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Abstract

We consider the computational complexity of quantizingiatjeX, ') probability distribution in order to
maximize the mutual information of the quantization. Wewsltloat, in general, this problem is NP-complete
via reductions from various forms of the PARTITION problem.

1 Introduction

In recent years, the problem of optimal quantization of theual information between two random variables
has received increased attention. We note the applicatidistovery of neural coding scheme in early sensory
system of cricket [3, 4] as well as the central role of quaation of mutual information in closely related
optimization scheme named “Information bottleneck” [12, 10, 9]. The latter method has been applied to
data mining problems, coding theory and computationabigjpl

Given two discrete random variabl&sandY” the mutual informatiod (X, Y") is defined by

I(X)Y) mey )?))

The mutual information is always nonnegative and achiggasinimal valud) if the random variableX and
Y are independent. The valdé¢X,Y") tells us, roughly, how much we can leakhby observingt’, and vice
versa.

In the application to neural coding, one models the inpuhtodystem as a random variabteand the
output as a random variablé. To simplify the situation, as well as to acknowledge inh¢iscreteness of
collected dataX andY are assumed to be discrete random variables.

Since noise is omnipresent in neural processing, sensaitgmg must be robust. As such, they must
represent similar stimuli in a similar way and then reacitdlar internal representations of the outside stimuli
in a consistent way. This leads to a conclusion that indizidaput and output patterns are not important
for understanding neural function, but rather classes piiistimuli and classes of output patterns and their
correspondence is the key. Therefore we are led to a prolfleptimal assignment of input and output patterns
to classes, where the optimality is judged on how much agigimutual information is still present between the
collection of classes.

More specifically, we will consider two different quantiat methods. First isne-sided quantizatioand
the other igoint quantization We discuss briefly these two approaches.

In a one-sided quantization [2, 7] we quantize (clustery amle variable, let us say, to a space of finitely
many abstract classe¥y, where N represents the number of classes. This number is fixed. Acplat
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quantization ot” to Yy is determined by the choice of conditional probabitity’x |Y), which then determines
probability distribution ofY by
p(Yn) = p(Yn|Y)p(Y).

We would like to think of conditional probability(Yx|Y") as a stochastic map. Every elemefy,|y) gives a
probability that an elementbelongs to clasg,,. The collection{p(z|y)}.cvy,ycy Will be called aquantizer
To distinguish the quantizer from other probabilities itufie calculations, we will use notatigiy., |y) instead

of p(yny).
The problem of optimal one-sided quantization is to find dizang(y,|y) which minimizes the function

-DI(YaYN) :I(va)_I(XaYN)

Mutual information betweerX and quantized variabl&y then captures maximum of the original mutual
information betweerX andY". Note that sincd (X, Y") does not depend ay{y..|y) this problem is equivalent
to
I1(X,Y] 1
Igleag( ( ) N)a ( )

whereA is a constraint space representing the fact that collegtigny) is a conditional probability, and

>y 4(ynly)p(2, Y)
p() 32, a(ynly)p(y)”

I(X,Yn) = Y q(ynly)p(z,9)1g

Z,Y,Yn

The optimal quantizeg(y,|y) induces a coding scheme fraf — Y by p(y»|z) = >_, a(ynly)p(ylz)
which is the most informative approximation of the originglationp(z|y) for a fixed sizeN of the reproduc-
tion Yy.

In joint quantization [5] we fix sized/ andN of the reproduction space$y; = {z1,...,z,} for X and
Y~ = {y1,-..,yn} for Y and define joint quantization using two sets of quantizgts,, |=) andq(y,|y). The
function to be minimized is

I(X,Y) = I(Xpm, YN).

This is equivalent to the optimization problem

oo B yeny M YN, ©

where

_ p(xmayn)

I(Xa,YN) = ng;n P(Tm,yn)lg SR
Y ey U Tm|2)q(ynly)p(z,y)
= m n 9 1 L] .
Im%:’z’yq(w |z)a(ynly)p(z,y)lg S denlP@) 5, 4 )

2 Reaults

2.1 Boundson the Optimal Quantizer

It has been shown [7] that the optimal quantizer in one-sifleghtization is generically deterministic, that is,
the probabilityg(y,,|y) is 1 or 0. In this case the responses associated with classy, = {y|q(y.|y) = 1}.



Lemma 2.1 Consider a one-sided quantization imlkdclasses, i.e. the optimization problem,
mazgenl (X, Yn).

AssuméX| > N. Thenl(X,Ywn) <IgN.
Furthermore, ifp(z, y) is given by a diagonal matrix, then the maximii(’, Yy ) is achieved at a unique
quantizerg(y,|y) with the property that

1
Y. pEy) =+

a(yjly)=1

for all classegy; withj =1,..., N.
Proof.  The first result follows from inequality [8, 1]
I(X,Yy) < min{H(X),H(Yn)}, ®)

the fact that we assumé&’| > N andH (Yxy) < lg N, sinceYy is a discrete variable dV symbols.

Now the second part. The optimal quantizer is determingstid sog(y;|y) is either zero or one for each
classy; andy. Therefore we can write without confusion for eachithery € y; ory ¢ y,. Sincep(z,y) is
diagonal, we can writg € y, if and only if§ € y;, whereg is the unique element with(z, §) # 0. Another
consequence of diagonality pfz, ) is that

pa,y;) = > p(z,y)a(y;ly) = p(z)

if z € y; andp(z,y;) = 01if ¢ y;. We compute

XYy = Y ple) s TR0

YN
- p(z)p(yn)

= > > ol ) g 2V

~ = p()p(y;)
1
= Zj:g;yjp(m) lg@

= — Zp(yj) lg p(y;)

= H(Yn)

The entropyH (Y ) is a strictly concave function and has a unique maxinmm) = 1/N for all j. The value
at the maximum idg V. This together with the above calculation gives

S play) =D play)aly) = Y pla,y;) = ply;) = 1/N

YE€Y; YE€Y; TEY;

Lemma 2.2 Consider a joint quantization problem (equation 2) with= N = k > 2 ThenI (X, Y:) <lgk
bits with equality achieved only when there exists a quatitinsq(z,,|z) andg¢(y,|y) with a class labeling
such thatp(z;, y;) = 1+ andp(z;,y;) = 0 fori # j.



Pr oof:

We use the estimate (3) again to getx I (X, Y)) < min(H (X), H(Y})). Sincel (X, Yy) = H(X;)—
H(Yy| X)) = H(Yy) — H(X|Y3) the equality is achieved wheifi (Y| X)) = H(Xk|Y:) = 0andH (X;) =
H(Y;) = lgk. A random variable withk outcomes achieves a maximum entropyl@k bits only if each

outcome is equally likely and g9(z,,,) = p(y») = . Substituting these equalities into (3) yields

I( X, V) = Zp(ﬂ?m, Yn) lg[kQP(xm: yn) =2lgk + Z Zp(mm: Yn) 1g D(Tim, Yn),

m,n

since}_,, ,, p(zm,yn) = 1. Given the constrainty_,, p(zn.,yn) = 1 and the fact that 1g z is convex, the
inner sum is maximized exactly whefw,,,, y,) = % for one value of: and the remaining probabilities abe
Given the constrainty_,, p(#m, yn) = + it follows that if p(zm, yn) = 7, thenp(zi, yn) = p(Tm,y;) =0
for all i #m andj # m. By permuting the class labels appropriately the lemmaasear.

2.2 Decision Problemsfor Quantization

We define the following parametrized versions of the quation problem:

N-QUANT: Given a joint(X,Y") probability distribution, decide if there exists a quaatianYy of YV’
with mutual information at least

M - N-QUANT: Given a joint(X, Y") probability distribution, decide if there exists a joinbguct quanti-
zation(X s, Y ) with mutual information at least

Recall the PARTITION problem: Given a set of real numbérs, ro,...,7,}, decide if there is a set
of indicesS such thaty ;. i = >,z ri- PARTITION is a well known NP-complete problem [6]. The
general problem of finding a balancéedvay partition is also NP-complete. We call this generdi@athe
k-PARTITION problem: Find index setS, , . .. .Si such that for any. # v, ZieSu r; = ZiESU ri.

Theorem 2.3 k - k-QUANT andk-QUANT problems are NP-complete for> 2.

Pr oof:

We prove the statement by giving a reduction frofRARTITION to bothk - k-QUANT andk-QUANT.
LetR = {ry,7r2,...,7,} be an instance df-PARTITION. Letr = > r;. We consider the joint diagonal
distributions of the form
p(X,Y) =diagri/r,ra/7,. . 0 /T) 4)

(note| X| = |Y| = n, non-diagonal entries ai®. We chooses = Igk. We will show thatR can bek-
partitioned if and only there exists a joint quantizationgmne-sided quantization) pf X, Y') with 1g & bits
of mutual information. The only if direction is easy: Suppdkere are index sefs, . .. S; such that for any
U # U, ) s, Ti = D, Ti- FOr one-sided quantization, we define clasgedy y; € y, if and onli if
i € S,. For joint quantization we define, in addition, classgsby z; € z, if and only ifi € S,,. Clearly,
p(zy) = p(yu) = 3 and thusl (X}, V) = lgk andI(X,Y}) = Igk. For the other direction we first consider
joint quantization. Suppose thaX;,Y}) is a joint quantization that achieves a mutual informatibrgd:
bits. By Lemma 2.2, there exists such thét.,, y,) = + andp(z.,y,) = 0 for u # v. Since the underlying
(X,Y) distribution is diagonal, there is a permutation of labdlglasses such that; € z, if and only if
Yi € yu, for all classesu. We define index se$, by settingi € S, if and only if z; € =z, andy; € vy,,.
Then),cq ri/r = p(zu,yu) = 1/k for all classes:. Multiplying both sides of this equation byshows
that S yields the desired partition d®. Now we consider one sided quantization. SupposeXhas a one-
sided quantization that achieves a mutual informatiotgdf bits. By Lemma 2.1, there exists classgs
u=1,....k suchthad_ . p(z,y) = +. We define index sef,, by settingi € S, if and only if y; € .
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Then) g ri/r = Eyeyu p(z,y) = 1/k. Multiplying both sides of this equation byshows thatS yields
the desired partition ok.

Corollary 2.4 M - N-QUANT is NP-complete fan,n > 2.

Pr oof:

SupposeV < N (the caseV > N can argued symmetrically). The - M quantization problem used in
the above lemma can be encoded imdn N quantization problem by addiny — M “dummy” outcomesy;,
to Y that occur with probability. As above, the maximum possible mutual informatiotgid/ bits which is
achievable if and only if there is a balanced partitionYofnto M classes of equal probability. By adding the
dummy outcomes, we guarantee a trivial way of includvig- M newY classes to the remaining classes
in Yy that are identical to the classesiny,.

3 Discussion

Mention ideas for PTAS, etc. Implications for existing aligloms...
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