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Abstract

We consider the computational complexity of quantizing a joint ���� �
probability distribution in order to

maximize the mutual information of the quantization. We show that, in general, this problem is NP-complete
via reductions from various forms of the PARTITION problem.

1 Introduction

In recent years, the problem of optimal quantization of the mutual information between two random variables
has received increased attention. We note the application to discovery of neural coding scheme in early sensory
system of cricket [3, 4] as well as the central role of quantization of mutual information in closely related
optimization scheme named “Information bottleneck” [11, 12, 10, 9]. The latter method has been applied to
data mining problems, coding theory and computational biology.

Given two discrete random variables� and� the mutual information	 
��� � is defined by

	 
��� � 
 ���� � 
���� �� � 
����� 
��� 
�� �
The mutual information is always nonnegative and achieves its minimal value� if the random variables� and� are independent. The value	 
��� � tells us, roughly, how much we can learn� by observing� , and vice
versa.

In the application to neural coding, one models the input to the system as a random variable� and the
output as a random variable� . To simplify the situation, as well as to acknowledge inherent discreteness of
collected data,� and� are assumed to be discrete random variables.

Since noise is omnipresent in neural processing, sensory systems must be robust. As such, they must
represent similar stimuli in a similar way and then react to similar internal representations of the outside stimuli
in a consistent way. This leads to a conclusion that individual input and output patterns are not important
for understanding neural function, but rather classes of input stimuli and classes of output patterns and their
correspondence is the key. Therefore we are led to a problem of optimal assignment of input and output patterns
to classes, where the optimality is judged on how much original mutual information is still present between the
collection of classes.

More specifically, we will consider two different quantization methods. First isone-sided quantizationand
the other isjoint quantization. We discuss briefly these two approaches.

In a one-sided quantization [2, 7] we quantize (cluster) only one variable, let us say� , to a space of finitely
many abstract classes,�� , where� represents the number of classes. This number is fixed. A particular�
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quantization of� to �� is determined by the choice of conditional probability�
�� �� �, which then determines
probability distribution of�� by

�
��� 
�
�� �� �� 
� ��
We would like to think of conditional probability�
�� �� � as a stochastic map. Every element�
�� ��� gives a
probability that an element� belongs to class��. The collection��
� �������� ���� will be called aquantizer.
To distinguish the quantizer from other probabilities in future calculations, we will use notation	
�� ��� instead
of �
�� ���.The problem of optimal one-sided quantization is to find quantizer 	
�� ��� which minimizes the function


� 
����� 
 	 
��� � � 	 
������
Mutual information between� and quantized variable�� then captures maximum of the original mutual
information between� and� . Note that since	 
��� � does not depend on	
�� ��� this problem is equivalent
to 
����� 	 
���� �� (1)

where� is a constraint space representing the fact that collection	
�� ��� is a conditional probability, and

	 
����� 
 ������� 	
�� ���� 
���� ��
�� 	
�� ���� 
����

� 
��
�� 	
�� ���� 
�� �

The optimal quantizer	
�� ��� induces a coding scheme from� � �� by �
�� ��� 

�� 	
�� ���� 
� ���which is the most informative approximation of the originalrelation�
� ��� for a fixed size� of the reproduc-

tion �� .
In joint quantization [5] we fix sizes� and� of the reproduction spaces�� 
 ���� � � � ���� for � and�� 
 ���� � � � ���� for � and define joint quantization using two sets of quantizers,	
����� and	
�� ���. The

function to be minimized is 	 
��� � � 	 
�� �����
This is equivalent to the optimization problem
������������ ����� ������ 	 
�� ����� (2)

where

	 
�� ���� 
 ��� ����
�� ���� �� � 
�� ����
� 
���� 
���


 ��� ������� 	
�����	
�� ���� 
���� ��
���� 	
�����	
�� ���� 
������ 	
������ 
��

�� 	
�� ���� 
�� �
2 Results

2.1 Bounds on the Optimal Quantizer

It has been shown [7] that the optimal quantizer in one-sidedquantization is generically deterministic, that is,
the probability	
�� ��� is 1 or 0. In this case the responses associated with class� are�� 
 �� �	
�� ��� 
  �.
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Lemma 2.1 Consider a one-sided quantization into� classes, i.e. the optimization problem,

������	 
������
Assume�� � ��. Then	 
����� � �� �.

Furthermore, if�
���� is given by a diagonal matrix, then the maximum	 
����� is achieved at a unique
quantizer	
�� ���with the property that

����� ������

���� 
  �

for all classes�� with � 
  � � � � ��.

Proof. The first result follows from inequality [8, 1]

	 
����� �
�	�
 
���
 
����� (3)

the fact that we assume�� � �� and

 
��� � �� �, since�� is a discrete variable of� symbols.

Now the second part. The optimal quantizer is deterministicand so	
�� ��� is either zero or one for each
class�� and�. Therefore we can write without confusion for each� either� � �� or � �� �� . Since�
���� is
diagonal, we can write
� � �� if and only if 
� � �� , where
� is the unique element with�

�� 
�� �
 �. Another
consequence of diagonality of�
���� is that

�
���� � 
 �� �
����	
�� ��� 
 �
��
if � � �� and�
���� � 
 � if � �� �� . We compute

	 
����� 
 ��� �� �
���� � �� � 
�����
� 
��� 
�� �


 �� ����� �
���� � �� � 
���� �� 
��� 
�� �

 �� ����� �
�� ��

 
�
�� �
 ��� �
�� � ��� 
�� �


 
 
���
The entropy


 
�� � is a strictly concave function and has a unique maximum�
�� � 
  �� for all �. The value
at the maximum is�� �. This together with the above calculation gives

����� �
���� 
 ����� �
����	
 ��� 
 ����� �
���� � 
 �
�� � 
  ��
Lemma 2.2 Consider a joint quantization problem (equation 2) with� 
 � 
 � � �Then	 
�� ���� � �� �
bits with equality achieved only when there exists a quantizations	
����� and 	
�� ��� with a class labeling
such that�
�� ���� 


�� and�
�� ��� � 
 � for � �
 �.
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Proof:

We use the estimate (3) again to get

�� 	 
�� ���� �
�	

 
����
 
����. Since	 
�� ���� 

 
����
 
�� ���� 
 
 
����
 
�� ���� the equality is achieved when


 
�� ���� 

 
�� ���� 
 � and

 
��� 

 
��� 
 �� �. A random variable with� outcomes achieves a maximum entropy of�� � bits only if each

outcome is equally likely and so�
��� 
 �
��� 

�� . Substituting these equalities into (3) yields

	 
�� ���� 
 �����

�� ���� �� ����
�� ����� 
 � �� � ��� �� �
�� ���� ��� 
�� �����

since
�����
�� ���� 
  . Given the constraints

���
�� ���� 
 �� and the fact that� �� � is convex, the
inner sum is maximized exactly when�
�� ���� 
 �� for one value of� and the remaining probabilities are�.
Given the constraints

���
�� ���� 
 �� it follows that if �
�� ���� 
 �� , then�
�� ���� 
 �
�� ��� � 
 �
for all � �
� and� �
�. By permuting the class labels appropriately the lemma is proven.

2.2 Decision Problems for Quantization

We define the following parametrized versions of the quantization problem:�-QUANT: Given a joint 
��� � probability distribution, decide if there exists a quantization �� of �
with mutual information at least�.� ��-QUANT: Given a joint
��� � probability distribution, decide if there exists a joint product quanti-
zation 
�� ���� with mutual information at least�.

Recall the PARTITION problem: Given a set of real numbers������ � � � � ����, decide if there is a set
of indices� such that

���	 �� 
 ��
�	 ��. PARTITION is a well known NP-complete problem [6]. The
general problem of finding a balanced�-way partition is also NP-complete. We call this generalization the�-PARTITION problem: Find index sets��� � � ��� such that for any� �
 �,

���	
 �� 
 ���	� ��.
Theorem 2.3 � � �-QUANT and�-QUANT problems are NP-complete for� � �.
Proof:

We prove the statement by giving a reduction from�-PARTITION to both� � �-QUANT and�-QUANT.
Let � 
 ��� ��� � � � � ���� be an instance of�-PARTITION. Let � 
 ���. We consider the joint diagonal

distributions of the form

�
��� � 
 diag
���������� � � � ������ (4)

(note �� � 
 �� � 
 �� non-diagonal entries are�). We choose� 
 �� �. We will show that� can be�-
partitioned if and only there exists a joint quantization (or a one-sided quantization) of�
��� � with �� � bits
of mutual information. The only if direction is easy: Suppose there are index sets��� � � ��� such that for any
� �
 �,

���	
 �� 
 ���	� ��. For one-sided quantization, we define classes�� by �� � �� if and onli if� � ��. For joint quantization we define, in addition, classes�� by �� � �� if and only if � � ��. Clearly,

�
��� 
 �
��� 

�� and thus	 
�� ���� 
 �� � and	 
����� 
 �� �. For the other direction we first consider

joint quantization. Suppose that
�� ���� is a joint quantization that achieves a mutual information of �� �
bits. By Lemma 2.2, there exists such that�
�� ���� 


�� and�
�� ���� 
 � for � �
 �. Since the underlying
��� � distribution is diagonal, there is a permutation of labels of classes such that�� � �� if and only if�� � ��, for all classes�. We define index set�� by setting� � �� if and only if �� � �� and�� � ��.
Then

���	
 ���� 
 �
�� ���� 
  �� for all classes�. Multiplying both sides of this equation by� shows
that� yields the desired partition of�. Now we consider one sided quantization. Suppose that�� is a one-
sided quantization that achieves a mutual information of�� � bits. By Lemma 2.1, there exists classes��,
� 
  � � � � ��, such that

����
 �
���� 

�� . We define index set�� by setting� � �� if and only if �� � ��.
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Then
���	
 ���� 
 ����
 �
���� 
  ��. Multiplying both sides of this equation by� shows that� yields

the desired partition of�.

Corollary 2.4 � ��-QUANT is NP-complete for��� � �.
Proof:

Suppose� �� (the case� �� can argued symmetrically). The� �� quantization problem used in
the above lemma can be encoded in an� �� quantization problem by adding� �� “dummy” outcomes��
to � that occur with probability�. As above, the maximum possible mutual information is��� bits which is
achievable if and only if there is a balanced partition of� into � classes of equal probability. By adding the
dummy outcomes, we guarantee a trivial way of including� �� new� classes to the remaining� classes
in �� that are identical to the classes in��.

3 Discussion

Mention ideas for PTAS, etc. Implications for existing algorithms...
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