster's Rule of Combination, as a mechanism
for combining two or more discrete probabilit y mass functions into one discrete probabilit y
mass function. Dempster-Shafer theory (and by extension, Dempster's Rule of Combination)
has been widely applied in pattern recognition, decision systems, and other domains. [36,
App endix A] gives an extensive bibliograph y on the applications of Dempster-Shafer Theory.
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ing rules (the and rule and or rule ) are examinedin Appendix D. As
a probability combining rule, dempster 's rule givesa method of com-
bining two or more probability massfunctions, yielding a new probability
massfunction. In the 2-function case,functions m; and m, are combined

into function (m; my) (or cm) using the rule

P
ma(x)ma(y) 8x;y 3 x\ y = fag

1 mi(x)ma(y) 8x;y3 x\ y=; (2:2)

(my my)(a) =

where x is a hypothesisfrom massfunction my,
y is a hypothesisfrom massfunction m,, and

a is a hypothesisin the combined massfunction (m;  my).

dempster 's rule can be generalizedto 3 or more mass functions. In
mitre , this generalizedform of dempster 's r ule is usedto combine the
massfunction from up to c+ 1 reconstruction windows, with ead window

having c characters of context. 1°

The outcomesrepresenied by reconstruction hypothesesare mutually ex-
clusive singleton sets. Becausethe intersection of thesesingleton hypothe-
sesis either total or empty, this meansa reconstruction hypothesisa can
only bein the combined massfunction (m; my) if a werepresert in both

massfunction m; and m,, whendempster 's rule isused?! In this case,

100bserve that the number of mass functions we must combine for a given hole is not
dependent on the size of the hole, but only on the amount of context we're using on either
side of the hole. This has implications for the speedof the current algorithm when dempster 's
rule is used, since the processof combining two mass functions m1; m, via dempster 's r ule
has O(jm1j jmg2j) time complexity, where jmj and jmyj are the numbers of hypothesesin
mass functions m1 and my, respectively.

1dempster 's rule, like the and rule discussedin Appendix D, is a logically conjunc-
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if a hypothesisa were only in one of the massfunctions m; or my, the
massfunction in which a was absert would assigna a probability of zero,
and in the combined massfunction, this unshared hypothesis would also
receive a zero probability, sincethe numerator of dempster 's rule 2 is

zerowhen the intersection of the hypothesissetsof m; and m, is empty.

A small but fully-w orked application of dempster 's rule to massfunc-

tion combination is provided in Appendix C.

. Return hypothesis of maximal prokability. The combined mass function
cm represens the best-supported set of reconstruction hypothesesfor the
missing text, basedon the n-grams drawn from the training text. From
this combined massfunction the hypothesiswith the highest probability
is selectedas the \b est" reconstruction. This reconstruction represens
the choice that is best supported by the evidencepresern in the training

text's n-grams, given a speci ¢ amournt of character context.

Modi cations in MITRE Prototype

The basicMTR algorithm just described was extendedin a number of ways

for the mitre prototype implementation:

1. Comparison of known text with attempted reconstructions. For experi-

mental purposes,it is necessaryto comparethe reconstructions produced

tive rule: the hypothesesin the combined mass function are exactly the hypothesesin the
intersection of the mass functions being combined.

12More generally, the combined probabilit y value assigned to an unshared hypothesis by
any probabilit y combining rule based on logical conjunction will be zero.
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by the MTR algorithm with known sourcetext. In the most straightfor-
ward case,one comparesthe computed reconstructions with the (known)
cortent of the original text, and measuresthe proportion of correct re-
constructions vs. the total number of reconstructions attempted, under
varying conditions. MTR evaluation becomesmore complex when one
seeksto understand the ways in which incorrect reconstructions are gen-
erated, and the situations in which the MTR algorithm producesincorrect

reconstructions. Thesecomplexities are discussedn section of chapter 3.

2. Variable quantity of initial training text. The basic algorithm assumes
that all of the preprocessedtraining text will be usedto create n-gram
tables. In mitre , the ability to usea subsetof the preprocessedraining
text was added,to permit investigation into the e ects of variable corpus

sizeon MTR performance,as discussedin Appendix B.

3. Use of multiple combining rules. The basic algorithm requires a single
combining rule be provided for mass function combination. In mitre ,
three combining rules (dempster 's rule, and rule, or rule) were
tested side-by-side with the same context string and n-gram tables, to
permit quartitativ e comparisonof the e cacy of di erent combining rules.
Appendix D explains the operation of the and rule and or rule, and
comparesthe MTR performanceof thesetwo rules in comparisonto that

of dempster 's rule (describedin Appendix C below).

4. Comparison with a Control Study. While not requiring a changeto the
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MTR algorithm itself, a simple control was adopted to permit baseline
comparionsto be made with the various combining rules. The method

usedfor the per-corpora control is described below in section.

Thesechangesare peculiar to the mitre prototype, and while necessaryfor
exploratory purposes,they add no qualitative advantagesto the basic MTR
algorithm. Section below preseris the actual experimental conditions to which
the mitre prototype was subjected, and explainsin greater detail how variable
training text quantity and multiple combining rules were used experimentally
to evaluate the characteristics of the basic MTR algorithm.

Assumptions

The MTR algorithm used by the mitre prototype system was dewveloped

using the following assumptions:

Known hole size. For any hole in the damaged source documert, the

physical size of the hole is known.

Fixed-width symtols. All symbols in a k-hole have a uniform and xed
width. This assumption, together with the known physical hole size, sim-
pli es calculating the number of symbols in a given hole, sinceif symbols
have a uniform width, we can usethe simple formula givenin equation 2.1

to calculate the hole size,in symbols.

One hole per window. A given reconstruction window (or speci ¢ pattern)
cortains exactly onehole. (If a reconstruction window has more than one

hole, we can break it up into separatewindows, eat containing onehole.)

40



Known context. The text on either side of the hole is known. The as-
sumption precludesthe processingof holeslocated at the very beginning
or ending of the damaged source documert. This assumption enables

two-sided context to be collected around ead hole.

Similarity of training text and damagel text. The damagedtext fragmert
cortaining the hole hassimilar statistical propertiesto the n-gram training
text. In other words, the training text must be in somesense\represen-
tativ e" of the damagedtext we're trying to reconstruct. For example,in
reconstructing a manuscript of the King JamesBible (KJV), 13 it would
be plausible to usethe earlier work of Tyndale [9] for training text. The
plays of Shakespeare as training text would prove lessadequate for this
task, even though Shakespeare and the KJV are closerin time than the

KJV isto Tyndale.

Rationale of Method

Every researd study implies a seriesof alternative models and designdeci-

sions, of which the study itself only manifestsa few of the more promising ones.

For the method usedin this study, a number of alternativeswere examinedand

discarded. We now describe a number of alternativ e parametersand procedures

that were not usedin the current work.

1. Syntax as a disambiguatingtool. The method asimplemented studied the

extent to which n-grams alone could be usedto perform MTR. Adding

13The King James Bible is here denoted as KJV for King James Version, in deference to
the standard usage of the religious studies community.
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syntax asa recognition feature would have required part-of-speed tagging

for all the languagedested (English and Latin, in the current study's case).

Additionally , syntax and spelling of pre-Gutenberg manuscripts tended
to have a great deal of variation. Performing part-of-speed tagging (a
neededprecursor to syntactic analysis) is more challenging for medieal
documerts than for modern ones. In hand-written manuscripts, abbrevi-
ations were common, and could only be properly \decoded" within the
semartic context of the work and subject in question [34, page8]. Know-
ing a purported syntax of the sourcelanguage, given the uidit y of the
languageusedin thesetexts, would not give one a great deal of additional

help at reconstructing missing text.

. Variable-width characters. With variable-width characters, a speci ed
hole sizecan no longer be assumedto contain a xed and easily-calculable
number of characters, but instead may contain a variable number of char-
acters, the precisenumber of which depend on the identity and order of
the characterschosento Il the space.Further, variable-width characters
alsoimply variable-width interword spacings. Lastly, when using variable-
width symbols, one now must establish what the intercharacter spacing
is, which will be dependert on the two characters surrounding a given
intercharacter space. (For example, the intercharacter spacebetweenan
f symbol and ani symbol may be zeroif the two symbols are represeried

asa ligature, or closeto zeroif the symbols are distinct.)
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3. Hidden Markov Models. Hidden Markov Models (HMMs) were examined
but not selectedfor in-depth comparison with the MTR algorithm dis-

cussedabove, for two reasons:

(@) Two-sided context. HMMs can only describe corntext as it appears
from one side of a hole. HMMs provide no conceptual basisfor pre-
dicting the value of a sequencewhen the value is not the nal value
in the sequencé? The MTR algorithm can and did use two-sided
context, i.e., contextual information from charactersbeforeand after

a holeto be lled.

(b) Variable-sizal context-holerelations. A HMM presumesa set of state
transitions, where eadt state is drawn from the sameset of possible
values. In MTR, considerthe casein which one wishesto perform
reconstruction using just left-context (characters preceedinga hole).
It is not possiblewith HMMs to Il ak-hole using preceedingstates of
other than k-grams. Hence,a 2-holecould not be lled on the basisof
the 3 preceedingcharactersto the hole, sincein this case,a 2-holeto
be lled must have beenpreceededby distinct 2-gramsrepresetting
earlier states. The MTR algorithm studied can use whatever pre-
ceedingor trailing context is available, without regard for the size of

the transitional statesinvolved.

4. Bayesian Networks. Bayesiannetworks [35, ch. 14]wereexaminedbut not

14The entire sequencemay be reversed in an HMM, which would enable one to use either
left- or right-context surrounding an MTR hole. Nevertheless, two-sided context cannot be
used with  HMMs.
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comparedin depth with the deweloped MTR algorithm becauseBayesian
networks make an underlying assumption that the dierent probability
functions going into a classi cation decisionare independert. In the case
of MTR, this assumption of independencecannot be supported: for ex-
ample, the (n  1)-gram preceedinga k-hole is highly interdependert with

the n-gram preceedingthat hole. Moreover, characterizing the interdepen-
denceof the symbols preceedingand following a hole admits of no general
statemerts of probability that apply to all reconstruction windows of a
general pattern (n; k; 0). The most we can say with accuracyis that the
probabilities of symbols preceedingand following a k-hole are neither in-

dependert nor conditionally independen.
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CHAPTER 3

Results

A description follows of the conditions under which the MTR algorithm
described in chapter was applied for this study. After a summary of the condi-
tions and ervironment with which the mitre systemwastested, we presert the
preliminary results of using the MTR algorithm on three sourcedocumerts.

Experimental Conditions

Three texts wereusedfor testing the MTR algorithm: an English translation
of Xenophon'sAnalasis [43]; Moby Dick, by Herman Melville [27]; and the Latin
Vulgate Bible [19].

The results reported in this dissertation were obtained by taking the arith-
metic meansof 30 test runs for eac corpus. For ead test run, the following

stepswere performed:

1. The corpuswasdivided into 100consecutive text segmers of equallength.
The number of segmeits was chosento enablea straightforward intepre-
tation of the dierent possible reconstruction outcomes; speci cally, the
number of reconstruction outcomesof a given type can be directly inter-

preted as a percertage.

2. A singletext sample(12 charactersin length) was drawn without replace-
ment from eath segmen. Each samplewasdrawn from a random location

within its segmen. Taking a random sample from ead of the 100 text
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segmens was done to implement a stratied random sample; this sam-
pling strategy was chosento minimize the ability of chancee ects to yield

an unrepresenativ e set of reconstruction outcomes.

3. The segmeis (with samplesremoved) were reasserbled in their original

order, yielding a reassenbled documert.

4. Tablesof n-gramsof length 2, 3, ... 12 were constructed from the reassem-

bled documert.

5. The MTR algorithm was applied by creating holes in the 12-character
text sample,and attempting to reconstruct the missinghole text using the
n-gram tables previously constructed, together with the surviving (non-
hole) text in the text sample. The hole sizestested ranged from 1 to 4
characters, and the non-hole cortext ranged from 1 to 4 characters. For
eat fsample, hole size, corntext sizeg combination, the MTR algorithm
was applied using ead the three probability combining rules (dempster 's

rule , and rule, or rule) discussedin AppendicesC and D.

There is noideal sampling strategy that worksfor MTR whenoneis sampling
from the sametext one s trying to reconstruct.! Sampling with replacemen
biasesthe reconstructions to be more accurate than they would be otherwise,
since the replaced samplescontribute to the language model implicit in the

collected n-grams. To samplewithout replacemen causes'lesions” in the text

IMTR results based on n-grams collected from other (non-target) training texts can be
arbitrarily poor. The hopein practice is that one choosestraining texts that are closely related
to the text oneis trying to reconstruct. We have no way at presert to defensibly quantify the
idea of \closely related" in a fashion that usefully approximates our human intuitions of the
relatedness of text, for the entire domain of texts available for study.
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from which the n-grams are derived. Theselesionsmay manifest themselvesas
spurious n-gramsthat do not appear in the original training text. To illustrate
how sud spurious n-grams occur, considerthe following preprocessedsequence

of characters:

...aaabbbccec...

Now should the sample 3-gram bbb be removed from the original sequence,

leaving just

...aaaccec...

spuriousn-gramsmay ariseif we form n-gramsfrom text that straddlesthe hole
wherethe bbb 3-gram was. These spurious n-grams may yield either (a) higher
courts of n-grams presen elsewherein the sourcetext, or (b) n-grams that
are completely ctitious and that occur nowhereelsein the documert. In either
case,the n-gramsextracted from the documert that straddle the position where
a samplewas (in this example,the original bbb 3-gram) either skew existing n-
gram courts, or introduce spurious n-grams.

To resolwe theseproblems, a slight alternation may be madeto the sampling
procedure. When collecting n-grams, note the positions of the holes,and discard
any n-grams formed by text that straddlesa hole.

In practical terms, the problem posedby these\ghost n-grams" is not sig-
ni cant, given the size of the training corpora and the number of samplesex-
tracted. The sampling strategy chosen(divide original text into 100 parts, take

one samplewithout replacemen from ead part) created up to 100 potentially
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spurious n-grams, from all the n-grams collected from the training text. For
the smallest corpus studied (Anabasis), the selectedapproad resulted in 100
possibly-spurious n-grams of approximately 472,000n-grams collected. This
implies that about 1 of 4700n-grams may have beenspurious. Given this ratio,
the risk of collecting a set of unrepresenativ e reconstruction results using the
chosensampling strategy was evaluated to be negligible.

Description of Control Study

For ead of three test corpora (Anabkasis, Moby Dick, and Vulgate), a simple
control study was conductedto enablebaselinecomparisonsto be made against
the various probability combining rules used. The control studies were per-
formed by 30 test runs for ead corpus; ead test run consistedof the following

steps:

1. Prepmcess corpus. Preprocessthe corpus using the steps previously de-

scribed in section.

2. Generate n-gram tables. Extract n-gramsof length 1, 2, 3, and 4 from the

preprocessedcorpus.

3. Takesamples;perform reconstructions. For eat n-gramlength, create100
holesof that length in the test corpus. For eact hole, selecta weighted ran-
dom n-gram from the appropriate n-gram table, mark the reconstruction

n-gram as\correct" or \incorrect" relative to the current hole.
30 test runs (eadh involving 100 reconstruction attempts) were performed
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for ead test corpus, to enablecon dence intervals to be calculated by treating
the meanrates of correct reconstruction from the runs as coming from a normal
distribution.

The way the reconstructive n-grams were chosenwas by simply selectinga
n-gram at random (with replacemert) from the appropriate n-gram table, and
using this n-gram to Il the test hole of length n. Given that di erent n-grams
occur in the n-gram tables with dierent frequencies,this random selection
processwas e ectiv ely weighted according the to frequenciesof appearanceof
the test corpus's n-grams.

The control method of reconstruction just described used no context sur-
rounding a hole, unlike the MTR method described in section.

Typesof Reconstruction Hypotheses

The reconstruction hypothesesthe MTR algorithm generatescan be divided

into four kinds:

correct The combined hypothesis set is non-empty; it contains the correct

hypothesis; and the correct hypothesishas the highest probabilit y.

weak The combined hypothesis set is non-empty; it contains the correct hy-

pothesis, but this hypothesisdoesnot have the highest probabilit y.

missing The combined hypothesissetis empty. That is, there was no hypoth-
esiscommon to all the hypothesis sets from the chosen reconstruction

windows 2

2Note that a missing hypothesis can only occur with a probabilit y combining rule that
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wrong The combined hypothesis set is non-empty, and does not contain the

correct hypothesis.

Weak, missing, and wrong hypothesesare ead a di erent kind of incorrect
reconstruction hypothesis. It is usefulto distinguish betweenthesethree kinds of
incorrect reconstruction hypotheses becausedepending on why a reconstruction
attempt failed, one may be able to apply additional meansto improve the

reconstruction accuracy:

For weak hypotheses,it is possiblein principle to improve the reconstruc-
tion accuracy by applying some other information, perhaps additional

context, to choosethe correct hypothesisfrom a set of weak ones?

Missing hypothesesmay possibly be improvedupon by choosinga di erent
set of \exp ert opinions" | e.g., by expanding the set of possible input
hypothesesby reducing the number of input hypothesis sets used, or by

reducing the amount of context usedin the reconstruction windows.

For wrong hypotheses, no accuracy improvemert is possible, since the

correct hypothesisdoesnot in fact exist in the setof combined hypotheses.

For eadh of the three test corpora, results are preserted in both tabular
and graphic form. These results were obtained by applying the MTR algo-
rithm to ead corpora using dempster 's rule as the probability combining

rule, and represen the arithmetic meansof 30 test runs, in ead of which 100

discards hypothesesthat are not in the intersection of all of the mass functions fed into the
rule as inputs. Examples of such rules include dempster 's rule and the and rule .

3 Additional context could be extracted from the n-grams of a dieren t training corpus, or
even from a non-n-gram source, lik e a part-of-sp eed tagger.
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Dempster's Rule Control
context ¢ hole sizek % correct % weak % missing % wrong | % correct

1 1 39 61 0 0 7.6
2 1 63 36 0 0

3 1 84 14 1 1

4 1 84 4 10 2

1 2 23 77 0 0 1.1
2 2 48 50 0 2

3 2 70 21 4 5

4 2 67 6 21 6

1 3 14 85 0 1 0.3
2 3 37 55 0 7

3 3 55 22 10 13

4 3 51 7 32 9

1 4 7 87 0 5 0.1
2 4 27 54 1 19

3 4 42 22 14 22

4 4 38 7 42 13

Table 2: MTR Results, dempster 's rule vs. Control, Anakasis

E CORR
[] WEAK.
O MISS
B WRONG

100 o e e —
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20
0 T T 1
1 2 3 4

Context, in characters

Figure 4. Context vs. MTR Performance (hole size = 1, dempster 's rule ,

Analasis)
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Figure 5. Context vs. MTR Performance (hole size = 2, dempster 's rule ,
Analasis)
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Figure 6: Context vs. MTR Performance (hole size = 3, dempster 's rule ,
Analasis)
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Figure 7: Context vs. MTR Performance (hole size = 4, dempster 's rule ,

Analasis)

Dempster's Rule Control
context ¢ hole sizek % correct % weak % missing % wrong | % correct
1 1 37 63 0 0 7.5
2 1 61 39 0 0
3 1 80 19 1 1
4 1 86 7 6 2
1 2 20 80 0 0 0.8
2 2 44 55 0 1
3 2 66 27 2 5
4 2 66 10 16 7
1 3 12 87 0 1 0.4
2 3 30 66 0 4
3 3 49 33 4 15
4 3 46 11 28 15
1 4 6 90 0 4 0.1
2 4 20 64 0 16
3 4 33 29 10 29
4 4 32 10 37 21

Table 3: MTR Results, dempster 's rule vs. Control, Moby Dick
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Figure 8: Context vs. MTR Performance (hole size = 1, dempster 's rule ,
Moby Dick)
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Figure 9: Context vs. MTR Performance (hole size = 2, dempster 's rule ,
Moby Dick)
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Figure 10: Context vs. MTR Performance (hole size= 3, dempster 's rule ,
Moby Dick)
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Figure 11: Context vs. MTR Performance (hole size= 4, dempster 's rule ,
Moby Dick)
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Dempster's Rule Control
context ¢ hole sizek % correct % weak % missing % wrong | % correct

1 1 31 69 0 0 7.6
2 1 57 43 0 0

3 1 79 21 0 0

4 1 89 9 2 1

1 2 16 84 0 0 0.7
2 2 42 57 0 0

3 2 68 30 0 2

4 2 77 17 3 3

1 3 9 90 0 0 0.1
2 3 30 69 0 1

3 3 50 44 1 5

4 3 62 20 8 10

1 4 5 94 0 1 0.1
2 4 20 74 0 6

3 4 39 43 2 16

4 4 48 21 13 18

Table 4: MTR Results, dempster 's rule vs. Control, Vulgate
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Figure 12: Context vs. MTR Performance (hole size= 1, dempster 's rule ,
Vulgate)
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Figure 13: Context vs. MTR Performance (hole size= 2, dempster 's rule ,
Vulgate)
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Figure 14: Context vs. MTR Performance (hole size= 3, dempster 's rule ,
Vulgate)
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Figure 15: Context vs. MTR Performance (hole size= 4, dempster 's rule ,
Vulgate)

context ¢ holesizek % correct, % correct, % correct,
Anatasis Moby Dick  Vulgate
1 1 39 37 31
2 1 63 61 57
3 1 84 80 79
4 1 84 86 89
1 2 23 20 16
2 2 48 44 42
3 2 70 66 68
4 2 67 66 77
1 3 14 12 9
2 3 37 30 30
3 3 55 49 50
4 3 51 46 62
1 4 7 6 5
2 4 27 20 20
3 4 42 33 39
4 4 38 32 48
| corpussize,in kilobytes 461 1138 4050 |

Table 5: Rates of Correct Reconstruction for Three Corpora, dempster 's r ule
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hole size Analasis Moby Dick Vulgate
k s lower wupper| s lower upper| s lower upper
1 25 6.7 85 |28 6.5 85 |25 6.7 8.5
2 13 06 15 |10 05 11 |08 04 0.9
3 06 0.1 05 |06 0.1 06 (04 0.0 0.3
4 04 0.0 03 |03 00 03 (03 0.0 0.2
Table 6: Sample Standard Deviations and Con dence Intervals (= 0:05) for

Rates of Correct Reconstruction in Control Groups (Anakasis, Moby Dick, and
Vulgate)

text reconstructions were attempted. 30 test runs were performedto permit the
substitution of sample meansfor population meansin the calculation of con-
dence intervals for MTR [8, pages285{286]. The con dence intervals of the
collected data are reported in section below.

The reconstruction results using dempster 's r ule are presered in terms of
the four hypothesis-resulttypesdiscussed.Appendix D preseris the analogous
results using the and rule and or rule asthe probability combining rule.

Table 2 and Figures 4, 5, 6, and 7 shaw the performanceof the MTR algo-
rithm on Anabasis Table 3 and Figures 8, 9, 10, and 11 show the performance
of the MTR algorithm on Moby Dick. Table 4 and Figures 12, 13, 14, and 15
show the performanceof the MTR algorithm on Vulgate

For ead corpus, 30 cortrol reconstructions were attempted; for comparison,
the percertage of correct control reconstructions for the three test corpora are
reported in the right-hand columns of tables 2, 3, and 4.

Table 5 summarizesthe e ects of context and hole size on correct recon-
struction rate for all three corpora usedin this study.

Con dence Intervals for MTR Results
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 45 377 409 |42 297 327 |41 296 325
2 1 42 619 649 |49 522 558 |45 469 50.1
3 1 37 823 850 |42 774 804 |49 636 672
4 1 35 830 855 |37 822 849 |51 759 795
1 2 42 213 244 |33 164 187 |34 149 173
2 2 54 464 503 | 6.1 388 431 |50 298 334
3 2 49 680 714 |50 648 683 |41 449 478
4 2 46 657 690 |51 640 676 |51 554 591
1 3 3.0 126 147 |29 97 118 |25 8.4 10.2
2 3 54 351 39.0 |39 285 313 |32 160 183
3 3 52 53.1 569 |51 501 538 |56 285 325
4 3 45 497 529 |43 493 523 |45 398 43.0
1 4 3.0 64 85 |24 53 70 (22 44 6.0
2 4 42 251 282 |44 200 231 |28 95 11.5
3 4 51 400 436 |50 378 413 |33 176 20.0
4 4 58 357 398 |59 354 397 |45 29.1 323

Table 7: Sample Standard Deviations and Con dence Intervals (= 0:05) for

Mean Rates of Correct Reconstruction, Anakasis

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 43 358 389 |48 275 310 |49 274 309
2 1 6.4 590 635 |60 496 539 |63 463 508
3 1 44 783 815 |43 719 750 |50 615 651
4 1 37 847 873 |39 832 860 |48 733 767
1 2 34 189 214 |29 150 171 |25 139 157
2 2 49 418 454 |44 336 36.7 |35 263 287
3 2 53 639 677 |50 593 628 |50 394 430
4 2 48 645 679 |43 627 658 |41 511 541
1 3 28 109 129 |23 80 9.7 (24 71 8.9
2 3 50 280 316 |49 215 250 |37 128 155
3 3 48 470 504 |52 422 460 |48 220 254
4 3 52 445 483 |51 430 467 |49 33.0 36.6
1 4 22 55 71 |22 43 59 (20 35 4.9
2 4 46 187 220 |43 145 176 |29 84 10.5
3 4 44 313 345 |41 299 329 |33 134 158
4 4 56 299 339 |50 293 329 |38 234 261

Table 8: Sample Standard Deviations and Con dence Intervals (= 0:05) for

Mean Rates of Correct Reconstruction, Moby Dick
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 50 296 331 |54 261 300 |54 255 293
2 1 6.7 544 592 |55 46.0 499 |57 433 474
3 1 36 772 798 |47 688 722 |45 604 63.6
4 1 31 876 898 |33 840 864 |38 724 752
1 2 38 150 177 |31 102 124 |32 94 11.7
2 2 54 404 443 |53 312 350 |48 256 290
3 2 45 66.2 694 |47 573 606 |51 400 437
4 2 44 752 783 |43 722 753 |43 541 572
1 3 20 8.7 10.1 | 2.0 6.8 82 |19 538 7.1
2 3 41 281 311 |38 206 232 |34 131 155
3 3 42 484 514 |46 425 458 |34 263 287
4 3 40 602 630 |36 574 600 |50 358 394
1 4 21 43 59 |20 29 43 |17 24 3.6
2 4 43 184 215 |31 128 150 |23 7.3 8.9
3 4 52 374 411 |48 325 359 |42 162 19.2
4 4 55 457 497 |56 437 477 |44 251 283

Table 9: Sample Standard Deviations and Con dence Intervals (= 0:05) for

Mean Rates of Correct Reconstruction, Vulgate

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 45 591 623 |43 672 703 |41 675 704
2 1 46 345 379 |52 437 474 |45 499 531
3 1 34 125 150 |39 171 199 |49 328 364
4 1 19 35 49 |24 4.0 57 |52 202 239
1 2 43 755 786 |33 812 835 |34 827 851
2 2 51 479 516 |61 550 593 |51 664 70.1
3 2 35 199 224 |42 228 258 |40 520 549
4 2 22 50 66 |26 6.5 83 |50 399 435
1 3 33 837 861 |29 868 889 |23 896 912
2 3 6.2 530 575 |51 605 642 |34 811 836
3 3 40 206 234 |47 233 267 |56 664 704
4 3 22 6.7 82 |22 7.2 87 |49 541 575
1 4 40 860 888 |37 874 900 |26 929 947
2 4 48 525 559 |50 576 611 |35 86.2 886
3 4 42 204 234 |40 228 256 |41 752 782
4 4 23 6.0 76 |24 6.1 79 |46 600 633

Table 10: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Weak Reconstruction, Anabasis
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 43 611 642 |48 69.0 725 |49 691 726
2 1 6.3 364 410 | 6.0 46.0 503 |6.3 49.2 537
3 1 37 176 202 |37 240 266 |50 349 385
4 1 25 5.9 77 129 7.1 92 |48 233 26.7
1 2 35 785 81.0 |29 828 849 |25 843 86.1
2 2 51 535 571 |44 621 653 |35 712 736
3 2 46 254 287 |44 302 334 |51 568 604
4 2 27 95 114 |25 115 133 |42 456 486
1 3 27 864 883 |22 896 912 |24 909 926
2 3 57 638 679 |54 705 744 |37 843 86.9
3 3 46 309 342 |49 354 389 |48 739 774
4 3 3.3 95 119 |26 11.3 132 |48 614 649
1 4 3.0 889 910 |30 901 922 |24 941 957
2 4 56 615 655 |43 663 693 |34 875 900
3 4 41 273 303 |40 289 318 |37 807 834
4 4 32 84 10.7 | 28 94 114 |45 66.7 70.0

Table 11: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Weak Reconstruction, Moby Dick

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 50 669 704 |54 700 739 |54 707 745
2 1 6.7 408 456 |55 50.1 540 |57 526 56.7
3 1 37 200 227 |48 276 310 |45 364 39.6
4 1 25 83 101 |31 116 138 |3.8 248 276
1 2 38 823 850 |31 876 898 |32 883 90.6
2 2 55 554 594 |55 647 686 |48 710 744
3 2 39 290 317 |39 378 406 |51 56.3 600
4 2 37 152 178 | 3.7 182 208 |42 428 458
1 3 20 89.7 912 |21 917 931 |19 929 942
2 3 43 677 708 |40 755 784 |34 844 86.9
3 3 46 425 458 |53 480 518 |34 712 736
4 3 34 187 211 |31 217 239 |50 601 637
1 4 23 933 949 |22 948 964 |18 962 974
2 4 42 727 757 |34 79.0 815 |23 908 924
3 4 55 414 454 |47 468 50.1 | 4.0 80.0 829
4 4 27 203 222 |39 219 247 |44 703 734

Table 12: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Weak Reconstruction, Vulgate
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 1 0.0 0.0 0.0 |00 00 0.0 |00 0.0 0.0
3 1 1.0 038 15 |10 0.8 15 |00 0.0 0.0
4 1 3.0 9.0 11.2 | 3.0 9.0 11.2 |00 0.0 0.0
1 2 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 2 0.3 0.0 02 |03 0.0 02 |00 0.0 0.0
3 2 19 35 49 |19 35 49 |00 0.0 0.0
4 2 40 196 224 |40 196 224 |00 0.0 0.0
1 3 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 3 05 0.2 05 |05 02 05 |00 0.0 0.0
3 3 3.1 8.8 110 | 31 838 11.0 |00 0.0 0.0
4 3 49 301 337 |49 301 337 |00 0.0 0.0
1 4 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 4 07 04 09 |07 04 09 |00 00 0.0
3 4 35 131 156 |35 131 156 |0.0 0.0 0.0
4 4 45 406 439 |45 406 439 |00 0.0 0.0

Table 13: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Missing Reconstruction, Anakasis

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 0.0 0.0 00 |00 0.0 00 |00 0.0 0.0
2 1 0.0 0.0 0.0 |00 00 0.0 |00 0.0 0.0
3 1 0.7 03 08 |07 03 0.8 |00 0.0 0.0
4 1 20 49 6.4 |20 4.9 6.4 |00 0.0 0.0
1 2 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 2 0.0 0.0 0.0 |00 0.0 0.0 |00 0.0 0.0
3 2 17 1.4 26 |17 14 26 |00 0.0 0.0
4 2 35 150 174 |35 150 174 |0.0 0.0 0.0
1 3 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 3 0.3 0.0 02 |03 0.0 02 |00 0.0 0.0
3 3 21 35 50 |21 35 50 |00 0.0 0.0
4 3 34 265 290 |34 265 290 |02 0.0 0.1
1 4 0.0 0.0 0.0 |00 0.0 0.0 {00 0.0 0.0
2 4 0.3 0.0 02 |03 0.0 02 |00 0.0 0.0
3 4 26 8.8 10.7 | 26 8.8 10.7 | 0.0 0.0 0.0
4 4 46 355 388 |46 355 388 |00 0.0 0.0

Table 14: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Missing Reconstruction, Moby Dick
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 00 0.0 00 |00 0.0 00 |00 00 0.0
2 1 00 0.0 00 |00 0.0 00 |00 00 0.0
3 1 03 0.0 03 |03 0.0 03 |00 00 0.0
4 1 1.3 11 20 |13 11 20 |00 0.0 0.0
1 2 00 0.0 00 |00 00 00 |00 00 0.0
2 2 00 0.0 00 |00 00 00 |00 00 0.0
3 2 04 0.1 03 |04 0.1 03 |00 0.0 0.0
4 2 20 28 42 |20 28 42 |00 0.0 0.0
1 3 00 0.0 00 |00 0.0 00 |00 00 0.0
2 3 00 0.0 00 |00 0.0 00 |00 00 0.0
3 3 08 0.5 1.1 (08 05 1.1 |00 0.0 0.0
4 3 28 7.5 95 |28 75 95 |00 0.0 0.0
1 4 00 0.0 00 |00 00 00 |00 00 0.0
2 4 00 0.0 00 |00 0.0 0.0 |00 0.0 0.0
3 4 1.0 1.2 19 (10 1.2 19 |00 0.0 0.0
4 4 31 119 141 |31 118 140 |0.0 0.0 0.0

Table 15: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Missing Reconstruction, Vulgate

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 02 0.0 01 |02 0.0 01 |00 0.0 0.0
2 1 08 0.2 07 |08 0.2 07 |00 00 0.0
3 1 11 1.0 1.8 (11 1.0 1.8 |00 0.0 0.0
4 1 11 11 19 (11 11 19 |04 01 0.4
1 2 03 0.0 02 |03 00 02 |00 00 0.0
2 2 11 14 22 |11 14 22 |03 00 0.3
3 2 21 4.2 57 |21 42 57 |05 0.1 0.4
4 2 22 50 66 |22 5.0 66 |11 0.6 1.4
1 3 11 1.0 1.8 (11 1.0 1.8 |06 01 0.5
2 3 31 6.2 84 |31 6.2 84 |08 0.2 0.7
3 3 34 119 143 |34 119 143 |09 038 1.4
4 3 34 8.2 106 | 34 8.2 106 |18 2.1 3.4
1 4 26 4.2 6.1 |26 4.2 6.1 |09 0.7 1.3
2 4 34 173 197 |34 173 197 |15 16 2.7
3 4 41 205 234 |41 205 234 |20 3.7 5.2
4 4 38 118 146 |38 118 146 |27 6.7 8.6

Table 16: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Wrong Reconstruction, Anakasis
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context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 00 0.0 00 |00 0.0 00 |00 00 0.0
2 1 03 0.0 02 |03 00 02 |00 00 0.0
3 1 09 04 1.0 {09 04 1.0 |00 0.0 0.0
4 1 1.3 11 20 |13 11 20 |02 0.0 0.1
1 2 03 0.0 02 |03 00 02 |00 00 0.0
2 2 1.0 0.7 15 (1.0 0.7 15 |03 0.0 0.2
3 2 19 44 58 |19 44 58 |04 0.0 0.3
4 2 26 6.2 81 |26 6.2 81 |05 0.1 0.5
1 3 08 05 11 (08 05 11 |05 01 0.5
2 3 20 35 49 |20 35 49 |05 0.1 0.4
3 3 36 132 158 |36 132 158 |0.7 0.4 0.9
4 3 30 141 163 |30 141 163 |13 15 25
1 4 1.8 31 44 |18 3.1 44 |10 0.5 1.2
2 4 37 148 174 |37 148 174 |12 1.4 2.2
3 4 41 270 300 |40 271 300 |25 25 4.3
4 4 41 199 229 |41 199 229 |24 6.0 7.8

Table 17: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Wrong Reconstruction, Moby Dick

context hole size| dempster 's rule and rule or rule

c k s lower wupper| s lower upper| s lower upper
1 1 0.0 0.0 00 |00 0.0 00 |00 0.0 0.0
2 1 00 0.0 00 |00 0.0 00 |00 00 0.0
3 1 02 0.0 01 |02 00 01 |00 0.0 0.0
4 1 06 04 08 |06 04 08 |00 0.0 0.0
1 2 02 0.0 01 |02 00 01 |00 00 0.0
2 2 04 0.1 04 |04 0.1 04 |00 00 0.0
3 2 14 11 21 |14 11 21 |00 00 0.0
4 2 1.8 26 39 |18 26 39 |03 0.0 0.2
1 3 03 0.0 02 |03 00 02 |02 00 0.1
2 3 1.0 0.8 15 (1.0 0.8 15 |03 0.0 0.2
3 3 26 4.2 60 |26 4.2 6.0 |03 0.0 0.2
4 3 20 93 108 | 20 9.3 108 |06 0.3 0.7
1 4 0.7 0.6 11 (07 0.6 11 |04 01 0.4
2 4 21 51 66 |21 5.1 66 |05 0.1 0.5
3 4 39 144 172 |39 144 172 |09 05 1.2
4 4 34 169 193 |34 169 194 |14 1.0 2.0

Table 18: Sample Standard Deviations and Con dence Intervals ( = 0:05) for

Mean Rates of Wrong Reconstruction, Vulgate
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Table 6 givesthe sample standard deviations and con dence intervals for
mean rates of correct reconstruction of missingtext for the cortrol studies per-
formed on the three test corpora (Anabasis Moby Dick, and Vulgate). This
table shavs sample standard deviations s and the lower and upper limits of the
con dence intervals calculated at a 95% con dence level ( = 0:95) from the 30
test runs performed for the cortrol studies, as described in section.

The con dence intervals for the corntrol study were calculated by treating
the outcome of ead single reconstruction attempt as a Bernoulli trial which
succeededr failed. Con dence intervals at the 95 % con dence level for the 30
test runs (each run corntaining 100 test reconstructions) were calculated using

1. p__

whereX is the mean number of correct reconstructions per run over the 30 test
runs, is the sample standard deviation of the means? and n is the number
of trials (30). The dimensionlessconstart 1.96 comesfrom our treating the our
sampleof 30 meansasan approximation of a samplefrom a normal distribution:
for a0.95con dence interval, i.e. avalueof of 0.95,the areaunder a standard
normal curve between-1.96 and +1.96 is 0.95.

In a similar way, con dence intervals for the mean rates of correct, weak,
missing and wrong reconstruction were calculated.

Tables 7, 8, and 9 give the sample standard deviations and con dence in-

tervals for mean rates of correct reconstruction of missing text using the three

4Note that each of the 30 means is itself the number of outcomes of a specic type, of the
100 reconstruction attempts per test run.

66



probability combining rules (dempster 's rule , and rule , and or rule) on
ead of the three corpora studied (Anabkasis, Moby Dick, and Vulgate). These
tables showv the sample standard deviations s and the lower and upper limits
of the con dence intervals calculated at a 95% con dence level from the 30 test
runs, as described in section.

Tables 10, 11, and 12 give the sample standard deviations and con dence
intervals for mean rates of weak reconstruction of missing text, calculated at a
95% con dence level, for all combining rules and corpora studied.

Tables 13, 14, and 15 give the sample standard deviations and con dence
intervalsfor meanrates of missingreconstruction, calculated at a 95%con dence
level, for all combining rules and corpora studied.

Tables 16, 17, and 18 give the sample standard deviations and con dence
intervals for mean rates of wrong reconstruction of missing text, calculated at
a 95% con dence level, for all combining rules and corpora studied.

In tables 6 through 18, someof the lower con dence intervals calculated were
lessthan zero. Sincethe data from which thesecon dence intervals werederived
are percertages, these negative lower limits are spurious. In these tables, the

notation 0.0 is usedto mark these negative lower con dence interval limits.
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CHAPTER 4

Conclusions

We now interpret the results preserted in chapter 3, and discussavenues of
future improvemert, exploration, and application for MTR.

The data in Tables2, 3, 4, and 5 shaow the following characteristics:

In general, the larger the hole size, the poorer the rate of correct recon-
struction. This proved true for both the control runs and the runs using

the MTR algorithm.

The MTR algorithm with dempster 's rule outperformed the cortrol
runs in terms of rates of correct reconstruction by up to 75%in the best
case(1-holes), and by up to 6% in the worst case(4-holes). The relative
inabilit y of the control method to correctly Il in holesmay be attributed

to the context-free nature of its reconstructions.

The rates of correct reconstruction achieved vary widely, and depend
largely on the relative sizesof the hole to be lled and the amount of
context used. In the best-casesituation (small hole, large context), the
rates of correct reconstruction exceeded30% in eac of the three corpora
tested. In the worst-casefor MTR (large hole, small context), the rates of
correct reconstruction rangedfrom 5 to 7% acrossthe three corpora. This
result appearsto be independent of the language of the documert being
reconstructed: the Anabasis and Moby Dick corpora are in English, while

Vulgate is in Latin.
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For small holes, more context yields better reconstructions, up to a point.
Beyond that point | for Analasis, the threshold was between 3 and 4

characters of context | the rate of reconstruction errors increases*

For eadh of the test corpora, asthe amount of context increasedfor a given
hole, a greater number of the reconstruction attempts yielded missingand
wrong hypotheses.At the greatestamount of context tested (4 characters
of context in a reconstruction window), the missing hypothesesoutnum-
bered the wrong onesin the caseof Analasis and Moby Dick, though not

for Vulgate

From these obsenations, it appearsthat MTR is both possibleand prac-
tical, at least for small holesin the damagedsourcetext, given a su cien tly
represenativ e n-gram model of the language of the sourcedocumert. Never-
theless, the accuracy of the prototype system leaves much to be desired. The
decreaseof entropy with increasing n-gram length (see Appendix A) suggests
that simply increasing maximum size of n-grams derived from a training text,
is not likely to yield more accurate reconstruction, nor increasethe size of holes
reconstructible with high levels of accuracy

As hole sizeincreases,so do the proportion of missing reconstructions. The
data in Tables2, 3, 4, and 5 show that missing reconstructions may accourt for
over 40% of all the reconstructions, in the worst case(in this study, Anakasis).

Recall from the previous discussionin Section that a missing reconstruc-

IHow to estimate the point of diminishing returns for context quantity vs. reconstruction
accuracy in a corpus-independent way, remains an open question.
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tion occurs when there is no consensusor proposedreconstruction common to
all the hypothesis setsused. This requiremert that a non-missing reconstruc-
tion hypothesisbe presert in all the hypothesissetsassaiated with the various
reconstruction windows used, is intentionally consenative. Missing reconstruc-
tions re ect incomplete information available.

If it weredesireableto transform missingreconstructionsinto reconstruction
outcomes of other types, we must arrange that missing reconstructions never
occur. One way to do this is to choose probabilistically an k-gram where k
is the hole size, without regard for context, as was donein the cortrol study.
The resulting k-gram can only result in either a correct or wrong reconstruction
outcome.

Another schemewould beto treat the frequenciesasunweighted \v otes", and
choosethe k-gram with the highest frequency of occurrence. This is essetially
the strategy usedby the or rule describedin Appendix below.

In either case,transforming missing reconstructions into reconstructions of
other typesentails a lossof information, in that we arein somesense\pap ering
over" a real characteristic of the sourcedata.

Seweral avenues of improvemert, taken separately or in some combination,

may in the future yield greater reconstruction accuraciesfor an MTR system:

Make better use of n-gram information. The current systemmakesno use
of reconstructiveinformation from windowsthat corntain di ering amourts
of context. It may be possibleto improve n-gram-basedreconstruction

accuracy by forming a composite hypothesis set from massfunctions of
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multiple cortext-length reconstruction windows, using a back-o n-gram
model proposedby Katz [21] [26, p. 219{220]. For MTR, an interesting
variant of the \back-o " ideawould be to vary the amount of context used
in reconstruction windows basedon the performance of a given window-
length; if the reconstruction accuracyis poor for ¢ characters of context,
try (c 1) charactersof context, etc. By \casting a wider net" in terms of
the amount and typesof context used,onemay be able to generatebetter

combined reconstruction hypotheses.

Parts-of-speech tagging. Garner [10, p. 266-267]found that people use
parts of speed (POS) to constrain manual textual reconstruction; Itoh
[18] used parts of speet to aid OCR text disambiguation. Theseresults
suggestthat grammatical considerations may be used to constrain the
contents of a hole, and so can help re ne weak reconstruction hypotheses.
Possible criteria for choosing when to apply POS tagging to augmert
character or word n-gram-basedMTR include: whether a formal grammar
exists for the underlying language of the documert to be reconstructed;
the quanti able extent to which the extant parts of the documert do, in
fact, strongly conform to such a grammar; and testing the grammatical
uniquenessof proposed reconstructions (if a POS tagger yields seeral
grammatically-correct reconstructions, this is lessuseful for discriminatory
purposesthan if the tagger only producesa single reconstruction that

adheresto the hypothesizedgrammar).

Higher-order reconstructions. The described MTR algorithm only per-
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forms rst-order reconstructions| the reconstruction hypothesesare based
on the original sourcetext's n-grams. To reconstruct larger holes than
one has n-grams for, it may be possibleto use higher-order reconstruc-
tions in which the new reconstructedtext is basedon both pristine source
text and lower-order reconstructed text. The size of the hole to be lled,
in characters, provides a possiblecriterion for deciding when to attempt
higher-order reconstructions; for hole sizesof less than some threshold
k, use rst-order reconstructions only, and for hole sizesgreater than Kk,

attempt second-and higher-order reconstructions.

While not an accuracy-relatedproblem, afuture MTR systemwould be more
useablethan the mitre prototype if more of the overall MTR processwere
automated. The current system would benet from automation of the hole-
detection part of the MTR process. Currently, the prototype system assumes
the hole position, size,and number of characters cortained within ead hole, are
all known. In practice, theseassumptionsmove the burden of hole detection and
analysisto the human operator, who must supply the missinginformation to the
MTR system. While theseassumptionssimpli ed the scope of the current work
to manageableproportions, a practical MTR systemwould be able to perform
hole-detection and analysis either automatically or with a minimum of manual
intervention.

Lastly, a potential future application of MTR technology could be made in
the ongoing struggle against unsolicited commercial email, or \spam." Receri

estimates[16] indicate that spam comprisesas much as one-third of all email
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Figure 16: Examples of Anti- Iter Text from SPAM

sert on an averageday in North America in 2003,essetially doubling from 2001.
Current client-side spam ltering methods use either heuristics or word-model-
based naive Bayesian ltering [12]2 The practical dicult y with heuristic-
basedsolutions to email ltering, is that the ertities sendingspam craft future
messagedo defeat existing Iters. This problem exists to a lesserextent for
naive Bayesian Iters, also;the secondexampleoftext in Figure 16 wasaddedto
email messages$o weaken the ability of Bayesian Iters to discriminate between
spam messagesnd non-spammessages.

As a spam- Itering techinque, an MTR systemcould be trained to recognize
non-word or non-serience-like structures intentionally placedin email message
bodies to confuseor defeat Bayesianor heuristic Iters. Figure 16 showvs two
examplesof \anti- lter" text included in spam email messagesen to the au-
thor. An MTR systemtrained on legitimate email could classify both of these
examplesas spam: the rst example cortains character-level n-grams that do
not correspond with English text; the secondexample, examined from either

a character- or word-derived n-gram perspective, contains surprising 2- and

2As discussed above, Bayesian classi ers are inapplicable to the basic problem posed by
MTR; the essertial problem lies in the Bayesian assumption of independence between prob-
abilities being combined. In the MTR context, the probabilities asscciated with dieren t
speci c patterns overlapping a hole are not only not independent; these probabilities are not
even conditionally independert.
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3-grams, including non-standard capitalization, punctuation, and word juxta-
positions. If trained on email selectedby a human useras\non-spam" email, an
MTR systemwould recognizespam-like email by its high proportion of n-grams

that have no prior existencein the training n-gram data set.
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APPENDIX A

Using Entropy to Bound Context for MTR

Intro duction and Background

The problem of missing-text reconstruction, or MTR, is to take a docu-
mernt containing regionsin which the original text is missing, and to Il in the
missing-text regions (or holeg using a statistical model of the languageof the
original documert. What makesMTR possibleis the ability to analyzethe text
surrounding a hole (context) within the larger framework of statistical model of
the sourcelanguageof which the analyzeddocumert is in somesensea sample.

By relating the reconstructivecontext of n-gramsto the information-theoretic
concept of entropy, we can quartify the number of reconstruction choicesan
MTR system can be expected to generate, given a hole of known size and a
speci ed amount of pre- and post-hole context.

An analysis of the entropy of n-grams was conducted using n-grams derived
from three sourcedocumerts listed in chapter 3: Anakasis by Xenophon; Moby
Dick, by Herman Melville; and the Latin Vulgate Bible.

Entropy [2, ch. 6] is a well-used information-theoretic measure of uncer-
tainty. Earlier studies of the entropy of text include [10], which examined the
entropy of text from a psychological viewpoint; [44], which studied the entropy
of n-gramstaken from three corpora, two in English and onein Greek; and [38],
which examinedthe e ects of using rst- and second-ordertransition probabil-

ities in text-correction systems.
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Method of Entropy Analysis

The processusedto collect entropy data for this study included

1. sourcetext preprocessing

2. n-gram table construction

3. entropy calculation of resulting n-grams

Details of the rst two steps (preprocessingand n-gram table construction)
were given in section above. In the third step, we calculate expected ertropies
for the n-grams previously generated. Details of this calculation follow.

Assuming the training text and the damagedtext to be reconstructed are
closelyrelated, the n-grams derived from a training text exhibit all the possible
and permissible reconstructions for eact speci ¢ pattern latent in the damaged
sourcetext. Each reconstruction occurswith a certain frequencyin the n-grams
derived from the training text. From thesefrequencieswe can calculate a set of
reconstruction probabilities p;.

Given the reconstruction probabilities p; for a speci c pattern, the entropy
for this pattern can be calculated using the entropy formula [33, p. 10]

xn
H= pi lg pi
i=1
where H is ertropy, in bits, p;;p.;:::pm are the reconstruction probabilities

for this pattern, and the notation Ig p; refersto the logarithm (base 2) of i-

1in information theory, entropy is commonly measured in units named bits. In an MTR
context, entropy relates the \surprise" of the input stream to the number of reconstruction
choices one may expect for a given hole.
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speci ¢ pattern reconstruction frequency pi pi lg pi
HE? RN fAg 1 177 0.081
fTW 76 76/77  0.019

P
H = pi lgpi = 0:1 bits

ezzeli fQy 2 2/6 0.53
fHy 1 1/6 0.43
fAJg 2 2/6 0.53
fHQ 1 1/6 0.43

T
1l

pi lgp = 1:92 bits

Table 19: Example Calculation of Speci ¢ Pattern Entropy

th reconstruction probability. Table 19 illustrates an example calculation of
entropy for two speci ¢ patterns.

Given the entropies for all the speci ¢ patterns obsened in the n-gram ta-
bles, the expected entropy value for the underlying generalpattern is found by
treating the speci c pattern entropies as values of a discrete random variable.
Thus,

X
EH]= h pn

where E[H] is the expected entropy, h is the entropy of a speci ¢ pattern, and
pn is the probability of occurrencefor this speci c pattern.

In [44], relative entropies of the derived n-grams were measured. For text
reconstruction, expectedentropy is a more usefulmeasureof choice, sincewe can
interpret expected entropy as a direct measureof how many reconstructions a
given generalpattern is likely to yield. In particular, the frequenciesof di erent
reconstructions are not equiprobable, and examining the expected entropy of

a general pattern gives us direct insight into the distribution of the specic
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specic pattern erntropy h  frequency  pn h pn
hE? RN 0.1 77 77/83 0.093
hC??0Ll 1.92 6 6/83 0.139

P
E(H)= h p,= 0:232bits

Table 20: Example Calculation of Expected Entropy

reconstructions.

For example, in Table 19, the entropies of two speci ¢ patterns were cal-
culated. Suppose, for illustration, that these two specic patterns were the
only onesobsened for the generalpattern (5;2;2). Note that speci c pattern
hE?7RN matched 77 n-grams in the sourcetext, while speci ¢ pattern hC??0L
matched only 6 n-gramsin the sourcetext. If thesetwo specic patterns were
the only onesof the generalpattern form (5; 2; 2), that is, the only speci c pat-
terns of length 5, containing a 2-hole at o set 2, then we would encourter the
reconstructions of pattern hE?7RN far more often than those of pattern hC??0Li.
Thus, the expected entropy of (5; 2; 2), in this example, should be much closer
to the entropy of E??RN than to that of hC??0Li. Table 20 shows the expected
entropy calculation for this example.

Results and Interpretation

Figure 17 shows the relationship betweencontext and expectedentropy. For
example, the lowermost line of data in the graph are the expected ertropies
for the set of general patterns (2;1;1), (3;1;1), ..., (9;1;1). The amount of
context is the length of the n-gram, minus the length of the hole, hencethe

x-axis labelling 1, 2, ..., 8.
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Figure 17: Context vs. Expected Entropy (Anakasis)
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Entropy decreaseswith context. As the hole size gets larger, expected en-
tropies alsoincrease,but for a given hole-size,increasingthe amourt of context
reducesthe number of reconstructions likely to be obsened in the sourcetext.
Entropy can be related to the number of likely reconstructionsin a simple way:

the number of reconstructions R one would expect is just

R = 28(H)

where E(H) is the expected entropy for the generalpattern in question. Thus,
when only a single reconstruction is likely, entropy approaches zero. Likewise,
when entropy approades one bit (H 1:0), this implies that two distinct
reconstructions are probable (R = 2%).

Figure 18 shows the e ect of \sliding" a k-hole acrossan n-gram. Entropies
are plotted for 1-, 2-, 3-, and 4-holes, as the hole is moved acrossthe set of 8-
gramsfrom Analasis? Expectedertropies are higher whenthe holeis positioned
at the endsof the n-gram than towards the middle. Two-sidedcortext (context
on both sides of a hole) constrains the set of available reconstructions to a
greater degreethan the sameamourt of context doeswhenit is located on only
oneside of the hole. This supports Garner's [10, p. 259] nding that beginnings
and ends of words carry more information than the middle letters of words.
However, Figure 18 relatesto n-grams interpreted as ordered sets of symbols
that may span seweral lexical words. While [10] and [44] only investigated the

properties of entropy in words (the basic lexical units of language), this result

2n-grams from Anabasis were used to make Figure 1. Entropy vs. context plots made
from Moby Dick and the Vulgate Bible showed the sametrend: expected entropy decreasesas
available context increases.
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establishesthat the unewven distribution of entropy in n-grams cortaining holes
is not a property of words, per se, but instead suggestsa deeper pattern of
information intrinsic to the use of alphabetic charactersin languageitself.
Python sourcecode to perform documert preprocessing,n-gram table build-
ing, and entropy analysis can be found at [11]. Included with this sourcecode
distribution is a copy of the Gutenberg Project edition of Anabasis usedfor the

precedingentropy analysis.
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Figure 18: Hole-o set vs. Entropy (Anabasis)
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APPENDIX B

Training Corpus Sizevs. MTR Accuracy

Motiv ation and Method

In missing-text reconstruction, a corpus of training text is usedto construct
a statistical languagemodel of the underlying languageof the target documert
onewishesto reconstruct, and this model, in turn, plays a keyrole in hypothesis
generation of the missing text. We now examine how the size of the training
text in uences the overall performanceof an MTR system.

If MTR is applied to damaged anciert documerts, only a small amount
of training text may be available. Since dierent approacesto remediating
or improving the quality of reconstruction hypothesesmay apply for the four
outcomesof MTR (correct, weak, missing, and wrong hypotheses)it would be
useful to understand how the distribution of MTR outcomes varies with the
amourt of training text supplied.

To explore how training corpus size in uences the accuracy of MTR, the

following method was used:

1 Divide a known sourcecorpusinto two parts, a samplefraction S
and a training fraction T. Let jTj be the sizeof T, in characters.
2 for p= 10%, 20%, ..., 90% of jTj,
Let training corpust be p% of the sizeof T, with this
sampletext t being randomly selectedfrom T.

Perform MTR on random samplesof hole-cortaining text from S,
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using n-gram tables constructed from t.

3 Analyze results.

We now discussthese stepsin greater detail.

Step 1: divide source corpus into sample and training fractions. In chap-
ter 3, three source corpora were usedto test the MTR algorithm: an English
translation of Xenophon's Analasis [43]; Moby Dick, by Herman Melville [27];
and the Latin Vulgate Bible [19]. Analasis was chosenfor the question at hand
| how to relate training corpussizeto MTR performance| sincethis corpus
was the smallest of the three previously studied, and yielded the poorest MTR
performanceof the three corpora, in terms of correct reconstructions generated.

The samplefraction S consistedof 100 12-character samplesremoved from
the original sourcedocumert (Analasis), using the stratied sampletechnique
discussedn section. The remainder of the text wasusedasthe training fraction
T. The sizeof the training fraction was 484KB for Anakasis!

Step2: run MTR over di er ent sizesof training text. To simulate the e ect
of having a reducedamournt of training text, a subsettext t was extracted from
the original training fraction T. This subsett wasbuilt interativ ely usingarange
of 10 to 90 percert of the the text in T, in 10 percert incremerts. To make
t from a given percertage of text from T, a cortiguous sequenceof characters
of the desired length were chosenfrom a random o set from the beginning of
T. 30 test runs were performed using the reducedtraining text; ead run was

performed as described in section.

1For comparison, the sizesof the training corpora for Moby Dick and Vulgate were 1192KB
and 4320KB, respectively.
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Figure 19: Hypothesis Distribution, c=1, k=4 (Anakasis)

Step 3: analyzeresults. Discussionand interpretation of the results achieved
follow in sections and , below.

Results

To reconstruct a hole of k characters (i.e., a k-hole) the MTR algorithm
requires a body of training text, c characters of text surrounding the k-hole,
and the two input parametersc and k, where c is the number of characters of
context (the amourt of text surrounding the hole) and k is the hole size. Figures
19, 20, 21, and 22 show the relationship betweentraining corpus size and the
distribution of reconstruction outcomesfor Anakasis, given 4-holesand 1 to 4
characters ¢ of reconstruction context. 2

In these gures, the four reconstruction hypothesis outcomesdescribed in

section arelabelled ascorr , for correct hypotheses;miss, for missinghypothe-

2In chapter 3, MTR was attempted on Anabasis, Moby Dick, and Vulgate, for hole sizesk
of 1, 2, 3 and 4. The hole size of 4 was chosen for this study becausea large hole with little
context is the worst-case scenario for MTR, and thus the casein which the MTR algorithm
performs least well.
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Figure 20: Hypothesis Distribution, c=2, k=4 (Anakasis)

Figure 21: Hypothesis Distribution, c=3, k=4 (Anakasis)
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Figure 22: Hypothesis Distribution, c=4, k=4 (Anakasis)

ses;weak , for weak hypotheses;and wr ong, for wrong hypotheses.

The data Figures 19through 22 summarizecamefrom performing 100recon-
structions of 4-holesacrossead (c;p) combination of input parameters, where
¢, the amount of context, ranged from 1 to 4 characters, and p, the size of the
training text subset, ranged from 10 to 90 percert of Analasis in 10 percert
incremerts, as described previously.

Intepretation

We can now interpret the results shovn in section . In brief, the follow-
ing relationships betweentraining corpus size and reconstruction performance

emerge:

1. Within a single gure, which represerns a variable quantity of training

data, and a xed amount of context:

(a) the missing hypothesisfraction decreasesstraining text increases;

87



(b) the weak hypothesisfraction increasesas training text increases;

(c) the correct hypothesisfraction increasesmoderately with increasing

training text.

2. Acrossthe seriesof gures, which represen a varying amourt of available
reconstruction context, the correct and missing hypothesisfractions grow

as available corntext increases?

The MTR algorithm outlined in section is in fact very consenative in the
way it forms reconstruction hypothesesin the nal combined hypothesisset: a
hypothesis may only appear in the nal hypothesissetif it wasin all of the
earlier sets of proposedreconstructions. This is a by-product of dempster 's
rule , which \zeroesout" the probabilities of hypotheseswhich do not appear
in all the constituent hypothesissets.

Bearing in mind the consenative way the MTR algorithm forms reconstruc-
tion hypothesesthat the missinghypothesisfraction (missin Figures 19through
22) would declinewith increasingtraining text makessense;astraining text in-
creasesthe set of of available n-gramsis enriched, and thusit is easierto secure
\consensus" between the multiple initial reconstruction hypothesis sets. The
enhanceddegreeof intersection betweenthese sets manifests as a reduction in
missing hypotheses.For a xed amourt of context c, that the weak hypothesis
fraction would increasewith training text shows this samee ect: the correct

reconstruction appearsin the nal combined hypothesis set with greater fre-

3Note, though, that adding more context may decrease the proportion of correct hypothe-
ses! The implication here is that more context is not necessarily better, unless we take
additional measuresto augment the original MTR algorithm.
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quency, though with with sub-maximal probability.

That the correct hypothesis fraction increasesmodestly with training text
comesas little surprise. Viewed in reverse,one would of course expect that a
very small amourt of training text would yield poor results, in terms of rates of
correct reconstructions.

More intriguing is the combined e ect of adding context and increasingtrain-
ing text simultaneously. In this case,the total fraction of correct and missing
hypothesescombined, increaseswith the amourt of training text supplied. The
interesting possibility is that by adopting a modied (and less consenative)
medanism for combining reconstructions hypotheses,we may be able be able
to tap into the large pool of missing hypothesis outcomes, and improve the
rate at which MTR generatescorrect reconstructions. For example, a \v oting"
schemecould be usedin which aninitial hypothesisonly had to appearin alarge
fraction of the multiple hypothesissetscreatedin the massfunction generation
step of the MTR algorithm, and in this way a \missing hypothesis" outcome
could be cornverted to one of the other types.

Lastly, the rate of correct reconstruction could be improved if there were
a way to cornvert weak reconstructions (which increasewith training text) into
correct reconstructions. One such meanswould be to apply additional context,
beyond that provided by simple character-oriented n-grams, in the form of syn-
tactic constraints on the text surrounding a k-hole. This type of grammatical
constraint propagation has beenused successfullyin OCR to improve recogni-

tion rates [18], and preseris a promising avenue for further improvemert to the
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basic MTR algorithm.
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APPENDIX C

Dempster's Rule for MTR

This appendix cortains a small but fully-w orked exampleof how dempster 's
rule is usedto combine multiple massfunctions into a single massfunction.

Supposewe have a damageddocumert similar to Xenophon's Anabasis, and
thus we use Analasis as a training text for our reconstruction attempt. From
Analasis we construct n-gram tables which represen the languageusedby the
damagedsourcedocumert.

Supposethe damageddocumert contains a 1-hole, such as
WITHC?RUSTO

with the \ ?" symbol represeriing the 1-hole.

Using 2 characters of context, we can slide a 3-gram window acrossthe hole,
yielding the specic patterns hC?, hC?R, and H?RU.

Tables 21, 22, and 23 give the reconstruction probabilities for the specic
patterns hC?, hC?R, and h?RU, respectively. The n-grams listed in the tables
are constructed by inserting the hypothesizedsymbol into the speci ¢ pattern
usedfor ead table, and the frequenciesgiven represert the absolute frequencies
of thesen-grams as they occur in the training text.

The reconstructions for speci ¢ pattern hC? arefA H L, Q Yg. The mass
function mq for this specic pattern is the set of tuples (r;p) wherer is a

reconstruction and p is the assaiated reconstruction probability. Thus,

m; = fhA 0:28i; hH 0:12i; H_; 0:08i; hQ 0:44i ; hy; 0:08ig
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hypothesish  3-gram frequencyf, probability pn = =S
fAg f CAY 700 0.28
fH f CHy 300 0.12
fLg f Clg 200 0.08
fQ f CQ@ 1100 0.44
fYg f CY 200 0.08
S=fn= 2500

Table 21: Reconstruction Probabilities:

Speci ¢ Pattern h C?i

hypothesish  3-gram frequencyf;, probability p, = fr=S
fAg fCAR 100 0.1818
fEg fCER 150 0.2727
fQy fCORB 100 0.1818
fYg fCYR 200 0.3636
S= f,=550

Table 22: Reconstruction Probabilities:

Speci ¢ Pattern hC?R

hypothesish  3-gram frequencyf, probability pn = =S
fAg fARY 5 0.02
fQy fORY 5 0.02
fTg f TR 100 0.32
fYg fYRU p 200 0.64
S= fnp=310

Table 23: Reconstruction Probabilities:
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The reconstructions for specic pattern hC?R are fA E Q Yg. The mass

function for this pattern is
m, = thA 0:182i; hE; 0:273i; hQ 0:182i ; hy; 0:363ig

The reconstructionsa in the intersection of thesetwo hypothesissetsisf A Q
Yg. For thesereconstructions, we calculate their probabilities using dempster 's

rule .

P
ma(x)m2(y) 8x;y 3 x\ y = fag
1 mi(x)ma(y) 8x;y3 x\ y=;

(my my)(a) =

Note though, that for purposesof MTR a single hypothesis a is a single-
ton set! This enablesus to simplify the numerator of dempster 's rule by

remaoving the summation, yielding just

B ml(a)mz(a)
(my mg)(a) = —P mi(x)ma(y) 8x;y 3 x\ y=;

We will tackle this calculation in two parts: the numerators N, and the

denominator D of the rule. The numerator calculation follows:

a my(a) my(a) Na= mi(a)my(a)

fAg 028 0:182 0:0510
fQy 044 0182 0:0801
fyg 008 0:363 0:0290

Next, we calculate the denominator D for a 2 fA Q Yg: Note that the
all the denominators are identical for ead of the hypothesesf A Q Yg in the
intersection of massfunctions m; and m,, and thus we only needto calculate

this denominator only once.

1This is a consequenceof the way we constructed hypotheses from n-grams. The sum-
mation in the numerator of Dempster's Rule in its original form handles the case where the
intersections of mass functions have multiple elements. Fortunately , this generality is not
required for MTR.
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X y my(X) ma(y) Ta= m(x)ma(y)
fAg fBg 0:28 0:273 0:0764
fAg fQy 028 0:182 0:0510
fAg fYg 028 0363 0:1016
fHy fAg 012 0:182 0:0218
fHp fBg 012 0:273 0:0328
fHp fQ 012 0:182 0:0218
fHy fYg 012 0:363 0:0436
flg fAg 008 0:182 0:0146
fLg fBg 0.08 0:273 0:0218
fLg fQ 0:08 0:182 0:0146
fLg fyg 008 0:363 0:0290
fay fAg 044 0182 0:0801
f fBg 044 0273 0:1201
f fyg 044 0:363 0:1597
fYg fAg 008 0:182 0:0146
fYg fEg 008 0273 0:0218
fYyg faQy 008 0:182 0:0146

P
Ta = 0:8399

D=1 T,= 01601

Finally, we can divide the numerators N, by the dempster 's rule denomi-

nator D to calculate the probabilities in the combined massfunction (m; moy).

a Na

Na=D = (m1 my)(a)

fAg 0:0510 0:1601
fQy 0:0801 0:1601
fYg 0:0290 0:1601

This combined mass function (m;

:3186
:5003
pl811
=1

m;), hereafter written m; ,, as con-

structed from massfunctions m; and m; with probabilities roundedto 2 decimal

places,is

m; o = fhA 0:32i; hQ 0:50i; hy; 0:18ig

This massfunction represerts the combined reconstruction probabilities ob-
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tained from the massfunctions assaiated with the speci c patterns hC? and

hC?R . For the third and nal specic pattern H?RU, we have massfunction

m3 = thA 0:02i; hQ 0:02i; hT; 0:32i; hY; 0:64ig

which can be combined with m; , using another application of dempster 's
rule . When combining m3 with my », the intersection of the hypothesesfrom
thesetwo massfunctions is againjust the setf AQYg. The numerator calculation

for this application of dempster 's rule follows:

a ma(@ mp 2(a) Na= ms@m. 2(a)

fAg 002 0:32 0:0064
fQ 0:02 0:50 0:0100
fYg 064 0:18 0:1152

The denominator calculation follows the method shown previously:

X y mz(x) myg 2(y) Ta= mz(X)my 2(y)

fAg fay 002 050 0:0100
fAg fyg 028 018 0:0036
fay fAg 044 032 0:0064
fay fyg 044 018 0:0036
fTg fAg 008 032 0:1024
fTg fay 008  0:50 0:1600
fTg fyg 008  0:18 0:0576
fyg fAg 008 032 0:2048
fyg fay 008  0:50 0:3200
P
T = 0:8684

D=1 T,= 0:1316

To calculate the probabilities for massfunction m; , 3, we cortinue:

a Na D Na=D=m; 2 3(a)
fAg 0.0064 0:1316 :0486
fQy 0.0100 0:1316 :0760
fYg 0:1152 0:1316 p8754
=1
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Thus, the nal massfunction constructed from massfunctions my, m,, and

ms, with probabilities rounded to 2 decimal places,is

m; 2 3= fthA 0:05i; hQ 0:08i; hy; 0:87ig

The nal stage of the MTR algorithm would select from mass function
m; , 3 the reconstruction with the highest probability as the \b est" recon-
struction. Thus, the reconstruction hYi would be chosen,and this in turn would

yield the reconstructed fragment

WITHCYRUS O

when given the damagedtext fragmert given previously.
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APPENDIX D

Alternativ e Probability Combining Rules for MTR

The and rule and or rule are probability combining rules examined as
alternativesto dempster 's rule . Thesetwo rules are frequertistic reinterpre-
tations from the opposite ends of the spectrum of combining rules discussedin
[36] and [45]. Although theserules are simpler than dempster 's rule , they
nonethelessexhibit interesting properties: both rules are computationally much
lessburdensomethan dempster 's rule ; the and rule only performs slightly
lesswell than dempster 's rule , in terms of mean rates of correct reconstruc-
tion; and the or rule outperforms dempster 's rule in terms of minimizing
the meanrate of wrong reconstructions.

Details of thesealternativ e rules follow, along with worked examplesand the
results of substituting theserules for dempster 's rule on the three corpora
studied.

The and rule

Let M be the set of massfunctions we want to combine:
M = fmgq;my; i myg

and Hy be the set of hypothesescommonto all the massfunctions m;.
\i
Hu = hyp(m;) = fb;bp; by
i=1

Let

f (x; m;) = abs freq: of hypothesisx in m;

97



m, = f bA 700i, hH{ 300i, h_;200i, hQ 1100Gi, hy;200i g
m, = f bA 100i, hE 1501, hQ 100i, hY; 200 g
ms = f PA5i, hQ 5i, hT; 100, hY; 200 g

Table 24: Mass Functions for and rule Example

then the and rule lets us compute new massfunction probabilities C so that

P
C(aM)= p- Jil.5ljf(a;mi)
gzt iz 1 (Bgrmi)

wherea; by 2 Hy :

Example Calculation using the and r ule

To illustrate how the and rule works, a fully-worked exampleis now pro-
vided, using the three examplereconstruction massfunctions givenin Appendix
C. The three massfunctions (my, my, and m3) are preseried in Table 24 as
setsof 2-tuples. Within atuple, the rst elemert is a reconstruction hypothesis,
and the secondelemer is the absolute frequency of the corresponding n-grams
obsenedin a training text.

Hwm , the set of hypothesescommonto my, m,, and ms, is the setf A Q Yg.

Applying the and rule we obtain
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C(fAg;:M)

C(fQy M)

C(fYgM)

P3
[») i@f(fpgimi)

2 3 —
q=1 i=1 f(baimi)

700+100+5

(700+100+5)+(1100+100+5)+(200+200+200)

805=(805+ 1205+ 600)

0:308
P 3
D2 i@f3(fcg§mi)
NI
1100+100+5

(700+100+5)+(1100+100+5)+(200+200+200)
1205=(805+ 1205+ 600)

0:462

3 ‘m.
b ipf(iYgm)

3 o
g=1 i=1 f(bg;mi)

200+200+200

(700+1100+5)+(1100+100+5)+(200+200+200)
600=(805+ 1205+ 600)

0:230

which yields a new massfunction fhA 0:308i, hQ 0:462, hy; 0:249g.

Two computational characteristics of the and rule are worthy of note. In
the and rule the componert massfunctions being combined are all combined
in a single step, as opposedto accurrulating the combined mass function in
pairwise-fashion,as is done with dempster 's rule .

Secondly in dempster 's r ule , for every pairwise combination of two mass

functions into one, there is an O(n?) summation®; in the and r ule , the double

1Here, O(n?) is really O(xy), where x and y are the sizesof the two hypothesis sets; as the
two sets tend to have similar sizes,the summation is e ectiv ely quadratic in worst-case time
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cortext ¢ holesizek 9% correct % weak % missing % wrong
1 1 31 69 0 0
2 1 54 46 0 0
3 1 79 19 1 1
4 1 84 5 10 2
1 2 18 82 0 0
2 2 41 57 0 2
3 2 67 24 4 5
4 2 66 7 21 6
1 3 11 88 0 1
2 3 30 62 0 7
3 3 52 25 10 13
4 3 51 8 32 9
1 4 6 89 0 5
2 4 22 59 1 19
3 4 40 24 14 22
4 4 38 7 42 13

Table 25: MTR Results, and rule , Anabasis

summation in the denominator of the combining rule
f (by; m;) wherea;by 2 Hw :
g=1 i=1
reducesto a linear-time calculation that is only performed once. The reason
for this speed-upin the and rule is that the number of massfunctions being
combined for a given hole is small and, in practice, bounded. More precisely
the number of distinct massfunctions to combine is c+ 1, wherec is the number

of characters of context usedfor the reconstruction attempt.

and rule Results

Tables 25, 26, and 27 presen the and rule missing-text reconstruction
rates, for the three test corpora (Analkasis, Moby Dick, Vulgate), respectively.

Results are given for the four reconstruction outcomes(correct, weak, missing,
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Figure 23: Context vs. MTR Performance(hole size= 1, and r ule , Anakasis)

Figure 24: Context vs. MTR Performance(hole size= 2, and rule , Anakasis)
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Figure 25: Context vs. MTR Performance(hole size= 3, and r ule , Anakasis)

Figure 26: Context vs. MTR Performance(hole size= 4, and r ule , Anakasis)
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cortext ¢ holesizek 9% correct % weak % missing % wrong
1 1 29 71 0 0
2 1 52 48 0 0
3 1 73 25 1 1
4 1 85 8 6 2
1 2 16 84 0 0
2 2 35 64 0 1
3 2 61 32 2 5
4 2 64 12 16 7
1 3 9 90 0 1
2 3 23 72 0 4
3 3 44 37 4 15
4 3 45 12 28 15
1 4 5 91 0 4
2 4 16 68 0 16
3 4 31 30 10 29
4 4 31 10 37 21

Table 26: MTR Results, and rule , Moby Dick

Figure 27: Context vs. MTR Performance (hole size= 1, and rule , Moby
Dick)
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Figure 28: Context vs. MTR Performance (hole size= 2, and rule , Moby
Dick)

Figure 29: Context vs. MTR Performance (hole size= 3, and rule , Moby
Dick)
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Figure 30: Context vs. MTR Performance (hole size= 4, and rule , Moby
Dick)

cortext ¢ hole sizek 9% correct % weak % missing % wrong
1 1 28 72 0 0
2 1 48 52 0 0
3 1 71 29 0 0
4 1 85 13 2 1
1 2 11 89 0 0
2 2 33 67 0 0
3 2 59 39 0 2
4 2 74 20 3 3
1 3 8 92 0 0
2 3 22 77 0 1
3 3 44 50 1 5
4 3 59 23 8 10
1 4 4 96 0 1
2 4 14 80 0 6
3 4 34 48 2 16
4 4 46 23 13 18

Table 27: MTR Results,and rule , Vulgate
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Figure 31: Context vs. MTR Performance(hole size= 1, and rule , Vulgate)

Figure 32: Context vs. MTR Performance (hole size= 2, and rule , Vulgate)
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Figure 33: Context vs. MTR Performance(hole size= 3, and rule , Vulgate)

Figure 34: Context vs. MTR Performance (hole size= 4, and rule , Vulgate)
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context ¢ holesizek % correct, % correct, % correct,
Analasis  Moby Dick Vulgate
1 1 31 29 28
2 1 54 52 48
3 1 79 73 71
4 1 84 85 85
1 2 18 16 11
2 2 41 35 33
3 2 67 61 59
4 2 66 64 74
1 3 11 9 8
2 3 30 23 22
3 3 52 44 44
4 3 51 45 59
1 4 6 5 4
2 4 22 16 14
3 4 40 31 34
4 4 38 31 48
| corpussize,in kilobytes 461 1138 4050 |

Table 28: Rates of Correct Reconstruction for Three Corpora, and r ule

and wrong reconstructions) discussedpreviously in Section. The experimen-
tal method and reconstructions attempted were identical to those described in
Chapter 3, exceptthat the and rule wassubstituted for dempster 's rule as
the massfunction combining rule.

For visual perspective, the samedata in Tables25, 26, and 27 are preseried
in Figures 23 through 26 for Anabasis, Figures 27 through 30 for Moby Dick,

and Figures 31 through 34 for Vulgate

Interpretation
Table 29 provides a digest of data from Tables5 and 28, and comparesthe
percertage rates of correct missing-text reconstruction for dempster 's rule

and the and rule , in side-by-side fashion, for the three test corpora.
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Analasis Moby Dick Vulgate
context hole | demp and 4 |(demp and 4 |demp and 4
1 1 39 31 8 37 29 8 31 28 3
2 1 63 54 9 61 52 9 57 48 9
3 1 84 79 5 80 73 7 79 71 8
4 1 84 84 0 86 85 1 89 85 4
1 2 23 18 5 20 16 4 16 11 5
2 2 48 41 7 44 35 9 42 33 9
3 2 70 67 3 66 61 5 68 59 9
4 2 67 66 1 66 64 2 77 74 3
1 3 14 11 3 12 9 3 9 8 1
2 3 37 30 7 30 23 7 30 22 8
3 3 55 52 3 49 44 5 50 44 6
4 3 51 51 0 46 45 1 62 59 3
1 4 7 6 1 6 5 1 5 4 1
2 4 27 22 5 20 16 4 20 14 6
3 4 42 40 2 33 31 2 39 34 5
4 4 38 38 0 32 31 1 48 46 2
|  mean4 | 3.7 ] 4.3] 5.1 |

Table 29: Comparison of Rates of Correct Reconstruction, dempster 's r ule
vs. and rule

The meansof the di erences shawvn at the bottom of Table 29 indicate that
the and rule generally performslesswell than dempster 's r ule , by a margin
of approximately 3to 5 percert, in terms of correct reconstructionsachieved. On
the other hand, aspreviously noted in section, the and r ule is algorithmically
superior to dempster 's rule in terms of worst-casetime complexity (O(n) vs.
0o(n?)).

The or rule

Let M be the set of massfunctions we want to combine:

M = fmg;my;iimjg
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m, = f bA 700i, hH{ 300i, h_;200i, hQ 1100Gi, hy;200i g
m, = f bA 100i, hE 1501, hQ 100i, hY; 200 g
ms = f PA5i, hQ 5i, hT; 100, hY; 200 g

Table 30: Mass Functions for or rule Example

and Hy be the union of all the hypothesesin the massfunctions m;
[J'
Hw = hyp(m;) = fby;bp; 5 bg
i=1

Let

f (x; mj) = abs freq: of hypothesisx in m;

and further, if hypothesis b 62mass function m, let f (b;m) = 0. With this
constraint, we can de ne the or rule which computesa new mass function

probability C as

P
iz (@mi)

C(a;M): P r]izlf(hq;mi)

- wherea; by 2 Hw :
g=1

Example Calculation using the or rule

To illustrate how the or rule works, a fully-worked example is now pro-
vided, using the three examplereconstruction massfunctions givenin Appendix
C. The three massfunctions are presened as setsof 2-tuples, the rst elemen
of which is a reconstruction hypothesis,and the secondelemen of which is the
absolute frequency of the corresponding 3-gramsobsened in a training text.

To illustrate how the or rule works, a fully-worked example is now pro-
vided, using the three examplereconstruction massfunctions givenin Appendix

C. The three massfunctions (my, my, and m3) are preseried in Table 30 as
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setsof 2-tuples. Within atuple, the rst elemer is a reconstruction hypothesis,
and the secondelemeri is the absolute frequency of the corresponding n-grams
obsenedin a training text.

Hwm , the union of all the hypothesesin m1, m,, and mg, is the setfA E H

L, Q T, Yg. Calculating the numerators for the individual hypothesesseparately

we obtain

P
> f(fAg;m;) = 100+ 100+ 5

b = 205
> f(fEgEm) = 0+ 150+ 0

b = 150
> f(fHEm) = 300+ 0+0

b = 300
> f(fLg;m;) = 200+ 0+0

b = 200
S f¢aQyrm) = 1100+ 100+ 5

b = 1205
S f(fTgm;) = 0+ 0+ 100

b = 100
> f(fYgm) = 200+ 200+ 200

= 600
while the denominator is just
P, P
1 g f(bpm) = 205+ 150+ 300+ 200+ 1205+ 100+ 600

2760

which enablesus now to calculate
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C(fAg:M)

C(fEg M)

C(fHE M)

C(fLg;M)

C(tayM)

C(tTg:M)

C(fyg,M)

PS
[s) i@f(fpgimi)

205
2760

0:074

3
T fogm)

PS
P i@f(ng;mi)

q=1

150
2760

0:054

3
7, fogmi)

PS
P i@f(fm;mi)

q=1

300
2760

0:109

NICTED)

3 . .
D . iﬁ)f(ng,m.)

200
2760

0:072

3
P21 f(bq:mi)

P3
[») , i@f(fcgimi)

1205
2760

0:437

3
7, fbgm))

3 . .
D iﬁ)f(ng,m.)

q=1

100
2760

0:036

NICTED)

PS
D . iﬁ)f(ng,mi)

q=1

600
2760
11

0:217

T f(bgmi)



cortext ¢ holesizek 9% correct % weak % missing % wrong
1 1 31 69 0 0
2 1 49 52 0 0
3 1 65 35 0 0
4 1 78 22 0 0
1 2 16 84 0 0
2 2 32 68 0 0
3 2 46 53 0 0
4 2 57 42 0 1
1 3 9 90 0 0
2 3 17 82 0 0
3 3 30 68 0 1
4 3 41 56 0 3
1 4 5 94 0 1
2 4 10 87 0 2
3 4 19 77 0 4
4 4 31 62 0 8

Table 31: MTR Results, or rule , Anabasis

which yields a newmassfunction fhA 0:074i, hE; 0:054i, hH 0:109i, h_; 0:072i,
hQ 0:437, hT; 0:036i, hy;0:217g.
In terms of computational complexity, the or rule runs in linear time

proportional to the size of the union of the hypothesis setsused.

or rule Results

Tables31, 32,and 33 presert the or rule missing-text reconstruction rates,
for the three test corpora (Anakasis, Moby Dick, Vulgate), respectively. Re-
sults are given for to the four reconstruction outcomes(correct, weak, missing,
and wrong reconstructions) discussedpreviously in Section. The experimen-
tal method and reconstructions attempted were identical to those described in
Chapter 3, exceptthat the or rule was substituted for dempster 's rule as

the massfunction combining rule.
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Figure 35: Context vs. MTR Performance(hole size= 1, or rule , Anakasis)

Figure 36: Context vs. MTR Performance (hole size= 2, or rule , Anakasis)

114



Figure 37: Context vs. MTR Performance(hole size= 3, or rule , Anakasis)

Figure 38: Context vs. MTR Performance (hole size= 4, or rule , Anakasis)
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context ¢ holesizek % correct % weak % missing % wrong
1 1 29 71 0 0
2 1 49 51 0 0
3 1 63 37 0 0
4 1 75 25 0 0
1 2 15 85 0 0
2 2 28 72 0 0
3 2 41 59 0 0
4 2 53 47 0 0
1 3 8 92 0 0
2 3 14 86 0 0
3 3 24 76 0 1
4 3 35 63 0 2
1 4 4 95 0 1
2 4 9 89 0 2
3 4 15 82 0 3
4 4 25 68 0 7

Table 32: MTR Results, or rule , Moby Dick

Figure 39: Context vs. MTR Performance(hole size= 1, or rule , Moby Dick)
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Figure 40: Context vs. MTR Performance(hole size= 2, or rule , Moby Dick)

Figure 41: Context vs. MTR Performance(hole size= 3, or rule , Moby Dick)
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Figure 42: Context vs. MTR Performance(hole size= 4, or rule , Moby Dick)

context ¢ holesizek % correct % weak % missing % wrong
1 1 27 73 0 0
2 1 45 55 0 0
3 1 62 38 0 0
4 1 74 26 0 0
1 2 11 89 0 0
2 2 27 73 0 0
3 2 42 58 0 0
4 2 56 44 0 0
1 3 6 94 0 0
2 3 14 86 0 0
3 3 27 72 0 0
4 3 38 62 0 1
1 4 3 97 0 0
2 4 8 92 0 0
3 4 18 81 0 1
4 4 27 72 0 1

Table 33: MTR Results, or rule , Vulgate
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Figure 43: Context vs. MTR Performance(hole size= 1, or rule , Vulgate

Figure 44: Context vs. MTR Performance(hole size= 2, or rule , Vulgate
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Figure 45: Context vs. MTR Performance(hole size= 3, or rule , Vulgate

Figure 46: Context vs. MTR Performance (hole size= 4, or rule , Vulgate
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context ¢ holesizek % correct, % correct, % correct,
Analasis  Moby Dick Vulgate
1 1 31 29 27
2 1 49 49 45
3 1 65 63 62
4 1 78 75 74
1 2 16 15 11
2 2 32 28 27
3 2 46 41 42
4 2 57 53 56
1 3 9 8 6
2 3 17 14 14
3 3 30 24 27
4 3 41 35 38
1 4 5 4 3
2 4 10 9 8
3 4 19 15 18
4 4 31 25 27
| corpussize,in kilobytes 461 1138 4050 |

Table 34: Rates of Correct Reconstruction for Three Corpora, or rule

For visual perspective, the samedata in Tables31, 32, and 33 are presered
in Figures 35 through 38 for Anabasis, Figures 39 through 42 for Moby Dick,

and Figures 43 through 46 for Vulgate

Interpretation

Table 35 provides a digest of data from Tables5 and 34, and comparesthe
percertage rates of correct missing-text reconstruction for dempster 's rule
and the or rule , in side-by-side fashion, for the three test corpora.

In terms of correct reconstructions achieved, the means of the di erences
shown at the bottom of Table 35 indicate that the or rule performs lesswell
than dempster 's rule , by a margin of approximately 13to 15 percert.

Conversely Table 36indicatesthat the or rule performsbetter than demp-

121



Analasis Moby Dick Vulgate
context hole | demp or 4 demp or 4 demp or 4
1 1 39 31 8 37 29 8 31 27 4
2 1 63 49 14 61 49 12 57 45 12
3 1 84 65 19 80 63 17 79 62 17
4 1 84 78 6 86 75 11 89 74 15
1 2 23 16 7 20 15 5 16 11 5
2 2 48 32 16 44 28 16 42 27 15
3 2 70 46 24 66 41 25 68 42 26
4 2 67 57 10 66 53 13 77 56 21
1 3 14 9 5 12 8 4 9 6 3
2 3 37 17 20 30 14 16 30 14 16
3 3 55 30 25 49 24 25 50 27 23
4 3 51 41 10 46 35 11 62 38 24
1 4 7 5 2 6 4 2 5 3 2
2 4 27 10 17 20 9 11 20 8 12
3 4 42 19 23 33 15 18 39 18 21
4 4 38 31 7 32 25 7 48 27 21
mean 4 13.3 12.6 14.8

Table 35: Comparison of Rates of Correct Reconstruction, dempster 's r ule

vs. or rule
Anatasis Moby Dick Vulgate

context hole| demp or 4 |demp or 4 |demp or 4
1 1 0 0O oO 0 0O O 0 0O o
2 1 0 0 oO 0 0O O 0 0O O
3 1 1 0 1 1 0 1 0 0 O
4 1 2 0o 2 2 0 2 1 0 1
1 2 0 0 O 0 0O O 0 0O O
2 2 2 0o 2 1 0 1 0 0 O
3 2 5 0 5 5 0 5 2 0 2
4 2 6 1 5 7 0 7 3 0 3
1 3 1 0 1 1 0 1 0 0 O
2 3 7 0o 7 4 0 4 1 0 1
3 3 13 1 12 15 1 14 5 0 5
4 3 9 3 6 15 2 13 10 1 9
1 4 5 1 4 4 1 3 1 0 1
2 4 19 2 17 16 2 14 6 0 6
3 4 22 4 18 29 3 26 16 1 15
4 4 13 8 5 21 7 14 18 1 17
mean 4 5.3 6.6 3.8

Table 36: Comparison of Rates of Wrong Reconstruction, dempster 's r ule

vs. or rule
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ster 's rule in terms of wrong reconstructions (here, lower rates of wrong re-
construction are better than higher rates). The wrong reconstruction rates of
the or rule are,onaverage,from approximately 4to 6 percert lower than those
obtained via dempster 's rule . If one examinesonly the worst-casescenario
in MTR 2, the or rule outperformsdempster 's rule by nearly 10 percert, in
terms of obtaining fewer wrong reconstructions.

That the or rule should have a remarkably lower rate of wrong reconstruc-
tions, is important in that it givesus an improved upper bound on how well
MTR canperform. To seewhy this is so, recall from Section that a wrong recon-
struction scenariooccurswhen the correct reconstruction hypothesisis nowhere
to be found in the combined hypothesis set, and hence no possible choice of
hypothesis from that set could be correct. That is, any possible choice of hy-
pothesisfrom a \wrong" hypothesissetis doomedto be incorrect. To minimize
the size of the \wrong" hypothesisset, or to make its generation as infrequent
as possible, is to increasethat likehood that one of the other, more positive,
outcomes| those of correct, weak, or missing reconstructions. In two of these
latter three outcomes(weak or missing hypotheses)it is in principle possibleto
apply addition context or methods, beyond the scope of the current study, to
obtain a correct reconstruction.

Note that the or rule , asde ned, can never generatea \missing" hypoth-
esisoutcome. This is becausethe \missing" outcomeis an artifact of rules that

are basedon logical conjunction { such asdempster 's rule or the and rule .

2MTR works least well when attempting to reconstruct the contents of large holes. In this
study, the largest holes used were 4-holes.
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Speci cally, a \missing" outcome occurs when the correct hypothesis is con-
tained in one or more of the base(pre-combination) hypothesissets,but is not
contained in all of the pre-combination hypothesis sets. In the or rule , this
situation cannot arise, since the combining principle is that of logical disjunc-
tion: if the correct hypothesisis contained in any pre-combination hypothesis
set, then that correct hypothesis must appear in the union of all such sets,
and a \missing" outcome cannot occur. Experimentally, we can obsene the
non-occurrence of missing reconstructions for the or rule , by examining the
\missing" columns of Tables31 32, and 33.

Zadeh's Anomaly [36] [17] [45] givesus another way of understanding what
the presenceor absenceof \missing" reconstruction outcomes tells us about
di erent types of probability combining rules. The problem Zadeh noted in
dempster 's rule wasthat in the presenceof strong con ict betweenthe mass
functions being combined, dempster 's r ule may yield courterintuitiv e results.

To illustrate how this can happen, let us recastthe example givenin [36, p.
17]in terms of MTR. Supposewe have two massfunctions represerting di erent

reconstruction hypothesesand their assaiated probabilities:

3
[

= f hA 0:99, hQ0:01i g
f hE 0:99i, hQ0:01i g

3
N
I

When combining massfunctions m; and m» using dempster 's r ule , the only
reconstruction hypothesis commonto both massfunctions is f @; thus, in the

combined massfunction m; m;, the f @ hypothesis would have probability
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1.0. This result occurs despite m; and m, both assigningthe f @ hypothesisa
very low probability. The basic problem is that a highly improbable result can
appear in the combined massfunction of a conjunctive combining rule, if the
hypothesis was the only hypothesis of nonzero probability commonto all the
original massfunctions to be combined. This outcome can occur in any proba-
bility combining rule that is basedon logical conjunction, such as dempster 's
rule andthe and rule .

The connection between \missing" reconstruction outcomes and Zadeh's
Anomaly is this: any probability combining rule in which \missing" outcomes

are possible,may su er from the kind of counterintuitiv eresults noted by Zadeh.
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