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ABSTRACT

We construct a black box graph traversal problem that
can be solved exponentially faster on a quantum computer
than on a classical computer. The quantum algorithm is
based on a continuous time quantum walk, and thus em-
ploys a different technique from previous quantum algo-
rithms based on quantum Fourier transforms. We show
how to implement the quantum walk efficiently in our
black box setting. We then show how this quantum walk
solves our problem by rapidly traversing a graph. Finally,
we prove that no classical algorithm can solve the problem
in subexponential time.
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1. INTRODUCTION

A primary goal of the field of quantum computation is
to determine when quantum computers can solve prob-
lems faster than classical computers. Exponential quan-
tum speedup has been demonstrated for a number of dif-
ferent problems, but in each case, the quantum algorithm
for solving the problem relies on the quantum Fourier
transform. The purpose of this paper is to demonstrate
that exponential speedup can be achieved by a different
algorithmic technique, the quantum walk. We show that
quantum walks can solve a black box problem exponen-
tially faster than any classical algorithm.

Black box problems provided the first examples of algo-
rithmic speedup using quantum instead of classical com-
puters. Deutsch gave an example of a problem [10] that
can be solved on a quantum computer using one query, but
that requires two queries on a classical computer. This was
followed by a series of black box problems [11, 6, 26] with
increasingly strong quantum versus classical query com-
plexity separations—including exponential ones. These
results contributed to Shor’s discovery of polynomial-time
algorithms for integer factorization and discrete logarithms
[25]. A number of generalizations and variations of these
algorithms have been discovered for solving both black
box and conventional problems with exponential speedup
(e.g., [19, 23, 5, 8, 16, 9, 14, 17, 28, 15]). All of them are
fundamentally based on quantum Fourier transforms.

Since many classical algorithms are based on random
walks, it is natural to ask whether a quantum analogue
of a random walk process might be useful for quantum
computation. This idea was explored by Farhi and Gut-
mann [12], who proposed the model of a quantum walk
used in the present paper. They gave an example of a
graph in which the time to propagate between two ver-
tices is exponentially faster for the quantum walk than
for the corresponding classical random walk. A simpler
example was given in [7]. However, as we explain in Sec-
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] and construct a black box problem based on it that
can be solved efficiently a quantum algorithm that simu-
ates a quantum walk, whereas no classical algorithm can
solve the problem in subexponential time. Although the



ENTRANCE EXIT

Figure 1: The graph Gj.

quantum walk is defined as a continuous time process, our
quantum algorithm simulates a good approximation of it
in the conventional quantum circuit model.

We note that the quantum analogue of a classical ran-
dom walk is not unique, and other models have been pro-
posed. Whereas the states of the continuous time quan-
tum walk used in this paper lie in a Hilbert space spanned
by states corresponding to the vertices in the graph, these
alternative models operate in discrete time and make use
of an extra state space (e.g., to implement a “quantum
coin”) [21, 29, 2, 4]. As far as we know, our results are
the first example of algorithmic speedup based on either
discrete or continuous time quantum walks.

The structure of this paper is as follows. In Section 2,
we define our problem. In Section 3, we present a quantum
algorithm for solving this problem in polynomial time with
high probability, and in Section 4, we show that the prob-
lem cannot be solved classically in subexponential time
with non-negligible probability. We conclude with a dis-
cussion of the results in Section 5.

2. THE GRAPH TRAVERSAL PROBLEM

In this section we describe in detail the problem we ad-
dress in this paper. The problem involves determining
a property of a certain type of graph whose structure is
given in the form of black box.

Our problem is based on a generalization of the graphs
Gy, presented in [7], which consist of two balanced binary
trees of height n with the 2™ leaves of the left tree identified
with the 2" leaves of the right tree in the simple way shown
in Figure 1 (for n = 4). A classical random walk starting
at the left root of this graph requires exponentially many
steps (in n) to reach the right root. However, a continuous
time quantum walk traverses GG, in a time linear in n.

In this paper, we modify the graphs in the previous ex-
ample so that the quantum walk is exponentially better
not only than the corresponding classical random walk,
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but also than any classical algorithm one can design to tra-
verse the graph. Before we describe the modified graphs,
we provide a black box framework in which graphs can be
specified, and where our notion of an algorithm traversing
a graph can be made precise.

Let G = (V(G), E(G)) be a graph with N vertices. To
represent G as a black box, let m be such that 2™ > N and
let k£ be at least as large as the maximum vertex degree
in G. Assign each vertex a € V(G) a distinct m-bit string
as its name, except do not assign 11...1 as the name of
any vertex. For each vertex a € V(G), assign the outgoing
edges of a labels from a set L of size k. For a € {0,1}™
and ¢ € L, define v.(a) as the adjacent vertex reached
by following the outgoing edge of a labeled by c, if such
an edge exists. If no such edge exists or if a € V(G)
then vc(a) = 11...1. The resulting black box for G takes
¢ € L and a € {0,1}™ as input and returns the value of
ve(a). For quantum algorithms, this operation is defined
as a unitary transformation U in the usual way. That is,
for a,b € {0,1}"™ and ¢ € L,

Ule,a,b) = |c,a,b® ve(a)), (1)

where @ denotes bitwise addition modulo 2.
We now define a notion of traversing a graph G from its
ENTRANCE to its EXIT.

DEFINITION 1. Let G be a graph and ENTRANCE and
EXIT be two vertices of G. The input of the traversal prob-
lem is a black box for G and the name of the ENTRANCE.
The output is the name of the EXIT.

For the graphs G, set ENTRANCE and EXIT to the left
root and the right root of the trees, respectively. This
instance of the traversal problem can be solved in time
polynomial in n using a classical algorithm that is not a
random walk. The key is that we can always tell whether
a particular vertex is in the central column by checking its
degree. We begin at the ENTRANCE. At each vertex, we
query the oracle and move to one of the two unvisited ad-
jacent vertices. After n steps, we reach the central column
and then proceed moving to unvisited adjacent vertices in
the right tree, checking the degree at each step. If we dis-
cover that after s steps we are again at a central vertex,
we know that the wrong move happened after s/2 steps (s
can only be even due to the structure of G,) and we can
backtrack to that point and take the other edge. After
only O(n?) steps this procedure will reach the xiT.!

We now describe how the graphs GG, are modified so that
they cannot be traversed efficiently by any classical algo-
rithm. We choose a graph G, at random from a particular

! Also, there is a polynomial-time classical traversal algo-
rithm for the n-dimensional hypercube (where ENTRANCE
and EXIT are two vertices whose distance apart is n). For a
description of the algorithm, see Appendix A. This means
that there can be no exponential algorithmic speedup us-
ing quantum walks to traverse the hypercube, even though
both continuous and discrete time quantum walks have
been shown to reach the EXIT in a polynomial number of
steps in a non-black box setting [22, 18].
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Figure 2: A typical graph G}.

distribution on graphs. A typical graph G, is shown in
Figure 2 (for n = 4). The distribution is defined as follows.
The graph again consists of two balanced binary trees of
height n, but instead of identifying the leaves, they are
connected by a random cycle that alternates between the
leaves of the two trees. In other words, we choose a leaf
on the left at random and connect it to a leaf on the right
chosen at random. Then we connect the latter to a leaf
on the left chosen randomly among the remaining ones,
and so on, until every leaf on the left is connected to two
leaves on the right (and vice versa).

In Section 3, we describe a quantum algorithm that
solves the graph traversal problem for G, in polynomial-
time, and, in Section 4, we show that any classical algo-
rithm that solves this traversal problem with nonnegligi-
ble probability for a randomly generated black box for G,
takes exponential time.

3. QUANTUM ALGORITHM

In this section, we give a polynomial-time quantum al-
gorithm based on quantum walks for solving our problem.
We begin by describing the model of a continuous time
quantum walk on a graph in Section 3.1. Then, in Sec-
tion 3.2, we explain how to use a quantum computer to ef-
ficiently approximate the quantum walk on a graph given
by such a black box. Finally, in Section 3.3, we prove
that, after executing the quantum walk for a polynomial
amount of time, if the state is measured, the probability
of finding the name of the EXIT is 2(1/n). The occurrence
of this event can be checked, since EXIT is the only vertex
of degree 2 other than ENTRANCE. Therefore, with O(n)
executions of the algorithm, the success probability can
be made arbitrarily close to 1.

3.1 Quantum walk

We now define our model of a quantum walk on any
undirected graph G = (V(G), E(G)) that has no self-
loops. Let d(a) denote the degree of vertex a.
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Our model of a quantum walk is defined in close analogy
to a continuous time classical random walk, which is a
Markov process. In a continuous time classical random
walk, the probability of jumping to any adjacent vertex in
a time € is ye (in the limit as € — 0). If the graph has N
vertices, this classical random walk can be described by
the N x N infinitesimal generator matrix K defined by

5y if (a,b) € E(G)
Ko =( —d(a)y ifa=b (2)
0 otherwise.

If p, (t) is the probability of being at vertex a at time ¢ then
d
S pat) =S K, .
3170 = X K1) 3)

Since the columns of K sum to 0, an initially normalized
distribution remains normalized: ) pa(t) = 1 for all ¢.
Now consider quantum evolution in the N-dimensional
Hilbert space spanned by V(G). Let the state at time ¢ be
given by > a.(t)|a). If the Hamiltonian is H then the
dynamics are determined by the Schroédinger equation,

i% aa(t) = ; Hap (). (4)

Note the similarity between (3) and (4). A natural quan-
tum analogue to the continuous time classical random
walk described above is given by setting H to K [12]. In
the quantum case, there is no need for the columns of H to
sum to zero; we only require H to be Hermitian. For sim-
plicity, we set the diagonal to zero, and define a quantum
walk in terms of a Hamiltonian with matrix elements

Hop = { g if (a,b) € E(G) (5)

otherwise.
In other words, H is the adjacency matrix of the graph
times . Since H is Hermitian, an initially normalized
state remains normalized: 3, |aq(t)[]> =1 for all ¢.

3.2 Implementing the quantum walk

In this section, we describe how to implement a quan-
tum walk on a graph G. Our goal is to simulate the unitary
evolution e™*#* with H given by (5). We are not given
H explicitly. Rather, we have access to a black box for G
as defined by (1). A simulation of H is a quantum cir-
cuit that approximates the unitary transformation e™**
within some precision €. We are interested in simulations
of quantum walks that are efficient in the sense that they
consist of a number of queries and additional one- and
two-qubit gates that are polynomial with respect to m, k,
t, and 1/e. We have two simulation results, that are stated
in Theorem 1 and Theorem 2 (which appear below).

Some standard tools for simulating Hamiltonians are:

1. Tensor product. If Hy, ..., H; each act on O(1) qubits
and the product of their eigenvalues is efficiently
computable, then we can simulate H1 ® --- ® Hj.
This can be done with a generalization of a tech-
nique discussed in Section 4.7.3 of [24]. We will not



present the general construction, but we show its
application to a specific Hamiltonian below. Note
that H; ® --- @ H; may be highly nonlocal, so it
may look very different from the Hamiltonian of a
physical system.

2. Unitary conjugation. If we can simulate H and we
can efficiently perform the unitary operation U, then
we can simulate UY HU. This follows from the simple

; ot
fact that UTe 7ty = ¢V HU?,

3. Linear combination. If we can simulate H1,..., H,
then we can simulate Hy +- - -+ Hq as a result of the
Lie product formula

. 2
‘|eﬂ'(f11Jr o HYE (eﬂ'Hlt/@ ) .efint/r) H -0 (&) ’
r

where | = max, q ||[Hp, Hq]||, the largest norm of a
commutator of two of the Hamiltonians. This is a
powerful tool for the simulation of physical quan-
tum systems, whose Hamiltonians can typically be
expressed as sums of local terms [20].

4. Commutation. If we can simulate H1 and Hs, then
we can simulate i[H1, Hz]. This is a consequence of
the identity

Hy, Ha)t :
(Lt im
T—00

e (e—z‘Hlt/\/?efint/\/FeiHlt/\/?ez‘Hzt/\/?)T_
Using linear combination and commutation, it is pos-
sible to simulate any Hamiltonian in the Lie algebra
generated by a set of Hamiltonians. We will not
need to use commutation in the present paper, but
we include it for completeness.

We will first show how to efficiently simulate the quan-
tum walk on any graph given as a black box provided that
the edge labeling is symmetric. A symmetric edge labeling
is one where vc(a) = b implies v.(b) = a for any vertices a
and b and any label c¢. In this case, the labels associated
with each edge can be viewed as a coloring of the edges of
G. If the maximum degree of G is A, then its edges can
always be colored with at most A 4 1 colors [27].

THEOREM 1. Given a symmetrically labeled black box
for G, a quantum walk on G can be simulated for time t
with precision e by using O(k*t?/€) black box queries and
O(K*t*m/e) aumiliary operations.

PRrROOF. Our quantum walk simulation occurs in the
Hilbert space spanned by states of the form |a, b, 7), where
a and b are m-bit strings and r is a bit. States correspond-
ing to vertices are those of the form |a, 0,0}, for a € V(G).

We begin by showing how to simulate the evolution gen-
erated by the Hermitian operator T satisfying T'|a,b,0) =
|b,a,0) and T|a,b,1) = 0. We will use T as a building
block in our simulation of H. Our simulation of T is ex-
act and uses only O(m) one- and two-qubit gates. The
operator T' may be written as

T— S(l,m+1) ® S(z,m+2) ®R-® S(mﬂm) ® |0><0|7 (6)
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Figure 3: A circuit computing e~*"",

where the superscript indicates which two qubits S acts
on, and the projector onto |0) acts on the third register.
Here S is a Hermitian operator on two qubits satisfying
S|z1z2) = |z221). The eigenvalues of S are +1, and the
unique eigenvector with eigenvalue —1 is %(|01) —[10)),
making the eigenvalues of T' easy to compute. The circuit
shown in Figure 3 computes e~ 7t and thus simulates T
In this figure, W denotes the unitary operator such that

Z5(1022) + (~1)7[172)) . (7)

Applying W®™ diagonalizes T, and the Toffoli gates com-
pute the argument of the eigenvalue in an ancilla register
initially prepared in the state |0). After computing the
eigenvalue, we apply the appropriate phase shift if r = 0
by evolving for a time t according to the Pauli Z operator
satisfying Z|z) = (—1)*|z). This controlled phase shift
can be performed since it is a two-qubit gate. Finally, we
uncompute the eigenvalue and return to the original basis.

We now give our method for implementing the quan-
tum walk on a general graph G for which the labeling is
symmetric. First, note that by checking whether v.(a) =
11...1, it is straightforward use a single query to (1) to
perform (for each ¢ € L), the transformation

WT|2’12’2> =

Vela,b,r) = la, b @ ve(a),r ® fe(a)), (8)

where fi@) = { § 02

Also, VI = V., so by unitary conjugation, we can simulate
VJITV, using two queries and O(m) other gates. Note that,
for a € V(G),

‘/(‘TT‘/C|G‘3 07 0> = ‘/(‘TT|0’7 UC(a)7 fC(a)>

T ©)
= 6O,fu(a)‘/c|vc(a)7a50> = 60,fu(a)|vc(a)7070>7

where § is the Kronecker delta and we have used the fact
that f.(a) = 0 implies v.(ve(a)) = a and fe(ve(a)) = 0.
Finally, by linear combination, with r € O(kt?/e), we

can simulate
> virv. (10)



with precision e. This is equivalent to H, since, for all
a € V(G), it maps |a,0,0) to Z |ve(a),0,0). O
cive(a)eV(G)

The next theorem addresses the case of non-symmetric
labelings (where ve(ve(a)) need not equal a) for a re-
stricted class of graphs and for quantum walks that start
at a particular vertex. This subsumes the case of simulat-
ing a quantum walk on (), starting at vertex ENTRANCE.

THEOREM 2. If G is bipartite and a € V(G) then, given
any black bozx for G, a quantum walk on G starting in state
|a) can be simulated for time t with precision € by using
O(k*t?/€) queries and O(k*t*m/¢) auziliary operations.

PROOF. The idea is to simulate a symmetric labeling
scheme and apply Theorem 1. For each edge (a,b), the
labels from its two ends—call them ¢, and c,—are taken
together and viewed as a label from a larger set of up to k2
labels. The bipartite structure of G is used to determine
whether this aggregate label is (cq,cb) or (cp, ca).

The construction makes use of a parity bit at each ver-
tex, indicating which side of the bipartite graph it is in.
This can be constructed by defining the initial state |a) to
have parity bit equal to 0 and then flipping the value of the
parity bit each time the black box is queried. Therefore,
each vertex can be assumed to contain a parity bit.

If vertex a has parity bit O then the label of edge (a,b)
is (ca,cp); otherwise the label is (cp,cq). The label of an
incident edge can be easily computed using the black box
and the parity bit, and it is also easy to compute whether
there is an edge with a particular label incident on a given
vertex. What results is a symmetric labeling scheme. []

See [3] for more general Hamiltonian simulations.

3.3 Upper bound on the traversal time

We now consider the quantum walk on the specific fam-
ily of graphs G7, of Figure 2, and prove that the walk
reaches the EXIT in polynomial time. It can be shown [13]
that, at a time of order n, there is a probability of order
n~/% of finding the EXIT if a measurement is made. We
shall give a simpler proof of a bound that is not tight—but
is nevertheless polynomial.

The analysis of the walk on G, reduces to a walk on a
line with 2n + 2 vertices, one for each column of the orig-
inal graph. Consider the (2n + 2)-dimensional subspace
spanned by the states

|CJ> - |a> ’ (11)

P
Nj a€Ecolumn j

where N; is the number of vertices in column j. We refer
to this subspace as the column subspace. Because every
vertex in column j is connected to the same number of
vertices in column j + 1 and every vertex in column j + 1
is connected to the same number of vertices in column j,
applying H to any state in the column subspace results in
another state in this subspace. Despite the random con-
nections in G7,, the column subspace is invariant under H.
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Figure 4: Quantum walk in column subspace of G,,.

In particular, a quantum walk starting in the state corre-
sponding to the ENTRANCE always remains in the column
subspace. Thus, to understand the quantum walk start-
ing from the ENTRANCE, we only need to understand how

the Hamiltonian acts on the column subspace. In this
subspace, the non-zero matrix elements of H are
V2v 0<j<2nandj#n

CltCs) = { Y27 9E TSI Ay

(and those deduced by Hermiticity of H). For simplicity,
we set v =1/ V2. The quantum walk in the column sub-
space is shown pictorially in Figure 4. For the purpose
of this proof, it will be more convenient to consider the
graph G,,_,, which reduces to a line with 2n vertices. We
label the vertices from 1 to 2n, and the defect is on the
edge between vertices n and n+ 1. With this labeling, the
Hamiltonian (12) has non-zero matrix elements

1<j<2n—1land j#n
Jj=mn,

@icin ={ g

(and those deduced by Hermiticity of H).

Define a reflection operator R|C;) = |Cant1—;). Note
that R?> = 1, so R has eigenvalues +1. R commutes with
H on the column subspace, so we can find simultaneous
eigenstates of R and H. These are of the form

sin pj

(Cy|E) = { & sin(p(2n-+1—5))

which explicitly vanish at j = 0 and j = 2n+1. The eigen-
value corresponding to eigenstate |E) is E = 2cosp, and
the quantization condition (to be discussed later) comes
from matching at vertices n and n + 1. The ENTRANCE
vertex corresponds to |C1) and the EXIT vertex to |Can).

(13)

I1<j<n

n+1<j5<2n, (14)

LEMMA 3. Consider the quantum walk in G,,_, start-
ing at the ENTRANCE. Let the walk run for a timet chosen
uniformly in [0, 7] and then measure in the computational
basis. If T > €4A"E for any constant € > 0, where AE is the
magnitude of the smallest gap between any pair of eigen-
values of the Hamiltonian, then the probability of finding

the EXIT is greater than 5=(1 —€).
PROOF. The probability of finding the EXIT after the
randomly chosen time ¢ € [0, 7] is

1

T

/ At |(Canle™ 1|0y [
0
= 23 [ o BN (G| Can)

T 0
E,E’
= > KEIC)|(E|Can)[?
E

_e—i(E—E’)T , ,
+ 3 (Ol BYEIC) (1B | Con).



By (14), (E|C1) = £
KBl 2 5, (15)

(E|C2n), so the first term is

as is easily established using the Cauchy-Schwarz inequal-
ity. The second term can be bounded as follows:

671(E ET ,
S ﬁ@nwxmcmcw (' Can)

E+E’
2 ST (EIC) PUECan) = —— . (16)
B & ! m TAE
Thus we have

%/dt|<czn|e*iH’f|cl>|2 >

= 2n

12 1
_ > (1—
TAE 2 3,179 (7)

O

Now we need to prove that the minimum gap AFE is
only polynomially small.

where the last inequality follows since 7 >

eAE

LEMMA 4. The smallest gap between any pair of eigen-
values of the Hamiltonian satisfies

AE>%+O<$). (18)

PRrROOF. To evaluate the spacings between eigenvalues,
we need to use the quantization condition. We have

(CulHIE) = 2c03p (Cul E) (19)
so that
VECoa|B) + (Cas|E) = 2c05p (Cal ) (20)
and using (14), we have
+v/2sin np + sin((n — 1)p) = 2cos p sinnp (21)
which simplifies to
75111(8(31;;)}7 ) _ 13, (22)

In Figure 5 we plot the left hand side of (22) for n = 5.
The intersections with —v/2 occur to the left of the zeros of
sin np, which occur at wl/n for I =1,2,...,n —1. For the
values of p that intersect —v/2, we can write p = (7l/n)—
Equation (22) with —/2 on the right hand side is now

2sinnd = sin (n(5 = + 6) . (23)
n

Write 6 = (¢/n) + (d/n?*) + O(1/n®). Taking n — oo in
(23) gives —v/2sin ¢ = sin ¢, which implies ¢ = 0, yielding

san(d o)) =sm(2 - +0(2)) @

lm
+v2
the roots of (22) with —+/2 on the right hand side are of

lm lm 1

which gives, as n — oo, d = Thus we have that

|
5

—

—

Figure 5: Left hand side of (22) for n = 5.

Let p’ and p” be the two roots of (22) closest to the root
p just found, with p’ < p < p”. From the figure we see
that p’ and p” both are roots of (22) with ++/2. (Note
that the smallest p, corresponding to [ = 1, does not have
ap’.) We see that p” lies to the right of the zero of sin np
at p = lm/n. We also see that p’ lies to the left of the zero
of sin((n + 1)p) at Iwr/(n + 1). Therefore we have

P <l—ﬂ-—l—ﬂ-+0(n3> and ' >l—7T (25)

from which we conclude that

, Im/2 1
p—p > m + 0 (ﬁ) and (26)
" s i
p —p > 7(1 V) + O(n3> , (27)

forl =1,2,...,n—1. Thus the smallest spacing is at least
/(1 +v2)n] + O(1/n?).

Now, for a given p, the corresponding eigenvalue is 2 cos p.
For small Ap, the spacing AFE is related to Ap by

AE = 2|Ap sinp| + O ((Ap)?) . (28)

The factor sinp = sin(I7/n + O(1/n?)) is smallest when
[ =1, so we have

2
AE > (1-%2% + O(%) > % for n sufficiently large.
The alert reader will note from the figure with n = 5
that there are only 8 roots, whereas the dimension of the
reduced space is 10, so there are actually 10 eigenvalues.
In general, there are 2n — 2 roots of (22) with p real. If we
let p = ik with k real, we can have eigenstates of the form
(14) with sinpj replaced by sinh kj and +sin(p(2n + 1 —
7)) replaced by +sinh(k(2n 4+ 1 — j)). The corresponding
eigenvalue is 2 cosh k and the condition (22) becomes

sinh((n + 1)k) — 13 (29)

sinh nk



As n — oo, the root of this equation is at e¥ = v/2, which
corresponds to an eigenvalue v/2 + % To obtain the
last eigenvalue, let p = 7 + ik. The eigenvalue is then
—2cosh k. The quantization condition is now the same
as (29), and as n — oo, the eigenvalue is —(v/2 + %)

So we have found two eigenvalues at +(v/2 + %) with
corrections that vanish exponentially as n — oo. Since
the other n — 2 eigenvalues are all in the range [—2, 2], our
conclusion about the minimum spacing is unchanged. [

From Lemma 3 and Lemma 4, we conclude

THEOREM 5. Forn sufficiently large, running the quan-

tum walk for a time chosen uniformly in [0, 5] and then
measuring in the computational basis yields a probability
of finding the EXIT that is greater than ﬁ(l —€).

Combining this with the efficient implementation of the
quantum walk from Section 3.2, we obtain a quantum al-
gorithm that solves the traversal problem for G/, using a
polynomial number of calls to the black box and a poly-
nomial number of one- and two-qubit gates.

4. CLASSICAL LOWER BOUND

In this section, we show that any classical algorithm
solving the problem of traversing G, (as described in Sec-
tion 2) requires exponential time. The precise result is

THEOREM 6. Any classical algorithm that makes at most
2"/6 queries to the oracle finds the EXIT with probability
at most 4-27"/6,

We shall prove Theorem 6 by considering a series of
games and proving relations between them. The first game
is essentially equivalent to our problem and each new game
is essentially as easy to win. Finally, we will show that the
easiest game cannot be won in subexponential time.

Our problem is equivalent to the following game:

GAME 1. The oracle contains a random set of names
for the vertices of the randomly chosen graph G, such that
each vertex has a distinct 2n-bit string as its name and the
ENTRANCE vertex has the name 0. At each step, the algo-
rithm sends a 2n-bit string to the oracle, and if there exists
a vertex with that name, the oracle returns the names of
the neighbors of that vertex. The algorithm wins if it ever
sends the oracle the name of the EXIT vertex.

Note that there are two sources of randomness in this ora-
cle: in the choice of a graph G, and in the random naming
of its vertices. We first consider a fixed graph G and only
draw implications from the random names. Throughout
this section, G always refers to one of the graphs G,. For
a game X with a graph G, the success probability of the
algorithm A is defined as

P$(A) = Pr [A wins game X on graph G],

names

(30)

where Pr [-] means the probability is taken over the ran-

names
dom naming of vertices.
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In Game 1, the algorithm could traverse a disconnected
subgraph of G,,. But because there are exponentially
many more strings of 2n bits than vertices in the graph,
it is highly unlikely that any algorithm will ever guess the
name of a vertex that it was not sent by the oracle. Thus,
Game 1 is essentially equivalent to the following game:

GAME 2. The oracle contains a graph and a set of ver-
tex names as described in Game 1. At each step, the algo-
rithm sends the oracle the name of the ENTRANCE vertex
or the name of a vertex it has previously been sent by the
oracle. The oracle then returns the names of the neighbors
of that vertex. The algorithm wins it ever sends the oracle
the name of the EXIT vertex.

The next lemma shows that, if the algorithms run for a
sufficiently short time, then the success probabilities for
Game 1 and Game 2 can only differ by a small amount.

LEMMA 7. For every algorithm A for Game 1 that makes
at most t oracle queries, there exists an algorithm A’ for
Game 2 that also makes at most t oracle queries such that
for all graphs G,

PY(4) < PE(A') +O(t/2"). (31)

PROOF. Algorithm A’ simulates A, but whenever A
queries a name it has not previously been sent by the
oracle, A" assumes the result of the query is 11...1. The
chance of A discovering the name of a new vertex is at
most £(2"T2 — 2)/(2*™ — 1), and unless this happens, the
two algorithms will have similar behavior. [

To obtain a bound on the success probability of Game 2,
we will compare it with a simpler game, which is the same
except that it provides an additional way to win:

GAME 3. The oracle contains a graph and a set of ver-
tex names as described in Game 1. At each step, the algo-
rithm and the oracle interact as in Game 2. The algorithm
wins it ever sends the oracle the name of the EXIT vertex,
or if the subgraph it has seen contains a cycle.

Game 3 is clearly easier to win than Game 2, so we have

LEMMA 8. For all algorithms A for Game 2,

PS5 (A) < PS(A). (32)

Now we further restrict the form of the subgraph that
can be seen by the algorithm unless it wins Game 3. We
will show that the subgraph an algorithm sees must be a
random embedding of a rooted binary tree. For a rooted
binary tree T', we define an embedding of T into G to be
a function 7 from the vertices of T to the vertices of G
such that 7(ROOT) = ENTRANCE and for all vertices u and
v that are neighbors in T, w(u) and 7(v) are neighbors in
G. We say that an embedding of T" is proper if w(u) # 7 (v)
for u # v. We say that a tree T' ezits under an embedding
7 if w(v) = EXIT for some v € T

We must specify what we mean by a random embed-
ding of a tree. Intuitively, a random embedding of a tree



is obtained by setting m(ROOT) = ENTRANCE and then
mapping the rest of 7" into G at random. We define this
formally for trees T' in which each internal vertex has two
children (it will not be necessary to consider others). A
random embedding is obtained as follows:

1. Label the ROOT of T" as 0, and label the other vertices
of T" with consecutive integers so that if vertex i lies
on the path from the root to vertex j then ¢ < j.

2. Set m(0) = ENTRANCE.

3. Let i and j be the neighbors of 0 in T'.

4. Let u and v be the neighbors of ENTRANCE in G.

5. With probability 1/2 set 7(i) = v and 7(j) = v, and
with probability 1/2 set 7(i) = v and 7(j) = u.

6. For i = 1,2,3,..., if vertex ¢ is not a leaf, and m(7)

is not EXIT or ENTRANCE,

(a) Let j and k denote the children of vertex i, and
let [ denote the parent of vertex i.

(b) Let u and v be the neighbors of 7(¢) in G other
than m(1).

(¢) With probability 1/2 set 7(i) = v and «(j) =
v, and with probability 1/2 set 7(i) = v and
7(j) = u.

We now define the game of finding a tree T for which a
randomly chosen 7 is an improper embedding or T exits:

GAME 4. The algorithm outputs a rooted binary tree T
with t vertices in which each internal vertex has two chil-
dren. A random 7 is chosen. The algorithm wins if ™ is
an improper embedding of T in G, or T exits G, under .

As the algorithm A merely serves to produce a distribution
on trees T', we define

PY(T) = Pr [ is improper for T or T exits G under 7],

and observe that for every distribution on graphs G and

all algorithms taking at most ¢ steps,
max E [lP’f(A)] < max E [PG(T)] . (33)
A G trees T with t vertices G

(Here E¢ [-] means the expectation over graphs.) Game 3
and Game 4 are also equivalent:

LEMMA 9. For any algorithm A for Game 3 that uses
at most t queries of the oracle, there exists an algorithm
A’ for Game /4 that outputs a tree of at most t vertices
such that for all graphs G,

PS5 (A) =PF(A'). (34)

PRrROOF. Algorithm A halts if it ever finds a cycle, exits,
or uses t steps. Algorithm A’ will generate a (random)
tree by simulating A. Suppose that vertex a in graph G
corresponds to vertex a’ in the tree that A’ is generating.
If A asks the oracle for the names of the neighbors of a, A’
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generates two unused names b’ and ¢’ at random and uses
them as the neighbors of a’. Now b’ and ¢’ correspond to
b and ¢, the neighbors of a in G. Using the tree generated
by A’ in Game 4 has the same behavior as using A in
Game 3. [

Finally, we bound the probability that an algorithm
wins Game 4:

LEMMA 10. For rooted trees T of at most 2™/ vertices,

max |

o (3)

[PG(T)] <3.27"/,

PROOF. Let T be a tree with ¢ vertices, t < 2/%, with
image m(T) in Gj, under the random embedding w. The
vertices of columns n +1,n + 2,...n+ % in G, divide
naturally into 2/2 complete binary subtrees of height n /2.

(i) It is very unlikely that w(7") contains the root of any
of these subtrees, i.e., that 7(T) includes any vertex
in column n + %. Consider a path in T from the
ROOT to a leaf. The path has length at most ¢, and
there are at most ¢ such paths. To reach column
n + 5 from column n + 1, 7 must choose to move
right § — 1 times in a row, which has probability
2'7"/2 Since there are at most ¢ tries on each path
of T (from the ROOT to a leaf) and there are at most ¢
such paths, the probability is bounded by ¢2-21~™/2.

If 7(T) contains a cycle, then there are two vertices
a,b in T such that w(a) = 7(b). Let P be the path
in T from a to b. Then 7(P) is a cycle in G},. Let
¢ be the vertex in T closest to the root on the path
w(P), and let w(P) consist of the path w(P1) from ¢
to a and 7(P2) from c to b.

Let Si,S2,...,55m/2 denote the 2™/2 subtrees de-
scribed above. Let S1,55,...,5),/, denote the cor-
responding subtrees made out of columns 7 +1 to n.
Without loss of generality, let m(c) be in the left tree
of GJ,, i.e., in a column < n, as shown in Figure 6.

m(P1) visits a sequence of subtrees S}, S;,,Si,,. ..

and, similarly, w(P2) visits a sequence of subtrees
ShysS1y Shys - - .. Since m(a) = m(b), the last subtree
on these two lists must be the same. (The other
possibility is that 7(a) = 7(b) does not lie in any
subtree, hence lies in columns 1 through 4 or n +
5 +1 through 2n. But the event that column n+ 3 is
ever reached has already been shown to be unlikely in
part (i). The same argument bounds the probability
of a return to column % after a visit to column n+1.)
At least one of the lists has more than one term (or
all vertices visited are in the left tree, which can’t
make a cycle). The probability that the last terms
on the two lists agree is bounded by 2"/2/(2" —t), by
the construction of the random cycle that connected
the two trees of G),. As long as t < 2"7', we have
2"/2 /(2" — t) < 2-27"/2. Since there are (}) paths

P, the probability of a cycle is less than 2 - 27/2.
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Figure 6: Graphical representation of part (ii) of
the proof of Lemma 10. The triangles represent
the subtrees of G;, of height n/2, the dashed and
dotted lines represent the paths n(P1) and 7 (FP),
respectively, which form a cycle in the graph.

Overall we have shown that

E []P,G(T)] < 2. 9 /2 | 42 gl-n/2 <3. 2—n/67 (36)
G

ift<2™s. O

This completes the proof of Theorem 6.

5. DISCUSSION

In this paper, we have applied a fairly general imple-
mentation of (continuous time) quantum walks to a black
box problem, and proved that this problem can be solved
efficiently by a quantum computer, whereas no classical
algorithm can do the same. We considered the problem of
finding the name of the EXIT of a particular graph start-
ing from the ENTRANCE, given a black box that outputs
the names of the neighbors of an input vertex. Note that
although our quantum algorithm finds the name of the
EXIT, it does not find a particular path from ENTRANCE
to EXIT.
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Although it is convenient to express our results in terms
of a graph traversal problem, the results can also be cast in
terms of a graph reachability problem, where one is given
a graph G and two vertices s and T and the goal is to de-
termine whether or not there is a path connecting s and
T. The idea is to set G to two disjoint copies of G7,, S to
the ENTRANCE of one of the copies and T to the EXIT of
either the same copy or the other copy of G),. The quan-
tum algorithm in Section 3 can be adapted to solve this
problem in polynomial time and the lower bound of Sec-
tion 4 can be adapted to show that no classical algorithm
can solve this problem in subexponential time. (See [30]
for a survey of classical results about graph reachability
problems in various contexts.)

Our traversal problem can be viewed as a decision prob-
lem either by recasting it as a reachability problem or by
asking for the first bit of the name of the ExiT. Thus, our
result can be also interpreted as showing the existence of
a new kind of oracle relative to which BQP # BPP [6, 26].

Many computational problems can be recast as deter-
mining some property of a graph. A natural question is
whether there are useful computational problems (espe-
cially non-black box ones) that are classically hard (or are
believed to be classically hard) but that can be solved effi-
ciently on a quantum computer employing quantum walks.
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APPENDIX

A. EFFICIENT CLASSICAL ALGORITHM
TRAVERSING THE HYPERCUBE

We describe a classical algorithm that traverses the hy-
percube graph, where ENTRANCE is any vertex and EXIT
is the unique vertex whose distance from ENTRANCE is n.

The idea of the algorithm is to start at ENTRANCE and
repeatedly move one level closer to EXIT, where level k is
the set of vertices whose distance from ENTRANCE is k.
In other words, the algorithm will construct a sequence of
vertices ap = ENTRANCE, G1,...,0n—1,0n = EXIT, where
ay is in level k. To choose the vertex ayy1, the algorithm
will also require a set of vertices Sr_1, which is the set of
all neighbors of ax that are at level & — 1.

The algorithm proceeds as follows. First, let a1 be any
neighbor of ap and let Sy = {ao}. Now suppose that (for
some k) ar and Sk_1 are known. Then let ar+1 be any
neighbor of ay that is not in S;_1, and let Sy contain every
neighbor of ar41 that is also a neighbor of some element
of Sk_1. The key point is that the set Sk constructed in
this way is in fact the set of all neighbors of ayy1 whose
distance from ao is k. After n such steps, the algorithm
reaches a,, = EXIT. Each step takes O(n?) queries, so the
total number of queries is O(n?).



