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Abstract The maximum diameter color-spanning set problem (MaxDCS) is defined as follows: givenn points

with m colors, selectm points withm distinct colors such that the diameter of the set of chosen points is maxi-

mized. In this paper, we design an optimalO(n log n) time algorithm using rotating calipers for MaxDCS in the

plane. Our algorithm can also be used to solve the maximum diameter problem of imprecise points modeled as

polygons. We also give an optimal algorithm for the all farthest foreign neighbor problem (AFFN) in the plane,

and propose algorithms to answer the farthest foreign neighbor query (FFNQ) of colored sets in two and three-

dimensional space. Furthermore, we study the problem of computing the closest pair of color-spanning set (CPCS)

in d-dimensional space, and remove thelog m factor in the best known time bound ifd is a constant.
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1 Introduction

Computing the diameter of a set ofn points

in a d-dimensional space (d = 1, 2, 3....) has a

long history of research [1, 2]. The diameter of

a point set is the maximum Euclidean distance

between any two points of the set. By a reduc-
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tion to set disjointness, the computation requires

Ω(n log n) operations in the algebraic computa-

tion tree model [3]. The paper [4] is completely

devoted to this problem and several efficient algo-

rithms are proposed.

However, these algorithms are based on the

assumption that the positions of input points are

precise. If a point may randomly appear at one of

the many candidate positions, which are painted

with the same color, how to compute the maxi-

mum possible diameter of the point set with dif-

ferent colors? The problem is called the Max-

imum Diameter Color-spanning Set (MaxDCS)

problem. The solution to the problem is useful

in large computer networks. For example, a large

company tries to pool resources to solve a cer-

tain computational task. But some uncertain fac-

tors interfere with the accuracy of the data and the

company want to know the worst (or the best) cost

based on those imprecise data.

d

(a) (b)

d

Fig. 1. Example of maximum diameter of imprecise

points modeled as (a) polygons and (b) point set.

In 2007, Löffleret al. [5] studied the largest

diameter problem and the smallest diameter prob-

lem based on imprecise data. But they used a con-

tinuous region model, such as disc and square.

They showed that the largest diameter problem

can be solved inO(n logn) time based on the

square and the disc models. But their algorithm

[5] cannot be adapted to the case when impre-

cise data are modeled as general polygons. The

algorithm in our paper can be used to compute

the maximum diameter of imprecise points in

O(n log n) time, which can be modeled as poly-

gons (see Figure 1), as the two points form-

ing the largest diameter must be among the ver-

tices of two polygons. On the other hand, the

smallest diameter problem under the disc model

is more complex and they proposed an(1 + ǫ)-

approximation andO(ncǫ−
1

2 ) time algorithm for

the problem, wherec ≈ 6.66 [5].

We comment that there is another model for

geometric computing on uncertain data, which is

called theprobabilistic model [6–8]. In such a

model, each point is assumed to appear with cer-

tain probability. But this model has little to do

with the problems we investigate in the paper, so

we will not go further along this direction.

The minimum diameter color-spanning set

(MDCS) problem is firstly studied by Zhanget al.

in spatial databases [9]. But Zhanget al. only pro-

posed anO(nm) time algorithm for the problem.

It is unfortunately a brute force algorithm. Then

Chenet al. implemented the algorithm in a geo-
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graphical tagging system [10]. Finally, Fleischer

et al.[11] proved that the problem is NP-Complete

in Lp (p ≥ 2) metric and proposed an efficient

constant factor approximation algorithm for the

MDCS problem. Fanet al. [12] recently studied

several other color-spanning problems; they gave

an efficient randomized algorithm to compute a

maximum diameter color-spanning set, and they

showed that it is NP-hard to compute a largest

closest pair color-spanning set and a planar mini-

mum color-spanning tree.

While all-pairs nearest neighbors in any

fixed dimensiond can be computed in optimal

O(n log n) time [13], no algorithm with similar ef-

ficiency is known for the all-pairs farthest neigh-

bors. Agarwalet al. [14] showed that the three-

dimensional all-pairs farthest neighbors can be

computed inO(n4/3 log4/3 n) expected time, and

posed closing the gap between this and the only

lower bound ofΩ(n log n) as a challenging open

problem. Cheong [15]et al. studied the all far-

thest pair problem when all the points are at the

convex positions inR3, and gave an expected

O(n log2 n) time algorithm to compute it.

The bichromatic closest (resp. farthest) pairs

BCP (resp. BFP) [16] is formulated as follows:

Given a setn red andm blue points inRd, find

a red pointp and a blue pointq such that the dis-

tance betweenp andq is minimum among all red-

blue pairs, which can be calculated inΓd(n, m)

time andΓd(n, n) = O(n1+ε) for d ≥ 3 and

Γ2(n, n) = O(n log n).

Dumitrescu et al. [17] studied the BCP

(resp. BFP) problems when each point is col-

ored with one of them(≥ 2) colors, they

gave algorithms to solve BCP (resp. BFP)

problems in Tmin
d (m, n) (resp. Tmax

d (m, n))

time in d-dimensional space. They showed

that Tmin
2 (m, n) = O(n log n), Tmin

d (m, n) =

Tmin
d (2, n) · logm andTmax

d (m, n) = Tmax
d (2, n) ·

log m [17], where Tmin
d (2, n) = Γd(n, n) for

d ≥ 3. The trivial lower bound ofTmin
d (2, n) is

Ω(n) and the trivial upper bound ofTmin
d (2, n)

is O(n2). Ramos gave an optimal determinis-

tic algorithm for computing the diameter of a

three-dimensional point set, which can also be

used to solve the bichromatic diameter in three-

dimensional space inO(n log n) time [18]. Com-

bining the above two results, we can solve BFP of

m colors inO(n log2 n) time.

In paper [19], Agarwalet al. gave an

O(n log n) time algorithm for the following prob-

lem: Given a collection of sets with total ofn

points in the plane, find for each point a clos-

est neighbor that does not belong to the same set,

which is the earliest version to compute all foreign

nearest pairs of points in the plane.

In this paper, all the problems we study are

based on Euclidean distance. We propose an opti-

mal time algorithm for MaxDCS. To the best of
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our knowledge, this is the firstO(n log n) time

algorithm for MaxDCS. We also give an opti-

mal algorithm for all farthest foreign neighbors

problem (AFFN) in the plane, and propose algo-

rithms to answer the the farthest foreign neighbor

query (FFNQ) of colored sets in two and three-

dimensional space. At last we study the problem

of computing the closest pair of color-spanning set

(CPCS) ind-dimensional space, and remove the

factor log m off the best known time bound if we

treatd as a constant.

Table 1 lists the results of our algorithms and

previous algorithms.

Table 1. An overview of the time complexity of var-

ious problems of colored sets. The number in paren-

thesis is the number of dimension, andm denotes the

number of colors of point set.

Problem Previous results Our results

MaxDCS(2) O(n log2 n) [17,18] O(n logn)

AFFN(2) none O(n logn)

FFNQ(2) none O(logn)

FFNQ(3) none O(log2 n)

CPCS(d) Tmin
d (2, n) log m [17] Tmin

d (2, n)

2 The Algorithm for MaxDCS

Problem 1. Suppose that we are givenn

points withm colors. How to selectm points with

m different colors such that the diameter of them

selected points is maximized?

Let CH∗ be the convex hull of alln input

points{p1, p2, ..., pn} and let〈v1, v2, ..., vt〉 be the

vertices ofCH∗ in clockwise order. We can divide

〈v1, v2, ..., vt〉 intor sequencesG1, G2, ..., Gr such

that all vertices in one sequence have the same

color and appear consecutively onCH∗. Denote

the first vertex inGi asvs
i and the last vertex in

Gi asvt
i (in clockwise order). Let the convex hull

constructed fromvt
i−1, vs

i+1 and all the vertices in

Gi beCHi, which is called theAssociate Convex

Hull of Gi. Let Di be the set of points insideCHi

with colors different from the color of the vertices

in Gi. We can construct a minimum convex chain

Ci such that it starts fromvt
i−1, ends atvs

i+1 and

encloses all the points ofDi. We callCi theAsso-

ciate Chainof Gi (see Figure 2).

Gi

vt
i−1

vs
i

vt
i

vs
i+1

Ci

CH∗

CHi

Gi−1
Gi+1

Fig. 2. Illustration of Associate Convex HullCHi and

Associate ChainCi.

Lemma 1. All Associate ChainsCi (i =

1, 2, ..., r) can be computed inO(n log n) time.
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Proof. First of all, we can constructCH∗ in

O(n log n) time. Then the vertices ofCH∗ are

separated inr groupsG1, G2, ..., Gr by travers-

ing the vertices ofCH∗ in O(n) time. At the

same time allCHi’s can be constructed during the

traversal. For each pointpk (k = 1, 2, ..., n), we

can decide whichCHi it is located inO(log n)

time (note that each pointpk could belong to at

most two neighboringAssociate Convex Hulls).

Thus this step in total also takesO(n log n) time.

For all points inCHi, we can get rid of those

points with the same color as those inGi to obtain

Di which can be done in linear time. Since one

point can only belong to at most two neighbor-

ing Associate Convex Hulls, we have
∑r

i=1 |Di| =

O(n). Therefore, we can construct allAssociate

Chainsin O(n logn) time.

Let the two points realizing MaxDCS bep′

andp′′. For two pointspi andpj, the distance be-

tween them is denoted asd(pi, pj) and the color

of pi andpj is denoted asCol(pi) andCol(pj) re-

spectively. We have the following lemmas:

Lemma 2. At least one ofp′ andp′′ is a vertex

of CH∗.

p′

p′′

pi

pj

CH∗

l1

l2

Fig. 3. At least one of thep′ andp′′ is a vertex ofCH∗.

Proof. Assume that neither ofp′ andp′′ is a

vertex ofCH∗ as is shown in Figure 3. We draw

two parallel linesl1 and l2 throughp′ andp′′ re-

spectively which are perpendicular to the line seg-

mentp′p′′. According to the property of convex

hull, at least one vertex, saypi, must lie above

or on l1 and another vertex, saypj, must lie be-

low or on l2. Therefore,d(p′, pj) ≥ d(p′, p′′),

d(p′′, pi) ≥ d(p′, p′′) and d(pi, pj) ≥ d(p′, p′′).

Since Col(p′) 6= Col(p′′) according to our as-

sumption, Col(p′) 6= Col(pj) or Col(p′′) 6=

Col(pi) or Col(pi) 6= Col(pj). Then at least

one pair of(p′, pj), (p′′, pi) and (pi, pj) is a bet-

ter candidate for realizing MaxDCS than the pair

of (p′, p′′). This is a contradiction and the lemma

is proved.

Now, without loss of generality, letp′ be a

vertex ofCH∗.

Lemma 3. If p′′ is not a vertex ofCH∗, then

it must be the vertex of someAssociate Chain.

Proof.We can draw two parallel linesl1 and

l2 throughp′ and p′′ respectively which are per-

pendicular top′p′′, similar to the proof of lemma 2

(see Figure 4). Sincep′ is a vertex ofCH∗, there

is no point abovel1. For the points belowl2, the

color of these points must be the same as the color

of p′. (Otherwise, any one of these points together

with p′ is a better candidate for realizing MaxDCS

than the pair(p′, p′′).) Assume that the vertices of

CH∗ below l2 are inGi, thenvt
i−1 and vs

i+1 are
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betweenl1 andl2. Therefore,p′′ must be a vertex

of Ci since all points belowl2 have the same color

asp′ and they do not belong toCi. The lemma is

proved.

l1

l2

vt
i−1vs

i+1

p′

p′′

CHi

Ci

CH∗

Fig. 4. p′′ is the vertex of anAssociate Chain.

According to Lemma 2 and Lemma 3, there

are two cases forp′ andp′′:

1. p′ andp′′ are the vertices ofCH∗. Actually,

we need to findl1 andl2 with the maximum

distance. We can use the rotating calipers

method [2] to compute the diameter of a

point set ((p′, p′′) is called an antipodal pair

in the rotating calipers method). The only

difference is that in our algorithm, we do

not need to record the distance between an

antipodal pair with the same color.

2. p′ is a vertex ofCH∗ andp′′ is a vertex of

someCi. In this case, we can rotatel1 along

CH∗ and at the same time rotatel2 along

the associate chain. However, an associate

chain may intersect with its neighboring as-

sociate chain and it may cause trouble when

rotating l2. Fortunately, associate chains

that are not neighbors do not intersect. We

can construct convex hullCHeven which is

the convex hull of allCi’s wherei is an even

number (see Figure 5). Observe that all ver-

tices of Ci (i is even) are the vertices of

CHeven. Similarly, we can construct con-

vex hull CHodd which includes all the ver-

tices ofCi (i is odd). Thenl2 needs to be

rotated twice, once alongCHeven and the

other alongCHodd. For l1, it just rotates

along CH∗ twice accordingly. Note that

there is one minor case: when the number

of the associate chains is odd, the first and

the last chain ofCHodd intersect. We can

deal with this case easily by just rotatingl2

along the odd associate chains from the first

one to the last one andl1 along CH∗ ac-

cordingly as before. The only difference is

that l1 does not rotate exactly one round. It

rotates a little bit more than one round but

definitely no more than two rounds.
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G1

G2

G3

G4

G5

G6

G7

G8

G1

G2

G3

G4

G5

G6

G7

G8

C3

C5

C1

C7

CHodd

C2

C4

C6

C8

CHeven

(a)

(b)

Fig. 5. Illustration of (a)CHodd and (b)CHeven.

After three rounds of applying the rotating

calipers, we can obtainp′ and p′′ which has the

maximum distance. Each round of rotation can

be finished inO(n) time if CH∗ and allCi’s are

already computed. Thus we have the following

theorem:

Theorem 1. The maximum diameter color-

spanning set problem can be solved inO(n log n)

time, which is optimal.

3 The Algorithms for AFFN and FFNQ

Problem 2. All farthest foreign neighbors of

colored set (AFFN): Givenn colored pointsP =

{p1, p2, ..., pn}, for each pointpi, finding the far-

thest neighbor which has a color different frompi.

Let pf
i denote the farthest colored neighbor ofpi,

which satisfy{d(pi, p
f
i ) ≥ d(pi, pj) for all pj with

the color ofpj different from the color ofpi.

We construct the farthest-point Delaunay

triangulation (the dual graph of farthest-point

Voronoi diagram) of all the pointsP in the plane,

FPDT (P ). The farthest-point Voronoi diagram

FPV D(P ) can be computed inO(n log n) time.

A point of P has a cell in the farthest-point

Voronoi diagram if and only if it is a vertex of

the convex hull ofP . What is more, letcw(p) and

ccw(p) denote the adjacent point ofp in clockwise

and counterclockwise direction of convex hull re-

spectively, then the cell will come in between the

cells ofcw(p) andccw(p) [20].

We construct the convex hullCH for the

point setP , and let the point set on the convex hull

bePCH . We then construct the associate chainsCi

and groupsGi as in Lemma 1 inO(n log n) time.

Then we divideFPDT (P ) into the same

colored setsFj(1 ≤ j ≤ m). Let F ′
j denote

the set of points adjacent to points inFj. Since

the vertices ofFPDT (P ) are the vertices ofCH,

the point setFj is composed of several groups of

Gi. All the points in each groupGi have the same
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color. If one point inGi belong toFj , then all the

points inGi belong toFj . The cells controlled by

Gi are sorted in counterclockwise direction when

the points inGi are sorted in counterclockwise di-

rection onCH. We useCCj to denote the set of

those associate chains corresponding toFj (each

associate chainCi in CCj corresponds toGi in

Fj). For each associate chainCi in CCj, the start

point and endpoint inCi belong toF ′
j .

Lemma 4. For each pointq lying in the cell

controlled by pointp in Fj, if q have the same

color with the pointp, then the farthest foreign

neighbor ofq belongs to setCCj, otherwise the

farthest foreign neighbor ofq is p.

Proof.If q lies in the cell controlled byp in Fj

and has a color different fromp, thenp is q’s far-

thest foreign neighbor. Otherwise we remove all

the points inEj whereEj is the set of all points

in P with the same color asp andq (Fj ⊆ Ej),

then the convex hull ofP \ Ej is the point set

PCH \ Fj ∪ CCj . For each pointp′ belonging

to PCH \ Fj \ F ′
j , p′ does not control any region

of cell(Fj) in FPV D(P ) after all the points in

Ej are removed because otherwise ifp′ controls

some regions ofcell(q) in FPV D(P \Ej), thenp′

controls some disjoint regions inFPV D(P \Ej)

which contradicts the property of Voronoi dia-

gram, that is the region controlled by each point

in farthest point Voronoi diagram should be con-

nected.

Thereforeq belongs to the cell controlled by

point p′′ in CCj in FPV D(P \ Ej), and all the

points inCCj have some different colors fromq.

Then the farthest foreign neighbor ofq belongs to

setCCj.

Theorem 2. The all farthest foreign neigh-

bors of colored set problem in the plane can be

solved inO(n log n) time andO(n) space, which

is optimal.

Proof. The steps to compute AFFN in the

plane are as follows:

1. FPV D(P ) and FPDT (P ) can be

constructed in O(n logn) time [20].

FPDT (P ) hasO(n) edges. All the groups

of Gi andCi can be computed inO(n log n)

time, and
∑

(|Gi| + |Ci|) = O(n) accord-

ing to Lemma 1.

2. Find the same colored setFj and F ′
j of

FPDT (P ), which takes O(n) time as
∑

(|Fj| + |F ′
j |) = O(n).

3. For each setCCj, construct the farthest

point Voronoi diagram ofCCj . The to-

tal time cost is
∑

|CCj| log(|CCj|) =

O(n log n).

4. For the point p located in cell(p′) in

FPV D(P ), if p′ has a color different from

p, thenp′ is the farthest foreign neighbor of

p. Otherwise we locatep in FPV D(CCj)
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to find its farthest foreign neighbor accord-

ing to Lemma 4, where the color ofp is the

same as the color ofFj. Hence the location

for each point takesO(log n) time, and total

time isO(n log n).

The above theorem can be easily extended to the

farthest foreign neighbor query (FFNQ) of a point:

Theorem 3. Given a colored setsP of n

points in the plane and a pointq (q might not be in

P ) with some color, the farthest foreign neighbor

query (FFNQ) ofq can be answered inO(log n)

time in the plane withO(n logn) preprocessing

time andO(n) space.

Now we consider the FFNQ problem in

three dimensions. We first compute the three-

dimensional convex hullCH(3) in O(n log n),

and letO be a vertex ofCH(3). Let PCH(3) de-

note the point set ofCH(3).

The CH(3) of n points in space consists of

nf ≤ 2n − 4 faces andne ≤ 3n − 6 edges [20].

We assume that all the faces ofCH(3) are trian-

gles (namely simplicial polytope), otherwise we

just add some edges to triangulate it.

For each facefi of CH(3), we usefi and the

point O to construct a tetrahedronti. Then the

space surround byCH(3) consist ofnf tetrahe-

dra.

For each pointp insideCH(3), we located

it to find which tetrahedronti it belongs to in

O(log2 n) usingO(n logn) space [21]. LetSi de-

note the point set ofP located inti.

If we remove a vertexpj (pj 6= O) from

CH(3), those faces with vertexpj will disap-

pear. Letfacej denote the set of those disap-

peared faces,Tj denote the set of tetrahedra with

one face infacej, andT ′
j denote those points of

P insideTj but without those points of the same

color aspj . For each facefi, sincefi has only

three vertices,fi appears on at most three differ-

ent tetrahedra sets likeTj . Let T ′′
j denote those

point set of{T ′
i |pi ∈ Fj}, hence

∑
|T ′′

j | = O(n).

Let FTj denote those point setF ′
j ∪ T ′′

j . Lemma 4

still holds in three-dimensional space whenFTj

replacesCCj. The remaining part of the algorithm

is similar to the two dimensional case. The time

complexity analysis is as follows:

The complexity of FPV D(P ) and

FPDT (P ) in d dimension isO(n⌈d/2⌉) [22],

which can be constructed inO(n⌈d/2⌉ + n log n)

time [23]. Hence theFPDT (P ) in three-

dimensional space can be constructed inO(n2)

time and the complexity ofFPDT (P ) is O(n2).

However, the size ofFPDT (P ) is smaller than

the boundO(n⌈d/2⌉) in general case [24]. Chan

et al [25] give an output sensitive algorithm to

computeFPDT (P ) in three-dimensional space

in O((n + f) log2 f) time, wheref (f ∈ [n, n2])

is the size ofFPDT (P ).

We compute the farthest-point Voronoi dia-
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gram for eachFTj. Then the total time is

M∑

j=1

|FTj|
2 ≤

f/n∑

k=1

|U ′
k|

2 = O(f/n× n2) = O(fn)

whereU ′
k is the union of severalFTj such that

n ≤ |U ′
k| ≤ 2n. Since|FTj | ≤ n and

∑
|FTj| =

O(f), thenk = O(f/n)).

The total size of all farthest-point Voronoi

diagrams is alsoO(fn) using above analysis.

In three-dimensional space, it is possible to an-

swer point location queries inO(log2 N) using

O(N log N) space andO(N log N) preprocessing

time of sizeN [21]. Therefore we can answer the

nearest foreign neighbor query inO(log2 n) using

O(fn logn) space andO(fn logn) preprocessing

time .

Therefore we have the following theorems:

Theorem 4. Given a colored setP ofn points

in three dimensions and a pointq (q might not

be in P ) with color, the farthest foreign neigh-

bor query of q can be answered inO(log2 n)

time with O(fn logn) preprocessing time and

O(fn logn) preprocessing space, wheref is the

size ofFPDT (P ).

4 The Algorithm for CPCS(d)

Problem 3. The closest pair of color-

spanning set ind-dimensional space (CPCS(d)):

Givenn input pointsP in d dimensions, find a pair

(p, q), satisfying{d(p, q) ≤ d(p′, q′), Col(p) 6=

Col(q), Col(p′) 6= Col(q′)} for any p′, q′ in the

space.

We use the well separated pairs decomposi-

tion (WSPD) method together with a compressed

quadtree to deal with this problem. Well separated

pairs decomposition was defined by Callahan and

Kosaraju [26]. We use the version of WSPD (very

roughly) from [28].

The steps of our algorithm are as follows:

1. Construct the smallest enclosing box of

P in d-dimensional space (see Figure 6). Using

quadtree subdivision to divide the box into smaller

boxes (child boxes) until the points in each dis-

joint box have the same color (see Figure 7).

Fig. 6. The smallest enclosing box ofP .
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Fig. 7. The resulting subdivision after step 1 of algo-

rithm CPCS(d).

2. Find the smallest boxB of the subdivi-

sion in which there exist at least two points inB

with different colors. Letd0 denote the diameter

of B andb0 denote the edge length of the side of

B. Then the distance ofCPCS(d) is less than

or equal tod0. Obviously, the boxB is divided

into child boxes following step 1 and the points in

each child box have the same color which has a

side lengthb0/2 (see Figure 8).

d0

b0

Fig. 8. Illustration of step 2 of algorithm CPCS(d).

3. For the box obtained thus far whose diam-

eter is larger thand0/2, we divide it into smaller

boxes until its side length isb0/2. Now the side

length of any such base box isb0/2 (see Figure 9).

d0

b0

Fig. 9. Illustration of step 3 of algorithm CPCS(d).

4. For two disjoint base boxesu, v, let

dis(u, v) = min||p − q||, wherep ∈ u, q ∈ v. If

two boxes contain points of the same color, then

we can ignore them. Otherwise we compute the

dis(u, v) and the distance ofCPCS(d) is the min-

imum of all thosedis(u, v) (see Figure 10).

d0
b0

v

u

dis(u, v)

Fig. 10. Illustration of step 4 of algorithm CPCS(d).

Lemma 5. For each base boxu, there are

at mostO(2ddd/2) disjoint base boxesv satisfying
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dis(u, v) ≤ d0.

Proof. For any base boxb, the length of the

side ofb is b0/2 andd0 = b0 ∗ d1/2. Hence there

are at mostO(d0/(b0/2))d = O(2ddd/2) disjoint

base boxes whose distance fromb is less than or

equal tod0.

Theorem 5. The time complexity for com-

puting the distance ofCPCS(d) is T min
d (m, n)

= O(dn logn) + O(n log n + 2dn) + O(22ddd) ∗

Tmin
d (2, n) = Tmin

d (2, n), if d is a constant.

Proof.Let the compressed quadtree after step

3 beT which can be constructed inO(dn logn)

time [27]. Then we construct aǫ−1 WSPDW for

T. Let (u, v) be a pair of boxes inW andǫ = 1/2,

then there are only two possible cases:

1. max{diam(u), diam(v)} > d0/2.

Since we know u, v are ǫ−1 well

separated, thendis(u, v) ≥ ǫ−1 ∗

max{diam(u), diam(v)} > ǫ−1d0/2 = d0,

that means we do not need to compute the

distance of those pairs.

2. diam(u) = diam(v) = d0/2. Those are the

pairs we need to compute at step 4.

According to the Lemma 5.1 in [28], one can con-

struct a 2-WSPD of sizeO(2dn) with the con-

struction time beingO(n logn + 2dn). Of course,

there is a little difference in our algorithm, as the

box with diameterd0/2 does not need to be di-

vided further, but that does not affect the time

complexity of our algorithm.

At step 4, let the time to compute the distance

between the box pair(u, v) beCP (|u|, |v|), where

|u| and|v| denote the number of points inu andv

respectively. ThenCP (|u|, |v|) = Tmin
d (2, |u| +

|v|) sinceu contains the points of one color and

v contains the points of the other color. Then

this problem is exactly the BCP problem. Be-

causeTmin
d (2, n) = Ω(n), we haveTmin

d (2, |x|)+

Tmin
d (2, |y|) ≤ Tmin

d (2, |x| + |y|). Because we

only need to compute the box pair whose dis-

tance is less than or equal tod0 and according

to Lemma 5, each box appears at mostO(2ddd/2)

times in those pairs, then
∑

dis(u,v)≤d0
(|u|+ |v|) =

O(2ddd/2n). So we have
∑

dis(u,v)≤d0
CP (|u|, |v|)

≤ Tmin
d (2,

∑
dis(u,v)≤d0

(|u| + |v|)) ≤ Tmin
d (2,

O(2ddd/2n)) = O((2ddd/2)2)Tmin
d (2, n) =

O(22ddd)Tmin
d (2, n) as Tmin

d (2, n) = O(n2). If

we treatd as a constant, then the time to com-

pute the distance ofCPCS(d) is T min
d (m, n) =

= O(dn log n) + O(n log n + 2dn) + O(22ddd) ∗

Tmin
d (2, n) = Tmin

d (2, n).

5 Conclusions

In this paper, we propose an optimal

O(n log n) time algorithm for the maximum di-

ameter color-spanning set problem. Our algorithm

can also be used to solve the maximum diameter

problem of imprecise points modeled as polygons

since the candidate pair of points must be vertices
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of two polygons, and the vertices of each polygons

are painted in the same color.

We also giveO(n log n) time andO(n) space

algorithms for AFFN problems in the plane . For

the query of the farthest foreign neighbor in two

dimension, we proposeO(log n) query time al-

gorithms withO(n log n) preprocessing time and

O(n) preprocessing space. For the three dimen-

sion query problems, we giveO(log2 n) query

time algorithms withO(fn logn) preprocessing

time andO(fn logn) preprocessing space, where

f is the size of Farthest point Delaunay triangula-

tion of P . We also give an algorithm to improve

the best known bound of the CPCS(d) problem,

and conclude that theCPCS(d) of m colors can

be computed in the same time withCPCS(d) of

two colors whend is a constant. In the future, we

will focus on the problems of computing the far-

thest foreign pair in higher dimensional space, and

approximate nearest neighbor query of color point

set.
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