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Abstract

We consider a variant of TETRISwhere the sequence of pieces (together with their orientation and horizontal position,
cannot be changed anymore) is generated by a finite state automaton. We show that it is undecidable, given such an
and starting from an empty game board, whether one of the generated sequences leaves an empty game board. This i
with more common situations where piece translations and rotations are allowed.
 2003 Elsevier B.V. All rights reserved.
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The discovery that the well-known game of TET-
RIS is provably hard was noticed in the popular pre
To be precise, Demaine, Hohenberger and Lib
Nowell show that the problem of deciding wheth
a given TETRIS configuration can be cleared using
given sequence of pieces is NP-hard [4,1]. Thus,
game gives rise to interesting combinatorial proble
extending those of classical tilings [5].

Here we present another fundamental result
TETRIS, albeit for a restricted version of the gam
where no user intervention is possible. As in the st
dard (normal) game (see [4]) the sequence of pie
that are presented to the player is generated by a
dom process. Formulated otherwise, we assume
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position on top of the board is randomly chosen fr
a given regular language describing such sequen
Then, the game proceeds deterministically, as if
buttons that enable the player to rotate and translat
pieces are malfunctioning; each piece just falls do
into the configuration from its starting position in i
initial orientation.

For any given sequence it is clearly decida
whether this leaves an empty board or not (e
with user intervention): just try the finitely man
possibilities. This leaves open theexistentialquestion,
whether a given set of sequences contains a sequ
that leaves a completely cleared game board (sta
from an initially empty game board). We show t
undecidability of that question, where the set is
regular language of TETRIS pieces with their initial
orientation and position.

.
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It is remarkable that we only need copies of a single
TETRIS piece, the dash orI, to obtain this result. We
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height, here we assume the board is of unbounded
height.
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contrast this by showing thatwith user intervention
and optimal play, the sequences consisting of ei
pieces of one single kindor dashes and squares th
leave an empty game board have a simple property
makes the problem decidable.

Most (un)decidability results we present here
valid for boards of width 10, which happens to be t
standard size.

2. The game

The game of TETRIS is played on a rectangula
board consisting of cells. The board is of fixed wid
and, for our purposes, of unbounded height. Se
game pieces can be used, each covering four b
cells; they are depicted in Fig. 1. These pieces
known as (top row, left to right)O or square, J or
leftgun, L or rightgun, I or dash; and (bottom row)
Z or leftsnake, S or rightsnake, andT or tee.

Fig. 1.

The computer generates a sequence of pieces that
down from the top of the board until they rest on t
of previously dropped pieces or on the bottom of
game board. The user can determine the position
orientation of the pieces by rotating and moving th
horizontally while they fall. Whenever all the cells of
row of the game board are occupied, the line is clea
all occupied cells above it are lowered by one row (a
no more). This row clearing can happen for seve
lines simultaneously.

In TETRIS the purpose usually is to clear as ma
rows as possible given the generated sequenc
pieces, while avoiding running out of space vertica
As the game of TETRIS itself is finite state (and henc
decidable) when played on a board of given width a
p

We now consider differentmodels of user interven
tion. On the one hand, we have the normal TETRIS

rules, as described above, where the user has m
possibilities to influence the result. At the other e
treme we have the model where the user is not allo
any intervention: once the computer fixes the piece
orientation and its horizontal position, the piece dro
down in the specified orientation, and in the specifi
position.

As for a given game board the number of in
tial possibilities of each piece—its orientation a
the columns occupied—is bounded, the sequenc
pieces dropped can be described by a string over
nite alphabet.

This suggests the following decision problem, TET-
RIS with Intervention ModelM:

Instance. A regular languageL describing sequence
of TETRISpieces (with their initial orientation an
horizontal position) for a given width game boa

Question. Is there a sequence inL that leaves the
game board empty after dropping all the piec
into an initially empty game board, according
the modelM? I.e., does the user have a way
clear the entire sequence, while adhering to
rules inM?

Note that if the user is not allowed any interventi
(we call this theNull Intervention Model, and refer
to the corresponding decision problem as TETRIS

without intervention), there are no choices to be mad
For more complicated models, we are looking
“optimal” user actions that lead to total clearings.

3. No intervention

In this section we shall examine the decisi
problem for the Null Intervention Model. We the
have the following undecidability result:

Theorem 1. TETRIS without intervention, for se
quences consisting only ofI’s on a board of width10,
is undecidable.
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Proof. We show the undecidability by reduction from
the Post Correspondence Problem [8]. Given an in-
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We show the equivalence of the PCP and its imple-
mentation as a TETRIS problem in two implications.
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stance of the PCP—two sequences(u1, . . . , un) and
(v1, . . . , vn) of strings over a two-letter alphabet{a, b}
—we construct an instanceL of TETRIS without in-
tervention, on a board of width 10. The left and rig
halves of the board (each a board of 5 cells wide) w
act as stacks holding proposed solutions to the P
i.e., words of the formui1ui2 . . .uik = vi1vi2 . . . vik for
somek � 1, and 1� i1, i2, . . . , ik � n.

To build the contents of the stacks we need th
basic blocks, that we callA, B and X. The first two
of these represent the two symbolsa and b of the
alphabet of the PCP; the last one is a block used
padding the two copies of the solutions (Fig. 2).

Fig. 2.

Note that theA andB blocks can be removed (poppe
from the stack) following the rules of TETRIS, by
dropping three verticalI’s in the proper columns
provided the blocks are next to anX block on the
other stack. The blocks are designed in such a way
the verticalI’s used to remove the blocks do not fa
through to the next block. Pieces dropped in the fi
column are blocked by the bottom rows of the blo
pieces falling in the fifth column are blocked by t
topmost row of the block below (or by the floor).

First, the languageL (or the corresponding finit
automaton) prepares nondeterministically a seque
of blocks pushing onto the two stacks the sa
(nonempty) sequence ofA’s and B’s, but randomly
interleaved withX’s. This part is independent of th
particular instance of the PCP.

Then, in a second phase,L tries to clear the board
guessing a solution of the PCP, by repeatedly pick
an indexi (1 � i � n) and trying to pop the left stac
according to the stringui and the right stack accordin
to the stringvi .
(1) If the particular PCP has a solution, then t
languageL has a way to leave the empty game boa

In the first phaseL may leave (in a nondetermin
istic manner) a game board according to a solu
ui1ui2 . . .uik = vi1vi2 . . . vik of the PCP such that from
top to bottom alternately the left stack is filled wi
A andB blocks representingui and the right stack is
filled with the same number ofX’s, and the right stack
is filled with A andB blocks representingvi and the
left stack is filled with the same number ofX’s.

In this way, a “perfect” configuration as in Fig. 3
obtained, which obviously can be cleared in the sec
phase according to the simulation of a solution of
PCP.

Fig. 3. A “perfect” configuration left after the first phase of o
construction: in the left stack we can read (top-to-bottom)a,b, ba

while we encounterab,b, a in the right stack.

(2) If the languageL has a way to leave the emp
game board, then the original PCP has a solution.

Popping the stacks obviously corresponds to v
fying the guessed solution of the PCP, so we only h
to check that the process of popping blocks is well
haved: trying to pop topmostA cannot lead to a cleare
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game board unless this is done while the topmost block
indeed equalsA, and similarly forB.
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Popping anA involves dropping anI in the first
column of the stack, and twoI’s in the fifth column
of the stack. Applied to topmostB or X this leads to a
least one verticalI that remains on top of the stack
the fifth column. This piece can never be removed
we do not drop any pieces covering the second, t
and fourth columns of the stack. Similarly we arg
for trying to popB while A or X is on top. ✷

TheI piece considered in the undecidability res
is one of the most simple ones among the TET-
RIS pieces. We now discuss decidability of TETRIS

without intervention when the input is restricted
either one of the other pieces.

A simple argument shows that a nonempty
quence of eitherS or Z pieces cannot clear the boa
(cf. [3]), so the problem for those pieces becomes t
ially decidable. For the piecesT, L and J we can
conceive a configuration that can be used to const
stacks, and similar arguments as forI hold (albeit on
a board of width 16). Fig. 4 shows an example forT.

Fig. 4.

Finally, for O only very regular patterns are possib
that leave an empty board. This is the basis for
following result:

Theorem 2. TETRIS without intervention, for se
quences consisting only ofO’s on a board of width10,
is decidable.

Proof. The only way to clear the bottom two rows
by filling them with adjacentO’s: putting twoO’s a
single cell apart makes it impossible for laterO’s to
fill the gap. The same holds for other rows. Hence
quences that clear the board are easily character
they should only dropO’s in first and second column
or third and fourth, or fifth and sixth, . . . , and have t
same number ofO’s in each of these positions. The o
der of the pieces is irrelevant as these pairs of colu
can be filled independently. Hence, clearing sequen
:

This means that these sequences are given
a so-called semi-linear set [6], and it is effective
decidable whether the given regular languageL has
a nonempty intersection with this semi-linear set.✷
4. Increasing intervention

We reconsider the decision result of the last sect
now allowing user translation and rotation of t
pieces that are specified by the sequences in the g
regular languageL. The intervention is just as in th
standard TETRIS game. We refer to the correspondi
decision problem as TETRISwith normal intervention.

The general question is related to the many til
problems for polyominoes (see, e.g., [7,5]), as the
istence of a tiling of a rectangle by TETRIS tetromi-
noes implies a possible clearing of the board us
the TETRIS pieces in some suitable order. Howev
apart from the fact that the TETRISproblem also deal
with theorder in which the pieces are offered, classic
tiling is more restricted: it does not allow intermedia
clearing of rows. As an example, tenT’s can clear the
TETRIS game board (of width 10, see Fig. 5) where
there is no tiling of the 10 by 4 rectangle usingT’s [9].

Fig. 5.

We restrict ourselves here to rectangular pieces.
sequences of the rectangular TETRIS piecesO and
I that can be used to leave an empty game bo
have a simple characterization. Our result is valid
standard width 10, but can be stated slightly m
generally.

Lemma 3. A sequence ofI’s andO’s can be dropped
into an initially empty game board of width4k + 2
(k � 1) leaving the empty board if and only if

(1) the number of pieces is a multiple of2k + 1, and
(2) the number ofI’s is even.
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Proof. First we argue that the conditions areneces-
sary. Of course (1) follows from the fact that each line
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contains 4k+2 cells whereas each piece covers 4 ce
With p pieces dropped andr rows cleared we mus
have 4p = r(4k + 2), which implies that 2k + 1 must
dividep. The same equation shows that the numbe
rows cleared must be even.

Regarding (2) we demonstrate that both the num
of horizontalI’s and the number of verticalI’s must
be even. For the verticalI’s we use a classical colorin
argument. Color the columns of the board alterna
black and white. EachO and each horizontalI covers
two black and two white cells. The verticalI however
covers cells of a single color, and the number
“white” and “black” verticalI’s must match.

Here in the TETRISsetting the symmetric argume
(with rows colored black and white) does not work
prove that the number of horizontalI’s is even, be-
cause we cannot guarantee that verticalI’s cover two
black and two white cells in an alternating colori
of rows: clearing a row will disturb regularities in th
chosen coloring.

Note however, that every column has four cells
every verticalI it contains, two cells for everyO, and
a single cell for every horizontalI that was used to
cover it. As every column contains an even num
of occupied cells, that implies the column is touch
by an even number of horizontalI’s. Now consider
columns 1,5,9, . . . ,4k+1. Each horizontalI touches
exactly one of these columns as they are four c
apart. This implies that the total number of horizon
I’s is again even.

We now show that the conditions aresufficient.
Given a sequence of pieces satisfying (1) and
we drop them using a finite state strategy dea
with 2k + 1 pieces at a time. (This generalizes t
customary game play of TETRIS, where the player ha
a lookahead of one piece.) The game board has
statesevenandodd, corresponding to the parity of th
number of droppedI’s. When even, the board is emp
(i.e., all lines cleared), when odd, the board is as
Fig. 6, with 8k + 4 cells covered.

We switch between states using a sequence
2k + 1 pieces with an odd number ofI’s, and we
stay in a state otherwise. Fig. 7 shows the neces
constructions, where a large rectangle represents e
two O’s or twoI’s.
r

Fig. 6. Odd state, fork = 3.

Fig. 7.

In the case of a singleI and 2k O’s moving from the
even state to the odd state (Fig. 7, top right), we n
an alternative construction where theI is undertheO’s
(i.e., is horizontally placed in the right hand corner)
the eventuality thatI is the first or second piece.✷

We have an immediate corollary:

Theorem 4. TETRIS with normal intervention, for
sequences consisting only ofI’s andO’s on a board
of width10, is decidable.

Proof. The two requirements from the lemma in fa
describe a regular language. As regular language
effectively closed under intersection, we can bu
the intersection of the given languageL and the one
specified by the requirements. This intersection can
tested for emptiness.✷

Note that our construction forms in fact an ordina
tiling of the game board as no special use has b
made of the TETRIS rules for clearing rows. It is clos
to the strategies developed for winning two piece TET-
RIS games presented in [2], except that here we w
to leave an empty game board, whereas the strate
given in [2] only need to avoid filling too many rows o
the board. Moreover, we allow a lookahead that diff
from the standard single piece shown to the user.

The lemma can be generalized to other widt
Without proof we state that for a game board
width 4k, the following conditions characterize th
sequences ofI’s andO’s that leave the empty gam
board (under optimal play):
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(1) the number of pieces is a multiple ofk,
(2) if this is an even multiple, then the number ofI’s
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5. Conclusion
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(3) if this is an odd multiple, then the number ofI’s is

at leastk, and the number ofI’s minusk is even.

These conditions are slightly more complicated th
the 4k + 2 case above due to the fact that for widthk
the number of cleared rows can be odd (which can
obtained by dropping a row ofk horizontalI’s). Also,
for the sequenceO O O I I O on a board of width
8, clearing the board essentially requires clearin
row while rows below it contain unoccupied cells.

Let us conclude with a slightly unexpected resu
Restricted to a single piece (which can be other t
the seven tetrominoes in standard TETRIS) TETRIS

with normal intervention is decidable, even though
do not (need to) explicitly know the decision algorith
in each particular case.

Theorem 5. TETRIS with normal intervention, for
sequences consisting of copies a single fixed piece
a board of fixed width, is decidable.

Proof. With a single piece the order of pieces
irrelevant, and we only need to consider their numb
Note that if we can clear an initially empty board bo
with k1 andk2 pieces, then we can clear it withk1+k2
pieces.

If the board cannot be cleared with the given pie
at all (as forS orZ, cf. [3]) then the problem is trivially
decidable. Otherwise, letK > 0 be the least numbe
of pieces that clears the board. For each 0� k < K

there is a minimal numbervk > 0, vk ≡ k modK,
such thatvk pieces clear the board (if there is no su
value we take it to be infinite; andv0 = K). Again,
the sequences that clear the board are given by a s
linear set (fixed by thevk plus multiples ofK) and
we can decide if the given regularL has a nonempty
intersection with this set. ✷

Observe that our proof above is not effective,
we have not provided a way to compute the valuesvk

given a single piece and the width of the board.
ForT the number of pieces should be a multiple

5. One can show that for a board of width 10, 15 pie
cannot clear the board, but 25 can. As we alre
noticed, 10 pieces can clear the board. So in this c
we have the semi-linear set{10,20,25,30,35, . . .}.
-

Even with only a single piece, TETRIS without in-
tervention can be formulated as an “implementati
of the Post Correspondence Problem, and hence is
decidable. On the other hand, TETRIS with normal in-
tervention is decidable for a single piece.

What remains open is the decidability quest
for TETRIS with normal intervention in general, an
when decidable, giving a characterization of the
quences that clear the board. We expect these t
difficult problems to tackle, even for restricted subs
of the seven TETRIS pieces, especially in cases whe
the strategy does not coincide with a tiling of the bo
in the classical sense (like our example forT). Note
that also theorder of the pieces plays a role, althoug
this has not been very relevant in the (restricted) c
siderations of our previous section.
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