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Abstract—Medard, Finn, Barry and Gallager proposed an
elegant recovery scheme (known as the MFBG scheme) using re-
dundant trees. Xue, Chen and Thulasiraman extended the MFBG
scheme and introduced the concept of quality of protection (QoP)
as a metric of multifailure recovery capabilities for single failure
recovery schemes. In this paper, we present three linear time
algorithms for constructing redundant trees for single link failure
recovery in 2-edge connected graphs and for single node failure
recovery in 2-connected graphs.

Our first algorithm aims at high QoP for single link recovery
schemes in 2-edge connected graphs. The previous best algorithm
has a running time of O(n’(m + n)), where n and m are the
number of nodes and links in the network. Our algorithm has
a running time of O(m + n), with comparable performance.
Our second algorithm aims at high QoS for single link recovery
schemes in 2-edge connected graphs. Our algorithm improves
the previous best algorithm with O(n?(m 4 n)) time complexity
to O(m + n) time complexity with comparable performance.
Our third algorithm aims at high QoS for single node recovery
schemes in 2-connected graphs. Again, our algorithm improves
the previous best algorithm with O(n?(m 4 n)) time complexity
to O(m + n) time complexity with comparable performance.

Simulation results show that our new algorithms outperform
previously known linear time algorithms significantly in terms of
QoP or QoS, and outperform other known algorithms in terms
of running time, with comparable QoP of QoS performance.
Keywords: Protection and restoration, redundant trees, blue/red
trees, quality of protection, quality of service, linear time algo-
rithms.

I. INTRODUCTION

Protection and restoration in high-speed networks are
important issues that have been studied extensively [1], [6],
[81, [13], [16], [17], [18]. They have important applications in
SONET and WDM networks [11], [12], [22]. Path protection
and link protection schemes are used in [1], [16], [17], [18].
The authors of [3], [22] discussed the use of protection
cycles and self-healing rings. P-cycle protection schemes
was proposed and implemented in [4]. The authors of [5]
proposed using multi-trees to achieve link or node failure re-
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storation. In [8], [9], [10], the authors extended the multi-
tree scheme by creating preplanned redundant trees on arbi-
trary node-redundant or link-redundant networks. The authors
of [25] introduced the concept of Path-Based Spanner and
present two linear time algorithms for computing preplanned
redundant trees. In [23], [24], the authors introduced the
concept of Quality of Protection (QoP) and Quality of Service
(QoS) of redundant trees and provided several heuristics to
achieve better recovery performances. Those schemes are ap-
plicable to IP, WDM, SONET and ATM to provide protection
and restoration from link or node failure [11], [13], [17], [18],
[19].

In [9], Medard, Finn, Barry and Gallager presented an
elegant scheme to construct two directed spanning trees from
a root s in such a fashion that the failure of any node or edge
in the graph (other than the root node) leaves each vertex
connected to the root by at least one of the directed trees,
provided that the network is 2-edge connected or 2-connected.
They named one of the trees the blue tree and the other the
red tree. We will use TP to denote the blue tree and use 7%
to denote the red tree.

The concept of blue/red trees is illustrated in Figure 1.
Figure 1(a) shows a 2-connected network with 5 nodes and
7 links. Figure 1(b) illustrates two directed trees rooted at the
root node 1, spanning all the other nodes in the network. The
tree with solid edges is 7' and the tree with dashed edges is
TR

(a) A sample network

(b) Blue/Red trees of the sample
network

Fig. 1. A Simple network illustrating redundant trees.

Before any failure, every node in the network is reachable
via both the blue tree and the red tree. If a single link
failure occurs, say at link [1,2], nodes 3, 4, 5 are no longer
connected to the root node 1 via T'2. However, they are still
connected to the root node via 7'%. Similarly, if a single node
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failure happens, say at node 2, none of the remaining nodes
is connected to the root node via T'Z. They are, however, still
connected to the root node via 7. The pair of trees 77 and
T* enables fast recovery from single link or node failure using
automatic protection switching.

In [9], the authors showed that for any 2-connected (2-edge
connected) graph, there exists a pair of recovery trees which
provide fast recovery from single node (edge) failure. They
also presented O(n?) time algorithms for computing such
a pair of blue/red trees TP and T for any 2-vertex or 2-
edge connected graph, where n is the number of nodes in the
network. In [25], Xue et al. extended the notion of redundant
recovery trees to connected graphs. They also presented two
linear time algorithms to construct a pair of blue/red trees
based on depth first search (DFS).

In [23], [24], Xue, Chen and Thulasiraman introduced the
concept of quality of protection (QoP) and quality of service
(QoS) of recovery schemes using redundant trees. The quality
of protection of a pair of blue/red trees T2 and T is defined
as the maximum integer k such that there exists an instance of
k simultaneous link failures that 77 and T can survive. For
example, in Figure 1(b), if links [1,2] and [2,5] are broken
at the same time, every node is still connected to the root
node 1 via either T2 or T*. However, the pair of blue/red
trees in Figure 1(b) cannot handle more than two link failures
simultaneously. By definition, the QoP of this pair of blue/red
trees is 2. Xue et al. [24] provided an O(n?(m + n)) time
heuristic to compute a pair of blue/red trees with enhanced
QoP, where n and m are the number of nodes and links in the
network.

If hardware usage is a major concern, one would like to
construct a pair of single failure recovery trees with minimum
total cost. Xue et al. [24] presented two O(n?(m + n)) time
heuristics for constructing a pair of single failure recovery
trees with small total cost (one for single link recovery, one
for single node recovery).

In this paper, we present three linear time algorithms for
constructing redundant trees for single link failure recovery in
2-edge connected graphs and for single node failure recovery
in 2-connected graphs. Our first algorithm aims at high QoP
for single link recovery schemes in 2-edge connected graphs.
The previous best algorithm has a running time of O(n?(m +
n)), where n and m are the number of nodes and links in the
network. Our algorithm has a running time of O(m+n), with
comparable performance. Our second algorithm aims at high
QoS for single link recovery schemes in 2-edge connected
graphs. Our algorithm improves the previous best algorithm
with O(n?(m + n)) time complexity to O(m + n) time
complexity with comparable performance. Our third algorithm
aims at high QoS for single node recovery schemes in 2-
connected graphs. Again, our algorithm improves the previous
best algorithm with O(n?(m+n)) time complexity to O(m+
n) time complexity with comparable performance.

Our algorithms are good both in terms of running time and
in terms of QoP or QoS. Results from previous work do not
achieve both goals at the same time. The authors of [9] did

not consider the QoP and QoS issues. The authors of [25]
presented linear time algorithms for constructing a pair of
blue/red trees, without consideration of QoP or QoS. The
authors of [24] provided algorithms to construct 7% and T
with superior QoP or QoS. However, the running times of
those algorithms are O(n?) times longer than the running
times of the algorithms presented in this paper.

The rest of this paper is organized as follows. In Section
II, we present algorithms to construct blue/red trees with
enhanced QoP and QoS performance. In Section III, we
present simulation results. We conclude this paper in Section
IVv.

II. FAST COMPUTATION OF BLUE/RED TREES

Our algorithms are based on the Depth First Search (DFS)
technique [20], which is briefly described in the following as
Algorithm 1. We assume that the graph has n vertices and m
edges and is given by its adjacency lists.

Algorithm 1 DFS(G, v, u)

v is the new vertex to be visited. u is the parent of v in the
DFS spanning tree if v is not the root node s. It is assumed
that the global array D] is initialized to zero and that the
global variable N is initialized to 1. There is also a global
array L[]. The set of (directed) tree edges is initialized to (.
The set of (directed) back edges is initialized to ().

D[v] := N; L[v] := D[v]; N :== N +1;
for each vertex w adjacent from v
if (D[w] = 0)
add the directed edge (v, w) to the set of tree edges;
parent[w] = v;
DFS(G, w,v);
L[v] := min(L[v], L{w]);
else if (w # u)
add the directed edge (v, w) to the set of back edges;
L[v] := min(L[v], D[w]);
endif
endfor

In the description of the algorithm, v is the current new
vertex to be visited, u is the parent of v in the DFS tree if v
is not the root node s. D[v], the DFS number of v, indicates
the order that node v is visited. The lowpoint number of
each node v, denoted by L[v], is the lowest DFS number of
a vertex u that can be reached from v by a sequence of tree
edges followed by an optional back edge. If the graph G is
connected, Algorithm 1 requires O(m + n) time to construct
a DFS tree of graph G [20].

A. Redundant Trees with Enhanced QoP

In this section, we present a linear time algorithm for con-
structing a pair of single-link recovery trees with comparable
QoP performance to the result in [24]. In [24], the authors
noted that the construction of blue/red trees is closely related
to the ear decomposition of a graph [21]. They also noted that
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the QoP of a pair of blue/red trees equals the number of ears
in the corresponding ear decomposition. Consequently, it is
desirable to use more ears in the construction of the blue/red
recovery trees.

Definition 2.1: Given a DFS tree of graph G, and a pair of
blue/red trees T and TP spanning a subset of the network
nodes, a back edge (u,w) is called an acceptable back edge if
node v is not on 72 and T while node w is on both T2 and
T%. An acceptable back edge (u,w) is called a maximal back
edge if for any child v of u in the DFS tree, it is impossible
to reach a node on 7% and T® from v by a sequence of tree
edges followed by an optional back edge.

Fig. 2. DFS tree of a sample network.

Figure 2 shows a DFS tree of a graph G, where the solid
links represent tree edges and the dashed links represent back
edges. Suppose at present that only the root node 1 is on the
existing T2 and T*. Then back edges (3,1), (4,1) and (5,1)
are acceptable back edges. Other back edges, such as edge
(6,3), are not acceptable back edges. Among all acceptable
back edges, only (5,1) is a maximal back edge. (3,1) is not
a maximal back edge because from node 3, we can follow the
tree edges (3,4), (4,5) and back edge (5,1) to a node on T
and TB. Similarly, (4,1) is not a maximal back edge either.

It is worthy of noting that the concepts of acceptable back
edge and maximal back edge rely on the current T8 and T#
(under construction). It is possible that a back edge which is
not an acceptable back edge at present, but will become an
acceptable back edge later. For example, if node 3 had been
added into the current 77 and T%, then back edges (6,3)
and (8, 3) will become acceptable back edges, and (8, 3) will
become a maximal back edge.

Our algorithm for computing a pair of blue/red trees with
enhanced QoP is presented in Algorithm 2.

Lemma 2.1: Given a 2-edge connected graph G, each node
in G will be marked exactly once in Algorithm 2, and each
marked node will be added into TP and T®. Thus, when
Algorithm 2 terminates, all nodes are inserted into TE and
TR, and a pair of single-link failure recovery trees are created.
PROOF. In Step_3, we mark node w only if it is not marked.
Therefore a node will not be marked more than once. On the
other hand, each node in G will be marked at least once. To
show this, assume that node wu is not marked after running

Algorithm 2 EnhancedQoPFE(G, )

step_1 apply DFS from root vertex s, compute the DFS tree
of G, and DFS number D[v], lowpoint number L[v],
parent node parent[v] for every vertex v; initialize T'®
and TF to the empty tree.
step_2 mark node s, insert it into queue marked_nodes and
add it into T8 and TF; set v2(s) and v*(s) such that
vB(s) > vB(s) = 0.
step_3 while (marked_nodes is NOT EMPTY)
dequeue a marked node u;
for (each adjacent node w of w)
if ((w,u) is a back edge) then
while (w is not marked)
mark node w;
push w onto stack temp_tree;
w = parent[w];
endwhile
pop off all the elements on temp_tree
and insert them into marked_nodes
while popping;
else if ((u,w) is an acceptable back edge)
let v be the nearest ancestor of node
u on existing TE and TE;
if (vB(w) > vB(v)) then
Ps = W; Pp = U;
else
Ps = U5 Py = W;
endif
the tree path from v to u concatenated
with the acceptable back edge (u,w)
form a path or cycle (in case v = w)
connecting w and v;
Let this path or cycle be
(psv T, H"Tkvpt);
add py — 7 — ... = xp, to T'5;
add p, — x — ... — x1 to TF;
assign vZ(ps) > vB(x1) > vfi(zy) >
o> 0B (zg) > vB(2r) > Vimaes
endif
endfor
endwhile
where Vmaz=maz{v? (y), v (y)|y is on existing T and
T and v® (y) < v (ps),v" (y) < vP(ps)}s

Algorithm 2. This means that it is impossible to go from node
u to one of its marked ancestors by going through a sequence
of tree edges followed by an optional back edge. For otherwise
u will be marked in Step_3.
We have two cases here:
1) It is impossible to go from u to one of its ancestors via
a sequence of tree edges followed by an optional back
edge.
2) It is possible to go from w to one of its ancestors via
a sequence of tree edges followed by an optional back
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edge, but impossible to go from « to one of its marked
ancestors via a sequence of tree edges followed by an
optional back edge.

If the first case occurs, we conclude that the graph is not
2-edge connected. This contradicts our assumption that G is
2-edge connected. If the second case occurs, there must be an
ancestor (say w) of w that is not marked. This in turn implies
that there is an ancestor of w that is not marked. Following
this argument, we conclude that the root node s is not marked.
This is a contradiction.

For each marked node v which is not on the current 72 and
TT, if there is an outgoing acceptable back edge connecting
v to an ancestor of v that is on T8 and T, v will be inserted
into the recovery trees when it is processed. Otherwise, since
graph G is 2-edge connected, v can reach an ancestor on the
current 7% and T by following a path consisting of several
tree edges and a back edge (m,n), where m is not on T or
TR, and n is m’s ancestor on 7F and T%. In other words,
(m, n) is an acceptable back edge. When node m is processed,
we start to add a new path (cycle) connecting node n and m’s
nearest ancestor which is on the current 7% and TF. Since
v is m’s ancestor and v is not on T2 and TE yet, it must
be included in the new path (cycle) and inserted into 72 and
TE, Therefore, each marked node v will be added to T2 and
T, Therefore when the While loop in Step_3 terminates,
TE and T must both span all the nodes in the network. O

Theorem 2.1: Assume that G is a 2-edge connected graph

with n vertices and m edges. Algorithm 2 computes a pair of
single-link recovery trees correctly. Furthermore, the worst-
case running time of the algorithm is O(m + n).
ProOOF. It follows from Lemma 2.1 that when Algorithm 2
terminates, all nodes are inserted into 72 and TE. Each time
a path (cycle) is found, we grow T and T'® according to the
voltage rules [9]. As proved in [9], the voltage rules guarantee
the correctness of the algorithm.

Step_1 of the algorithm constructs the DFS tree and com-
putes corresponding information in O(m + n) time. Step_2
only needs constant time to mark root s and add it into 72 and
T*. Since we have proved in Lemma 2.1 that each node will be
marked exactly once in the While loop, and each edge will be
checked at most twice. Thus finding a new path (cycle) to be
inserted only needs O(m + n) time in Step_3. Furthermore,
when an acceptable back edge (u,w) is found, a new path
(cycle) needs to be added into the 7% and 7. From node w,
node u will be added into the new path (cycle) through the
acceptable back edge. Then we add u’s parent node parent|u]
into the path (cycle) if parent[u] is not in the current recovery
trees. We repeat adding new nodes into the path (cycle) until
some node’s parent node v is already on 72 and T*. Now a
new path (cycle) is found and we grow the recovery trees and
assign voltages to each newly added node. Because each node
will be inserted into the recovery trees only once, and each
edge will only be added to T2 and T'** at most once, adding all
new paths (cycles) to 72 and T only needs O(m +n) time.
Therefore, the total running time of Step_3 is O(m+n). This
shows that the worst case time complexity of the algorithm is

O(m +n). O

Let us illustrate Algorithm 2 with the sample network shown
in Figure 2. Node 1 is the root node. In Step_1, we construct
the DFS tree, which is shown in Figure 2. In Step_2, we mark
node 1 and insert it into 7% and 7. In Step_3, we check all
adjacent nodes of node 1, and find that there are 3 incoming
back edges (3,1), (4,1) and (5,1). While processing back
edge (3, 1), we find that node 3 is not marked yet. So we mark
it and push it onto stack temp_tree. Then node 2, being 3’s
parent node, will be marked and pushed onto temp _tree. Since
node 2’s parent node 1 has been marked, we stop marking
nodes and pop nodes 2 and 3 from temp_tree and insert them
into queue marked_nodes in that order. Next, back edges (4, 1)
and (5, 1) will be processed and nodes 4 and 5 will be marked
and inserted into marked_nodes. At this point, the nodes in
marked_nodes are 2, 3,4, 5. Next we will process node 2. It has
neither incoming back edges nor outgoing back edges incident
with it. Therefore it will be skipped and node 3 is processed,
which has an outgoing acceptable back edge (3, 1) going back
to the current T2 and TF. Now a new cycle needs to be added.
From node 1, node 3 is added into the new cycle through the
acceptable back edge. Then node 2, as node 3’s parent node,
will be added. The parent node of node 2 is node 1, which
is already on the current 72 and T7. Thus we get the first
cycle (1,2,3,1). We insert nodes 2,3 into the recovery trees,
add edges (1,2) and (2,3) to T2, (1,3) and (3,2) to TF,
and assign a voltage to each newly added node according to
the voltage rule [9]. Meanwhile, node 3 has incoming back
edges (6,3), (8,3) incident with it. So nodes 6, 7,8 will be
marked and inserted into marked_nodes. By now we have
finished the operations on node 3. The next node dequeued
from marked_nodes is 4, and it has an outgoing acceptable
back edge (4,1) incident with it. A new path starting from
node 1 needs to be added. Node 4 will be added into the new
path from node 1 through the acceptable back edge. Node 4’s
parent node 3 is on the current TP and T. Thus we get a
path (1,4, 3). We insert node 4 to the current recovery trees,
and add (1,4) to T7, (3,4) to T®. Then we assign a voltage
to node 4. Following this way, we can construct 7% and T8
as shown in Figure 3, where solid blue edges are on 77 and
dashed red edges are on T%.

B. Redundant trees with enhanced QoS

We also consider cost as the primal criterion of Quality of
Service and deal with single link or single node failure in a
2-edge or 2-vertex connected graph G. We assume that each
link in G has the same constant cost, and the total cost of
a pair of redundant trees is the summation of the costs of
all links on T8 and TF. In this section, we will present two
algorithms for constructing a pair of single link and single
node recovery trees with low total cost in case of single link
failure and single node failure, respectively.

1) Redundant trees for 2-edge connected graph: Given
a 2-edge connected graph G, we want to construct a pair of
single link recovery trees with small cost. Such an algorithm
is listed as Algorithm 3.
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Fig. 3.

Ilustration for Algorithm EnhancedQoPE.

Lemma 2.2: Assume that G is a 2-edge connected graph.
Algorithm 3 takes only O(n) time to check all maximal back
edges.

PROOF. After each node u is marked, it will be appended into
the queue marked_nodes and added to the current 75 and T,
Therefore, when node u is dequeued from marked_nodes, it is
already on the current T2 and T. Therefore, the incoming
back edge (w, ) is an acceptable back edge. We need to check
whether it is a maximal back edge. To check this, we need to
see the lowpoint numbers of all children of node w. If none of
them can go back to the current 72 and T'% through several
tree edges followed by an optional back edge, we know that
(w, u) is a maximal back edge. Otherwise, we record node w
to be a visited node and will not check it again. The reason
is that since w has a child which can go back to the current
TE and T by following several tree edges and a back edge,
node w will not have any maximal back edge incident with it
no matter how the recovery trees are grown. Therefore w does
not need to be checked again. In addition, all of w’s children
will also be checked only once because they must all be w’s
children in this DFS tree. Therefore, Algorithm 3 needs only
O(n) time to check all maximal back edges in G because each
node will be checked at most once. O

Lemma 2.3: Given a 2-edge connected graph G, each node
in G will be marked exactly once in Algorithm 3. When
Algorithm 3 terminates, all marked nodes have been inserted
into T? and TF.

PROOF. If a node is marked, it will be inserted to the current
T and T in Step_3, and will not be marked again. For
each node u which is unmarked, if it has an outgoing maximal
back edge connecting to some node v on the current 75 and
TE, then it will be marked and inserted into 77 and TE.
Otherwise, node u will be recorded as a visited node, and
cannot trigger a process of adding nodes to 77 and T%.
However, as long as the graph G is 2-edge connected, u
must have a child that can go back to the current 77 and
T, and there exist path(s) that are formed by several tree
edges followed by a back edge connecting u to some node

Algorithm 3 ReducedCostE(G, s)

step_1 apply DFS from root vertex s, compute the DFS tree
of G, and DFS number D[v], lowpoint number L[v],
parent node parent[v] for every vertex v;initialize 7%
and TF to the empty tree.
step_2 mark node s, insert it into queue marked_nodes and
add it into T8 and TF; set v2(s) and v*(s) such that
vB(s) > vB(s) = 0.
step_3 while (marked_nodes is NOT EMPTY)
dequeue a marked node u;
for (each adjacent node w of w)
if ((w is not marked OR visited) AND
((w,u) is a maximal back edge))
let v be the nearest ancestor of node w on
existed 75 and T%;
if vB(u) > vB(v)
then p, = u; p; = v;
else ps = v; pr = u;
endif
the tree path from v to w concatenated
with the maximal back edge (w,w) form a
path or cycle (in case v = u) connecting
nodes u and v;
from v to w, mark each node if it is
unmarked, and insert it to the end of queue
marked_nodes;
assume this path or cycle be
(psa T1yeees xkapt);
add ps — 1 — ... — xp to T'5;
add py — x — ... —» 21 to T
vB(ps) > vB(x1) > vl (zy) > ... >
UB(xk) > UR(xk') > Umaas
else if (node w is not marked or visited)
record it as visited;
endif
endfor
endwhile
where Vmar = maz{v?(y), v (y)|y is on existing T?
and T* and v® (y) < vP(ps),v" (y) < v"(ps)};

on the current 72 and T*. From those paths, we can find
one path which is composed of several tree edges followed
by a maximal back edge. Assume this maximal back edge is
(w, t), where node w is a descendant of node u and node ¢ is
on the current 72 and T%. Since node ¢ is marked, when it
is dequeued, node w will be checked and a new path (cycle)
from w’s nearest ancestor v being on the the current T2 and
T* to node ¢ will be added into 77 and TF. As an ancestor
of node w, and being not on TE and TE, node u must be
on this path (cycle), and be marked and inserted into 77 and
T%. Thus any node in G will be marked and inserted into the
recovery trees exactly once. O

Theorem 2.2: Assume that G is a 2-edge connected graph
with n vertices and m edges. Algorithm 3 computes a pair of
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recovery trees correctly. Furthermore, the running time of the
algorithm is O(m + n).

PROOF. The correctness of the algorithm follows from the
proof of Theorem 2.1. From Lemma 2.2, we know that each
node is checked at most once in Algorithm 3. As proved in
Lemma 2.3, each node will be marked and inserted into the
recovery trees exactly once, and each edge will be processed
at most once. Therefore the running time of the algorithm is
O(m +n). O

Let us illustrate Algorithm 3 with the sample network shown
in Figure 2. Node 1 is the root node. In Step_1, we construct
the DFS tree, which is shown in Figure 2. In Step_2, we mark
node 1 and insert it into 77 and T'%. In Step_3, we first check
all adjacent nodes 2, 3,4, 5 of node 1. None of them is marked
or visited. (1,2) is a tree edge. (3,1) and (4, 1) are not maxi-
mal back edges. So we record nodes 2,3 and 4 as visited. The
incoming back edge (5, 1) is a maximal back edge, and a new
cycle needs to be added. From node 1, through the maximal
back edge, node 5 is added into the new cycle. Then node 5’s
parent, node 4, is added into the new cycle. Then similarly,
node 3 and node 2 will be added into the new cycle. Node
2’s parent, node 1, is on the current 7% and T'%, so we stop
the process and obtain a new cycle, which is (1,2,3,4,5,1).
We add all the nodes on this cycle to the current 77 and
TE. We add the edges (1,2),(2,3),(3,4),(4,5) to T, and
add the edges (1,5), (5,4), (4,3), (3,2) to T®. A voltage will
be assigned to each node on 77 and T* according to the
voltage rule [9]. Nodes 2,3,4,5 will be marked and added
into the queue marked_nodes in that order. Then node 2 is
the next node dequeued from marked_nodes. It has no back
edge incident with it and will be skipped. Next we dequeue
the marked node 3. It has unmarked adjacent nodes 6 and
8. (8,3) is an incoming maximal back edge. So nodes 6, 7,8
will be marked and inserted into marked_nodes, and a new
path (3,8,7,6,5) will be added. We insert nodes 6,7, 8 into
the current TP and T, add edges (3,8), (8,7),(7,6) to T5,
add the (5,6), (6,7),(7,8) to T%. Similarly, A voltage will be
assigned to each node on 7% and T according to the voltage
rule. Continuing in this way, we can construct 7% and T'F as
shown in Figure 4.

2) Redundant trees for 2-vertex connected graph: Now
we focus on the node failure case. Algorithm 4 can be used
to construct a pair of single-node recovery trees in a 2-vertex
connected graph. First of all, a new definition needs to be
introduced.

Definition 2.2: A node v is called the oldest child if among
all of its parent node u’s children, v has the minimum lowpoint
number. In other words, for any child node w of node u, we
have L[v] < L{w]. If there are several nodes having the same
lowpoint number, we choose one of them to be the oldest child
arbitrarily.

Lemma 2.4: Given a 2-vertex connected graph G, for each
node u which is not on the current recovery trees, assume its
nearest ancestor on the current existing T? and TT is node
v (v # s), we claim that u can go through several tree edges
and a maximal back edge to go back to some node w which

Fig. 4.

Tustration for Algorithm ReducedCostE.

is also on the current T® and T® with D[w] < D[v].
PROOF. It is obvious that each node in G can go back to the
current 72 and T® by tree edges and an optional back edge
in a 2-connected graph. Let us assume that node u can go
back to some node w which is on the current T2 and TF.
But L[u] = D[w] = D[v] or L[u] = D[w] > D[v].

If L[u] = DJv], then node v must be an articulation node
in the graph [21]. But in a 2-vertex connected graph, there is
no articulation node. So the first case is impossible;

We assume that node w is an ancestor of node u and is on
the current 72 and T. If D[w| = L[u] > D[v], however, w
cannot be on the current T2 and T because we know that v
is the nearest ancestor of node u on the current 7% and T%.
This is a contradiction. Hence this case is also impossible.
L[u] cannot be larger than D[v].

Therefore, node u can go back to a node w which is an
ancestor of node v and also on the current 7% and T#. O

Lemma 2.5: In Algorithm 4, each marked node u must be
on the current T® and T when it is popped from stack
marked_nodes.

PROOF. In Step_4, root node s is the first marked node, and it
is on T8 and TE as well. From this node, several unmarked
nodes will be marked until a maximal back edge is found.
Then all the newly marked nodes will be added into the current
T® and T in Step_4. Next, another marked node (which is
already on the current recovery trees) will be popped and some
unmarked nodes will be marked and added into the current
TP and TF. Following this way, each time we start to mark
some new nodes, the old marked nodes have been pushed onto
stack marked_nodes, and added into the current T2 and TE.
Therefore, every time when a marked node u is popped from
marked_nodes to start marking some new nodes, u is already
on the current 75 and TF. O

Theorem 2.3: Assume that G is a 2-vertex connected graph
with n vertices and m edges. Algorithm 4 computes a pair of
single-node recovery trees correctly, and its running time is
O(m +n).

PROOF. For each node in graph G, it will be marked only
if it has not been marked. So each node will not be marked
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Algorithm 4 ReducedCostV (G, s)

step_1 apply DFS from root vertex s, compute the DFS tree
of G, and DFS number D[v], lowpoint number L[v],
parent node parent[v] for every vertex v; initialize T'®
and TP to the empty tree.
step_2 sort children of each node according to their lowpoint
number L[];
step_3 mark node s, push it onto stack marked_nodes, and
add it to T2 and TF; set v(s) = V > 0.
step_4 while (marked_nodes is NOT EMPTY)
pop a marked node u;
for (each child node w of u)
while (w is not marked) (*)
Let node n be the oldest child of w; (*%*)
if (L[n] < Dlu] OR L[n] ==1)
mark node w;
push w onto stack marked_nodes;
w=n;
else
mark node w;
push w onto marked_nodes;
if v(L{w]) > v(u)
then p, = Lw]; pr = u;
else ps; = u; p; = L[w];
endif
the tree edges from u to w concatenated
with the maximal back edge (w, L{w])
form a path or cycle (in case u is the
root node) connecting u and L{w];
assume this path or cycle (in case of
L{w] = u = s) be (ps, 1, ...Tk, Pr);
add p; — 1 — ... = x} tO TB,
add py — xp — ... > 1 to TR,
assign v(ps) > v(zy) > ... >
U(xk) > Umazs
endif ;
endwhile;
endfor ;
endwhile
where Uy, = max{v(y)|y is on existing T® and
TR and v(y) < v(ps)};

more than once. On the other hand, if a marked parent node is
being processed, all of its children will be marked in Step_4.
So all nodes will be marked since G is connected. Thus each
node will be marked at least once. Therefore, each node in
the graph will be marked exactly once.

In Step_ 4, Algorithm 4 will terminate when all marked
nodes have been processed. Since all nodes in graph will be
marked, all nodes have been processed when the algorithm
terminates.

Algorithm 4 grows TP and T gradually by finding a path
connecting a node u to another node ¢ (or v = ¢t = root node
s in case that a cycle is found). Both nodes are on the current

recovery trees. Some nodes on this path (cycle) which are not
on the recovery trees yet will be added to the current T2
and T*. From Lemma 2.5 we know that the popped marked
node wu is node w’s nearest ancestor in the current recovery
trees. In the proof of Lemma 2.4, we showed that there always
exists a node ¢ on the current recovery trees such that there is
a new path (f # w) or a new cycle ({ = u = s) connecting
node ¢ and node w via some nodes which are not on the
current recovery trees. So each time when a marked node
is processed, at least one new node will be added into the
current 7% and T7 with the assignment of the voltages. The
voltage rule guarantees the correctness of the algorithm [9].
When the algorithm terminates, all marked nodes (all nodes
in the graph) have been processed, and all nodes in G will
be on the constructed T2 and 7. These recovery trees can
survive a singe node (except root node s) failure.

In Step_1, we need O(m + n) time to construct the DFS
tree and the corresponding information. In Step_2, for each
node, we sort its child nodes. Thus each node u will be sorted
exactly once in this step because u has only one parent node
in the DFS tree. We use bucket sort to perform sorting in
linear time. Step_3 only takes constant time. In Step_4, In
(*) and (**), for node w, only its oldest child needs to be
checked. Thus, we only need to check each node exactly once
before marking it or inserting it to the current recovery trees.
Consequently, we can finish Step_4 in linear time as well. All
in all, the time complexity of Algorithm 4 is O(m +n). O

Let us illustrate Algorithm 4 with the sample network shown
in Figure 5. Node 1 is the root node. In Step_1, we construct
the DFS tree, which is shown in Figure 5. The solid edges in
the graph are the tree edges, and dashed edges are the back
edges. In Step_2, we mark node 1 and insert it to the current
TB and T®. In Step_3, we check the child node of node 1,
which is node 2. Since node 2’s oldest child 3 can go back to
the current 7% and T by several tree edges and a back edge,
we mark node 2, push it onto marked_nodes. Its oldest child,
node 3 will be checked. Node 3’s oldest child is node 4, which
has lowpoint number L[4] = 1. Thus we do not use link (3,1)
in the recovery trees since it is not a maximal back edge. We
mark node 3, and push it onto marked_nodes. Node 4 will be
checked now. Similarly, node 4 will be marked and its oldest
child node 5 is to be checked. We find 5’s oldest child 6 can
only go back by several tree edges and a back edge as far as
to node 2, which is not on the current T2 and T*. Therefore
we know the back edge (5,1) is a maximal back edge, and
we need to add an cycle to the current 77 and T at this
time. The nodes on cycle (1,2,3,4,5,1) will be added into
TB and T®. Edges (1,2),(2,3),(3,4),(4,5) will be added
into T2, and edges (1,5),(5,4), (4,3),(3,2) will be added
into T%. Each node will be assigned a voltage according to
the voltage rule[9]. Then we pop node 5, and its child node
6 will be checked. Node 6’s oldest child node 7 has lowpoint
number 2, which is on the current 72 and TE. So we mark
node 6, and push it onto marked_nodes. Its oldest child node
7 is the next node to be checked. Node 7 has 2 children, node
8 and node 12. Node 8 is the oldest child, and its lowpoint
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number is 2. Thus node 7 will be marked and pushed onto
marked_nodes. Next node 8, being node 7’s oldest child, is to
be checked. It will be marked and pushed onto marked_nodes
because its oldest child node 9 has an incident outgoing back
edge connecting to node 2. When we check the node 9, we
find that its oldest child 10 cannot go back to current 72 and
T by tree edges followed by a back edge, so we need to
add all nodes on the path (5,6,7,8,9,2) to the current T8
and TT. We can add edges (2,9),(9,8),(8,7),(7,6) to TB,
add edges (5,6),(6,7),(7,8),(8,9) to TF with assignment
of voltage to each node on the path. Following this way, we
can construct 7% and T2 in Figure 6. The solid blue edges
represent the edges on 77, and the dashed red edges are T
edges.

Fig. 5. DFS tree of a 2-connected graph.

Fig. 6.

llustration for Algorithm ReducedCostV.

III. COMPUTATIONAL RESULT

To evaluate the performance of our proposed algorithms, we
implemented all the algorithms and tested them on randomly
generated input data. A C++ class library, LEDA [7] is
used in all of our implementations. We have used 50, 100
and 200 as the number of nodes in the networks. For each
value of n, we have used 3n and nlogn as the number of
links. Therefore, there are six node-link combinations. For
each given size (given by the node-link combination), we

randomly generate 100 2-connected graphs (for node recovery)
or 2-edge connected graphs (for link recovery). Each entry
in the tables reported is the average over 100 runs. We use
RedBlueE(RedBlueV) to denote the algorithms in [9] for edge
(node) recovery, where the paths and cycles are computed
without any of the QoP or QoS considerations.

Table I presents the QoP performance of the constructed
single-link recovery trees. MaxQoPE and DFSQoPE
denote the algorithms from [24] and [25], respectively.
MoreQoPE represents Algorithm 2 in this paper. From the
table, we observe that our algorithm has a comparable QoP
performance with MaxQoPE. Its running time is as fast as
that of DFSQoPE and is much faster than that of MaxQoPE.

The QoS performance of the single-link recovery trees are
reported in Table II. Similarly, MinCostE and DFSQoSE
denote the algorithms from [24] and [25], respectively.
LessQoSE represents Algorithm 3 in this paper. MinCostE
has a slightly lower cost than LessQoSE and DFSQoSE. We
notice that the latter two algorithms have much faster running
times than that of MinCostE.

In Table III, we show the QoS performance of the single-
node recovery trees. MinCostV denotes the algorithm in
[24]. ReducedCostV represents Algorithm 4 in this paper.
MinCostV has a slightly lower cost than ReducedCostV, but
ReducedCostV has a much faster running time. It is worth
noting that we do not have the result from [25] in this table
because the algorithms in [25] cannot handle the node failure
case.

IV. CONCLUSIONS

In this paper, we have presented three linear time algorithms
for computing a pair of redundant trees that can be used for
single link/node failure recovery. Our algorithms not only are
the fastest possible, but also have excellent performance in
terms of either quality of protection or quality of service. In
particular, the running times of our algorithms are O(n?) times
faster than that proposed in [24].

Many recovery schemes for recovery from single failure
are proposed. Many of those schemes, although originally
designed for guaranteed single failure recovery, can also pro-
vide recovery from multiple failures, provided that the failures
satisfy certain patterns. We intend to continue to work along
this line. We will also extend the redundant tree approach to
provide guaranteed recovery from multiple failures [2], [14],
[15].
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