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Introduction
����� ��!#"$!&%('*)�%(�,+-)/.��0!#"1!2"1�0!3"�46587*�
":9;�<!=%,>@?�5A+-�(�B9@CD.E�,)�.E'*+-.F'*)G!&+-'*9�'=",H2�����<+-'*9�'="I�0!=.I"-'
4J!=K=� �/�,%,5A.-5A'*)�.F!=9�'*?/"MLN�0!#"F5O"1.��()@P�5A+-'*)�46�,)
"F%('*)
"$!=5A)�.,Q�!=)/�G"1�0!#"�4J5A7*�
"�58)/%,R8?/���<5A)/ST'*+-4J!#"-58'*)
!=9�'*?/"I4<!3"1�,+E5U!=RV"WCYX��,.(H[ZW)\"1��5A.]%�!=.E�=Q^"-���,+E� !=+E�6"-��+-�(�<4J!#"1�(+-5U!#R^"WC�X;�(.,Q^LN��5A%$�G46587*�
"]9��J46�("1!=R_Q
L`'Y'��&!#)��27=RU!=.E.�'*+�.-'*46�]'="1�/�,+N.-�a"�Q�.-'�"1���(+-�:!=+E�]"-��+-�(�]%,RU!#.-.-�(.,H`�����]58)����(X;�()����()@"bP#!=+-58!=9�RA�,.N!=+E�
+-�(.-?�RO"1.cST+-'=4d"-��+-�(�b.E�,)�.E'*+-.(e�!f.-'=)0!=+c���aPY5A%,��LN5A"-��+-��!#R/P#!=R8?��(.c9;�a"WLg�(�,)<h:!#)�� � Q@!f+1!=��5A'iST+-�(>�?/�,)�%aC
���aPY5A%,�fLN5A"-�2+E��!=R;P=!#R8?��(.b9��("WL`�,�()jh6!=)�� � Q�!=)/�2!#)25A)/ST+1!=+E�,�[���aPY5A%,�fLN5A"-�kh6'*+ � P#!=RA?��,.(H
�����:�0!#"1!FST'=+N"-��58.�R8!=9[58.�90!#.-�,�2'*)2!=%("-?0!=Rl�0!#"1!/Q09�?/"N"-'J!�P='*58�2!=)
C[!=)0!#RAC�.-5A.bX/+-'*9�RA�,46.,Q���!=.N9;�(�,)
+-�(%,+E��!#"-�,�2LN5O"1�mL`'*+-K3!=9�RA�fX0!=+-!=4J�a"1�(+-.,H

Creating the Data
�����i��!#"$!]Ln!=.gX�+-'���?�%(�,�m58)J'Y%a"$!�P*�o?�.-5A)�7I"-���oST'*RAR8'pLN58)�7/Q=LN���,+E�iq�rts;+-�(X�+-�(.-�,)
"-.N"-���o��!#"$!]ST'*+g%(RU!=.E.
u P#!=+E5U!=9/R8�ivEH

qxwWw y zx{}|#~[�@� |#z��;��h/���=h/�$h/��h*h=�/� � h*h/� �}� e
q��-w y zx{}|#~[�@� |#z��;��h/���@�Y�$h/��h*h*�Y� � h*h/� �}� e
q��-w y zx{}|#~[�@� |#z��;��h/���*h/�$h/��h*h
��� � h*h/� �}� e
qxw�� y zx{}|#~[�@� |#z��;��q �*��� h/��h � �Y�1h/��h=h*h
�Y� � h*h/� �}� e

qxw��3�_�;v�zx���Tqxw�����h � y�hYe
q��W� y zx{}|#~[�@� |#z��;��q��-w��$h/��h*h*h#��� � h*hY� �}� e

q��W�3�_�;v�zx���Tq��W����h � y�hYe
q��W� y zx{}|#~[�@� |#z��;��q��-w��$h/��h*h*h*�Y� � h*hY� �}� e

q��W�3�_�;v�zx���Tq��W����h � y�hYe

�����:�0!#"1!FST'=+n"1���f"1�/58+-�mP#!=+E5U!=9�RA��Lg!=.b7*�,)��(+1!#"-�,�k9
Cm"1���fST'*RAR8'pLN58)�7/�

qxw�� y �TqxwWw���~[�p�
zc�TqxwWw ����� �����N �¡3|3¢(�T£��@|/�TqxwWw �-�-� �#�n¤�v�zx�
|3¥ |3zx����hY���*h � e
q��W� y �TqxwWw���~[�p�
zc�TqxwWw ��� h/��ho�N �¡3|3¢(�T£��@|/�TqxwWw �-�-� �#�n¤�v�zx�
|3¥ |3zx����hY���*h � e
q��W� y �TqxwWw���~[�p�
zc�TqxwWw �§¦¨� �� �¡#|}¢(��£��
|/�TqxwWw �-�E� �#�n¤$v_z��@|3¥ |#z��;��h/��©*h � e
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Data Analysis
�����mª0+E.E"F"1�/58)�7jC='*?«Lg!=)
"�"1'¬��'­5A.�!=)0!=ROCY®(� "1���m��!#"$!j"1'¬.E�,�mLN�0!#"�C='*?�+F9��,.E"6%$��'=58%,�(.6!=+-�<ST'=+
%,R8!=.-.E5Aª0%,!#"15A'*)xH¯2��!#)�.

° RU!#.-. qxw q�� q��
� hYH �p± © h/H�h
�=� h/H ± �
� hYH��@�#h h/H �*�p± h/H��@�
� hYH��*h=h h/H �p±*± h/H � �
²�!=+E5U!=)�%(�,.

° RU!#.-. qxw q�� q��
� hYH�h*h#� h/H�h*h*� h/H�h*©*©
� hYH�h*h*� h/H�h*h*� h/H��*�*�
� hYH�h*h#� h/H�h*h
� h/H � h
�

Distributions

³���´�"�Q/C='*?mLg'*?/R8�m9��i58)
"1�(+-�(.E"1�(�[58)<"-���i+-�,!=.-'=)0!=9�RA�,)��(.-.�'=Sµ+-�(X�+-�(.-�()@"-58)�7F"-���,.E�f��58.t"1+-5A9�?/"-58'*)�.¶LN5A"-�
.E"1!=)��0!#+-�¬��5A.E"1+E589�?Y"158'=)�.,HNZW)j"1�/��%�!=.E��'=S�P#!=+E5U!=9/R8�I�/Q;5O"o5A.o9�5A)0!=+tC*Q�.E'<L`�MLN58RARV!#.-.-?/4J�F!69�58)/'*4J58!=R
��5A.E"1+E589�?Y"158'=)<LN5A"-�k·¸y z�¹lQ/LN���(+-�:X[58.n"1�/�:X/+-'*90!#9�58RA5A"WC6'=S^! � Q0!=)��[P#!=+-58!=)�%,�oº � y zY¹µ� �N� ¹ � H
»0'*+nP#!=+-58!=9�RA� � Q0!FX�RA'="�ST'*+nP#!=+-58!=9�RA� � .-��'pLN.,�

¼½��5A%$�<R8'�'*K@.¶.-'*+t"�'=SxRA58K=�b!I³�'*+E4<!=R/��58.t"1+-5A9�?/"-58'*)xHV¾�.E58)�7]"1�/��¿ � "-�,.t"�Q/'=?�+¶)�?/R8R0�
C�X;'="-���,.E58.`58.c"1�0!3"
"1�/�:�/58.E"-+-5A9�?/"15A'*)m58.N³b'*+-4J!=RARAC6��58.t"1+E589�?/"-�,�mLN5A"-�[·Ày h/� ��± ©�!=)��kº � y h/��h*h=��H
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° RU!#.-. ° '*?/)@" Ác+-'*9 Â^´YX��,%("-�,� �_�ps � �,s � �aÃ �,s
h/H�h
�IÄ`h/H�h ± � h/H�h=� � h/H�h
h/H�h ± Ä`h/H � � �*� h/H � h � h h/H � h
h/H � �MÄ`h/H � � � © h/H �p± ��± h/H��@�
h/H � �IÄ`h/H�� � �=� h/H��*� �=� h/H��*©
h/H�� � Ä`h/H��*� �*� h/H��*� �=� h/H�h
h/H��*�IÄ`h/H�� ± � � h/H � � � � h/H�h*�
h/H�� ± Ä`h/H��*� � h/H�h
� � h/H��=h
h/H��*�MÄ`h/H��
� � h/H�h � � �

Å ?�4 �YH�� �
�����:¿ � .E"1!#"15A.E"-58%iST'*+bÆ y h/�Ç��!=)��jÈÉy �F58. � ��H � Q0.-'�"1�/�I)@?�RARl�@C�X�'="1�/�,.-5A.�5A.b!=%,%(�,X/"-�,�¬!=)/�kL`�
%�!#)&!=.E.-?�46�:!�³�'*+E4<!=R���58.t"1+-5A9�?/"-58'*)xH
Ê�'*?�%,'=?�R8�FX��,+tST'*+-4d"1����.-!=4J�N!#)0!=RAC�.E58.�'*)��aP*�,+tCFP#!=+-58!=9�R8�`5AS�C*'=?6��!=��%,'*)�%(�,+E)�.g!#9;'*?Y"�"1���(4Ë9��,58)/7
��5A.E"1+E589�?Y"1�,�[��5OÌ��(+-�()@"-RAC=H ° �,+E"1!=58)/RAC<C='*?k.-��'*?/R8�k��'�'*)��fST'*+nq��pQ09�?/"bZ¶Lg'=)xÍ�"�.-�/'}LÎ5A"N���(+-�#H

0.1 Correlations
ZW)¬'*+E���,+o"-'m.-�(R8�,%a"i"1�/��9;�(.E"fP#!=+E5U!=9�RA�,.N"1' ?/.-��!<ST��!3"1?�+E�,.oC='*?­)��,�(�­"-' %,'=+-+-�(RU!#"-58'*)/.o9��("WL`�,�,)­"1�/�
P#!=+-58!=9�RA�,.�!=)��j"1�/�F���,X��,)��/�,)
"fP#!=+-58!=9�R8�<�T"-����%(RU!=.E. � Hiq��fLN5AR8Rµ�0!�P*��"1'<9;�M"-+-�,!#"1�(�¬58)����(X;�()����()@"-RAC=Q
9�?/"�qxwg!=)/�[q��N%,!=)[9;�i��!=)���RA�,�m"1'*7=�("1�/�,+,Hc���/�:4J!#"-+-5O´J'=SV!=RAR;'=9�.-�(+EP#!#"15A'*)�.n%,!=)[9;�f%(+-�,!#"1�(�[LN5O"1�x�

q[yÐÏÑqxwWwa�-qxw��p�1{3z��} �� � h*h/� �}� e-q��-w1�-q��W�p�����n{3z��} �� � h*h/� �}�ÓÒ e

�����2%,'*+E+-�,R8!#"15A'*)Ô%,'��(Õ6%,5A�,)
"1.6LN5A"-��"1�/�k"-��58+E��P#!=+-58!=9�RA�m%�!=)�9;�[ST'*?�)��Ö9@CÔ?/.-58)/7×"1�/� Å X���!=+E4<!#)
%,'=+-+-�(RU!#"-58'*)m%('Y�aÕ6%,58�()
"�H�Øf�,)��0!#R8R_Í�.�%,'=+-+-�(RU!#"-58'*)<%�!=)k9;�]?�.E�,�kST'*+n"1���]%(RU!=.E.�%,'*+E+-�,R8!#"15A'*)xHqxw q�� q�� ° RU!=.E.

qxw � H�h h/H��*� ÄÓhYHÇ�*�=� h/H�� ±
q�� � H�h ÄÓhYH�h ±Y� h/H�©*�
q�� ÄWh/H��=�*h
° RU!#.-. � H�h

Å ' 5O"�!=X�X���!=+E.�"1��!#"o"-���M��5A7*���(.E"�%,'*+E+-�,R8!#"15A'*)[LN5A"1�2"1���I%,RU!#.-.NP=!#+-5U!#9�R8�]58.NqxwaH�Ù�'pLg�aP*�(+,Qx"1�/�,+-�I58.�!
+-�(RU!#"-5AP=�,RACJ��5A7*�[%,'*+E+-�,R8!#"15A'*) 9��("WL`�,�()&qxw�!#)��mq��pQ�.-'6?�.-5A)�7�9;'#"1�[4<!�C<)�'="N9��:X�!=+E"-58%,?/RU!=+ERAC6?�.-�aST?�R_H
q��F�0!=.M!&+-�(RU!#"-5AP=�,RAC­RA'pLÚ%,'*+E+-�(RU!#"-58'*)­LN5A"-�\"1���J%,R8!=.-.:P=!#+-5U!#9�R8�#QV9�?Y"F5A"M!=R8.E'&�0!#.�!&+E�,RU!3"15AP=�,ROC¬R8'pL
%,'=+-+-�(RU!#"-58'*) LN5O"1�mqxwn!=)��[q��pH

Classifiers

Single Variable
�����I.-5846X�RA�,.E"N%(RU!=.E.-5Oª0�,+E.o!=+E�f"1���:.-5A)�7*R8�fP#!=+E5U!=9�RA�f%,R8!=.-.E5Aª0�(+-.,Q�.E'<58)
P=�,.E"-587
!3"1�f"1��'=.-�]ª0+-.t"�H Å 5A)�%,�]qxw
�0!=.f"-���J�/587*���(.E":%,'=+-+-�(RU!#"-58'*)�Q�"1�0!3":LN5AR8R�9���'*?�+fª0+E.E":%$��'*5A%,�=H Å 5A)�%,�Fqxwf5A.]!k%('*)
"15A)�?/'*?�.]P=!#+-5U!#9�R8�
!=)��k5A"n%�!=)k9;�:!=.E.-?�46�,�["1'�9��])�'*+-4J!=RARAC6��58.t"1+E589�?/"-�,�xQ�!�Ûn!�C=�,.-58!=)k%,RU!#.-.-5Oª0�,+nLN5AR8R�L`'*+EK<Lg�(R8R�H
¼×�:)/�,�,�k"1'Fª0)��["1�/�N¹§��Ü�r*Ý qxw � X�'*.E"-�,+-5A'*+���5A.E"1+E589�?Y"158'=)�.n58)['*+E���,+n"-'J%$�/'Y'*.E�:!�%(RU!=.E.-5Oª0�,+(H



�

¹µ�UÜ�w�Ý qxw � y ¹µ��qxw}Ý Ü¶w ��Þ ��Ü¶w �
¹µ�Tq �

y ß �Tq§e1h/� ��± ©/�$h/��h*h=� � ��hY���*� �
ß �Tq§e$h/� �p± ©Y�$h/��h*h=� � h/���=� ¦ ß ��q§e$h/���@�=h/�1h/��h=h
� � hY���*� ¦ ß ��q§e$h/���*h*h/�1h/��h=h=� � hY���*�

¹µ�UÜ^�#Ý qxw � y ¹µ��qxw}Ý ÜV� ��Þ ��ÜV� �
¹µ�Tq �

y ß �Tq§e1h/���
�=h/�$h/��h*h
� � ��hY���*� �
ß �Tq§e$h/� �p± ©Y�$h/��h*h=� � h/���=� ¦ ß ��q§e$h/���@�=h/�1h/��h=h
� � hY���*� ¦ ß ��q§e$h/���*h*h/�1h/��h=h=� � hY���*�

¹µ�UÜ^�#Ý qxw � y ¹µ��qxw}Ý ÜV� �E�nÞ �UÜ^� �
¹µ��q �

y ß �Tq§e1h/���=h*h/�$h/��h*h=� � ��hY���*� �
ß �Tq§e$h/� �p± ©Y�$h/��h*h=� � h/���=� ¦ ß ��q§e$h/���@�=h/�1h/��h=h
� � hY���*� ¦ ß ��q§e$h/���*h*h/�1h/��h=h=� � hY���*�

ÁcR8'="-.�'=Sµ"1���]%,R8!=.-.E�,.b?�.-5A)�7��
¹��T{p¢ �É ,q§�1zx{}|#~[�@��à}�Ó�^�_ ,q§�$h/���Y�$h/��h*h=� � �� ,q§�1z�{3|3~[�@��à��Ó���� ,q§�$h/���@�Y����h*h
� � �

 ,q§�1zx{}|#~[�@��à}�Ó�^�_ ,q§�$h/���*h/�$hY��h*h#� �-�

.-�/'}L]�

Å 'F"1�/�,+-�I!=+E�i"WLg'J���,%(58.-5A'*)m"1��+E�,.E��'*R8�/.,Q09��("WL`�,�,)&%,RU!#.-.-�(. � !#)��j�F!=)/�29��("WL`�,�()j%,R8!=.-.E�,.��6!#)��k�/H



�

á w��}�Tq � y ¹µ�UÜ�w�Ý qxw �Ô� ¹µ�UÜV�=Ý qxw �
á �W�}�Tq � y ¹µ�UÜ^�#Ý qxw �Ô� ¹µ�UÜV�=Ý qxw �

Ê�'*?[%,'=?�R8�k��'6! á w��pQ�9/?/"b5A"�L`'*?�R8�[9��]+-�,�/?�)��0!=)
"�7*5AP=�,)["1���]7*�('*46�("1+tC*H
¼×�[!=+-� 5A)
"1�,+E�,.t"1�,�Ô5A)G"1��� X�'*5A)@"-.MLN���(+-�m"1���<��58.E%,+-5A4J5A)0!=)
":ST?�)�%("-58'*)/.,Q á sÑrJ!=+E� ®,�(+-'­.-5A)�%,� "-���,.E�X�+E'}P�5A���J.E�,X0!#+1!#"-58)�72X�RU!=)/�,.<��X�'*58)
"1.:58)D"1��5A.I%,!=.-� � H[Zâ"I58.:5846X;'*.E.-5A9�R8��"-'&.-'=RAP*��ST'*+]"1���(.-� �/58+-�(%("-RAC
.-5A)�%,�F"-���,+E�J!#+-��)�'k%,R8'=.-�,�­ST'*+E4ã.-'=R8?/"-58'*)�.iST'=+i"1����)�'*+E4<!#R^��5A.E"1+E589�?Y"158'=)xHM¼×�6%,!=)D?�.-��"$!=9/R8�,.f'=+
X�+E'*7*+1!#4J.n"-'67=�,)��(+1!#"-�]"-���]��58.E%,+E584658)0!=)
"nP#!=RA?��,.N!#)��k"-���,)k58)
"-�,+-X�'*R8!#"1�#�
¾�.E58)�72ä$å=æ
ç$è é�ê3ëaìFQ

¤��
¥/�}  zx{}|3~D��h/���=h/�$hY��h*h#���$h/���*�/�$hY���@���$h/��h*h
�Y�$hY���*�Y���=h �
qxw ¹µ�UÜ¶wpÝ qxw ¹µ�UÜV�=Ý qxw � ¹µ��Ü¶wpÝ qxw �^� ¹µ�UÜ^�#Ý qxw �HHH HHH HHH HHH

h/H��*�*�#�*h � H�h*h*h=h*h h/H�h*h*h*h*h hYH ±*±=±*±*±
h/H�� ± ©
�#h h/H ±*±*± �=� h/H�h*h*h=�@� hYH ±*±=±/� �
h/H��*�
�=h=h h/H ± �*� � h h/H�h
�#� ± h hYH ± �#h
� �
h/H��
�=�*�=h h/H��
�*h ± � h/H�� �p± h*© ÄÓhYH�h*�=� �*�
h/H�� � �=©=h h/H�h*�*h � � h/H ± © ± �*� ÄÓhYH ± � ± ©*©
h/H��@� � � ± h/H�h*h � �@� h/H ±*± �
�=� ÄÓhYH ±*± �=h*©HHH HHH HHH HHH
á w��¨y h�!#"bhY���
�F!=)/�2.E584658RU!#+-RAC=Q á �$�Ëy h�!#"bhY��©
��H

í "1���(+o.E'*R8?/"-58'*)/.�!#+-�]"1'<?/.-�F!=)&!=X�X�+E'�´/5A4<!3"158'=)["-'J"-����³b'*+-4J!=Rl��5A.E"1+E589�?Y"158'=)xQ0'*+N"1'<?/.-�F!6.-��!#+-%$�
ST?�)�%a"15A'*)xH�¼×�]LN5AR8R;9;�]��'*5A)�7�4J'=+-�i'=SV"1��5A.�RU!#"-�,+(H

Classifier Error
������%,R8!=.-.E5Aª0�(+i�,+E+-'*+f'#Sg!#)@C&%,R8!=.-.E5Aª0�(+f58.i.E5846X�RAC["1�/�6X/+-'*90!#9�58RA5A"WCm"1�/�F%,RU!#.-.-5Oª0�,+f4J!=K#��! 4J5A.E"$!#K=�=H
����5A.�58.�!=ROLn!�C�.�"1���f.E?�4î'#SV"-���fX�+-'=90!=9�5AR85A"-58�(.`'=S§"-���fX;'=.-.-5A9�R8�o�,+-+E'*+-.(Q�LN���,+E�:!=)m�,+E+-'*+�5A.n%$��'�'*.-5A)�7
!F%,R8!=.-.�LN���()2"1�/�]"-���].1!=46X�RA�i%,'*46�,.�ST+E'*4ï!=)�'#"1���(+�%,RU!#.-.,H

ÞVð y ñ r ñ sTòó r
Þ ��Ü�r=Ý q&ô2Üµs �

LN���(+-�fÜxr�58.n"1�/�:%(RU!=.E.�%$��'*.E�,)xH
ZW)["1��5A.�58)�.t"$!=)�%(�=Q�"-��58.�%,!=)29��fLN+-5O"-"1�()k!=.,�

ÞVð y ¹µ�Tq&��h/���
��Ý q&ô&ÜV� �tÞ �UÜ^� �\¦ ¹µ��qj��hY���
��Ý q2ô2ÜV� �EÞ ��ÜV� ¦ ¹µ��qj��hY���
��Ý q2ô2Ü¶w �EÞ ��Ü¶w �D¦
¹µ��qj��hY��©
��Ý q2ô2ÜV� �EÞ ��ÜV� �D¦ ¦ ¹µ��qj��h/��©
��Ý q&ôkÜ�w �EÞ ��Ü¶w �D¦ ¹§�Tqj�Öh/��©
��Ý q&ô2ÜV� �EÞ ��ÜV� �



©

ÞVð y ßIõTöø÷ ��hY���
���$h/���@�Y�$h/��h*h
� � ��hY���*� �¬¦ ßIõTöø÷ ��h/���
�Y�1h/���=h*h/�$h/��h*h=� � ��hY���*� �j¦¨�N� ß:õ�öÇ÷ ��h/���
�Y�$h/���=h/�1h/��h=h=� �
ß:õ�öÇ÷ ��h/��©
�Y�$h/���*h*hY�$h/��h*h=� �¬¦ �N� ßIõTöø÷ ��h/��©
�Y�$h/���=h/�1h/��h=h=� �¬¦ �N� ßIõTöø÷ ��hY��©
���$h/���@�=h/�$hY��h*h*� �y h/��h*h
� ¦ h/��h=h ��¦ h/��h*h*h*� ¦ h/��h*h*h ± y h/��h=h*�
�

¾�.E58)�7�'�%("1!pP=�=Q0C*'=?2%('*?�R8�mª0)/�k"-��58.�.E?�4ùLN5A"-�x�

ÞVð y zx{}|#~[�@� õ �Ó����h/���
�Y�$h/���@�Y�1h/��h=h
� � ��hY���*� ¦ � �N� zx{}|3~[��� õ �Ó�^��h/���
�Y�$hY�Ç�=hY�$h/��h*h=� �E� �nh/���*� ¦z�{3|3~[�@� õ �Ó����hY���
���$h/���*h/�$h/��h*h=� �j¦ � �N� zx{}|3~[��� õ �Ó�^��h/��©
�Y�$hY���@���$h/��h*h
� �E� �nh/���*� ¦ � ��� zx{}|#~[�@� õ �y h/��h*h
�=�

ú�û
�����2.1!=46�j!=)�!=RAC�.-5A.�%�!=)�9��k%�!=+E+-58�(�Ö'*?Y"<ST'*+�q���QnLN��5A%$���0!=.�"1��+E�,.E��'*R8�/. !#"6q�� y h/��h ± �\!#)��
q��¨y h/� � ©
�YHc�����]�(+-+-'=+NST'=+n"1��5A.�%,RU!#.-.-5Oª0�,+�5A.�¹ ð y �=�*�*�*�

ú¶ü
Å 5A)�%,�[q�� 58.6!D9�58)0!#+ECGP#!=+E5U!=9�RA�=Q¶Lg�2%�!=)�Í�"J?�.-�&!\³b'*+-4J!=Rn��5A.E"-+-589/?/"15A'*)«!=X�X�+E'p´Y5A4<!#"-58'*)�H�ZâSiC='*?
!=+E��S�!#4J5AR85U!#+NLN5O"1�­.E"1!#"15A.E"-58%,.(QlC*'*?D�0!�P*�6X�+-'=90!=9�ROCj���,!=+-�D'=S�"1���6³�'=+-4J!=Rc!=X�X/+-'�´Y584J!#"15A'*)&ST'*+f"1�/�
9�5A)�'*465U!=R@��5A.E"1+E589�?Y"158'=)xQ#9/?/"c"1�0!3"c5A"V"1������5A.E"-+-589/?/"15A'*)M'=S�"-����)@?�4�9��,+c'=S�.E?�%,%(�,.-.E�,.`58)Fz<"-+-5U!#R8.,Hµ����5A.
��'��,.E)xÍ�"o!=X�X/RAC LN���()&C*'=?j!=+E�:.E5846X�RAC !#"-"-�,46X/"15A)�7F"1'6%,R8!=.-.E5AS�Cm90!#.-�,�2'*)["1���:.1!=46X�RA�fX�+-'���?�%(58)�7J!
'*)��I'*+�!<®,�(+-'�HoÛn!�C*�,.iýµ!�Lþ��'��,.E)xÍÿ"]!=X�X�ROCmLg�(R8R§"1'<"-��58.b.-5O"1?0!3"158'=)29��,%,!=?�.-�I"1����%(RU!=.E.o%('*)���5O"158'=)0!=R
��5A.E"1+E589�?Y"158'=)�.M!#+-� )�'#"�³�'*+E4<!#Rg!=)/�G��'*)xÍÿ"F�aP*�,)«�0!�P*�m.t"1+E'*)�7¬%,�()
"1+1!#R`"1�()��0!=)/%(C*HDZâ"F+E��!=RARAC­58.E)xÍÿ"
)��(%,�,.E.1!=+tC["1��'*?/7*�xQ0.-5A)�%,�fL`�:!=+-�]+-�,!=R8ROC<5A)
"1�,+E�,.t"1�,�258)x�

á �Tq�� � y �4J!3´r ó w
¹µ�UÜ�r
Ý q �

q��m%�!#)�'*)�ROCÔ9;�¬hD'*+ � QN!=)��ÖST'*+6��!#%$��%,RU!#.-.,Qn"-���,+E�j58.<!×��5OÌ��(+-�()@"<X�+-'=90!=9�5AR85A"WC=H�¼\�2�0!�P*�j"1�/�
ST'*RAR8'pLN58)�7/�

° RU!=.E. Áb��h � Áb� �}�
Ü¶w�hYH�h
� hYH ± �
ÜV�ohYHÇ�=� hYH��@�
ÜV�ohYH��*� hYH � �

Å '¬5OSnq�� y h/Q�"1���<��587*�/�,.E"�%,'*)��/5A"15A'*)0!=R¶X�+E'*90!=9/58R85O"WC­58.:ST'*+IÜV��Q¶!=)��B5OSnq�� y � Q�"1�/� ��587=���,.t"
%,'=)���5A"-58'*)�!=R�X�+E'*90!=9/58R85O"WC<5A.nST'*+gÜ¶w�Q0.-'6!=+E�]%,RU!#.-.-5Oª0�,+�5A.��(P�58�/�,)
"�H
�����f�(+-+-'=+gST'*+`"-��58.`%,R8!=.-.E5Aª0�(+n58.(Q�!=.n?/.-?0!=R�QY"-���iX�+E'*90!=9�5AR85O"WC�'=S§4<!#K�5A)�7F!M4658.t"$!=K#�=HcZâS§q���y h/Q/"1�/�
X�+E'*90!=9�5AR85O"WCJ"-�0!#"�"1�/�:.-!=46X�R8�f%,!=4J�iST+E'*4î%(RU!=.E. � '=+b��5A.,�

¹µ����|#|#{3|�Ý q��`yÎh � y ¹µ�Tq��ny�h;Ý Ü¶w �EÞ ��Ü¶w �D¦ ¹µ��q���y¨h;Ý ÜV� �tÞ �UÜ^� �
y h/��h
� � h/���=� ¦ h/���=� � �@{p¢th/���*�
y h/���=h



�

¹µ����|#|#{3|�Ý q��`y �p� y ¹µ�Tq��ny � Ý ÜV� �EÞ ��ÜV� �D¦ ¹µ��q���y � Ý ÜV� �tÞ �UÜ^� �
y h/���@� � h/���=� ¦ h/� � � � �@{p¢th/���*�
y h/� �p±

Å 'F"1�/�:%(RU!=.E.-5Oª0�,+N�,+E+-'*+�5A.Nh/���=h ¦ h/� �p± y h/��� ± H
Å 'F"1�/�:9��,.t"o.E58)�7=R8�oP#!=+E5U!=9�RA�i%,R8!=.-.E5Aª0�(+�58.nqxwgLN5A"1�k!=)[��´/X��,%a"1�(�j�,+E+-'*+�'=S^h/H�h*h*�
��H

Bivariate Classifiers
»0'*+�9�5OP=!#+-5U!3"1�i%(RU!=.E.-5Aª��,+-.(Q/"1�/�,+-�I!=+E�i"1��+E�,�:%$��'*58%(�,.(�

�����

qxw
q��

�����
�

�����

qxw
q��

�����

�����

q��
q��

�����

»0'*+c"1���Nª0+E.E"n%,!=.-�#Q�L`�o%('*?�RA�<?�.E�b"-���o9�5OP#!=+-58!#"1��)�'=+-4J!=R0��58.t"1+E589�?/"-58'*)�Q*9�?/"�ST'*+¶"1���b'="1�/�,+¶"WLg'�%,!=.-�(.
"1��!#"iL`'*?�R8�/)xÍ�"fL`'*+EK�H:¼\�F%('*?�RA�jR8'�'*K[ST'*+i��5A.E"1+E589�?Y"158'=)�.�"-�0!#"f+E�,X�+E�,.-�()
"M! 465O´�"-?�+-��'#Sg!m³b'*+-4J!=R
!=)��×!m9�58)/'*4J58!=R8ROC[��58.t"1+E589�?/"-�,�¬P#!=+-58!=9�RA�=Ql9�?/"]"-�0!#"]58.]!#)×?�7=RACjX/+-'*9�RA�,4kH Å '[Lg�FLN58RAR�+-�(.-'*+t"]"1'k!
.E"1!=)��0!#+-�×ST'=+-4¸'=Sg%,RU!#.-.-5Oª0�,+(Q^![R85A)���!#+:%(RU!=.E.-5Oª0�,+(H »0'*+fqxw:!=)��Dq���QVL`�<%,!=)\?/.-�6'*)��6'=Sn"1�/�6ST'*+E4J.
��5A.-%,?/.-.-�(�&5A)["-���]9;'�'*K6ST'*+�R85A)���!=+g%,RU!#.-.-5Oª0�,+E.�ST'*+N³�'*+E4<!#R8RAC6��5A.E"-+-589/?/"1�(�[P#!=+E5U!=9/R8�,.(H
�����(+-�6!=+-�I"1��+E�,�F%�!#.-�,.(�]!=R8R§P#!=+-58!=9�RA�,.o��!pP=�F"1���F.-!=4J�IP=!#+-5U!#)�%,�MST'=+i!=RAR^%,R8!=.-.E�,.]!=)/�­"-���,+E��!=+-�M)�'
%,+E'*.-.ÓÄW%('*+-+E�,RU!3"158'=)�.,Q/!=R8R;%,RU!#.-.-�(.��0!�P*�]"1���f.-!=46�i%,'pP#!=+-58!=)�%(�f4<!#"-+-5 ´ !#)��m"1���f%(RU!=.E.-�,.N�0!�P=�:�/5AÌ;�,+-�()
"
%,'pP#!=+E5U!=)�%(�f4<!3"1+-5A%,�(.,H¶»0+-'*4 9;�aST'*+-�#Q�"1���fP#!=+E5U!=)�%(�,.b!=+E�=�

²�!=+E5U!=)�%(�,.
° RU!#.-. qxw q�� q��

� hYH�h*h#� h/H�h*h*� h/H�h*©*©
� hYH�h*h*� h/H�h*h*� h/H��*�*�
� hYH�h*h#� h/H�h*h
� h/H � h
�

Zâ"�58.M)�'="F"1'�'¬4�?�%$�Ô'=S�!¬.E"-+-�a"1%$�Ô"1'­!=.E.-?�46�m"1�0!#"M"1��� P#!=+E5U!=)�%(�,.�ST'*+�!=R8R�"1��� P#!=+E5U!=9�RA�,.F!#+-� "1�/�
.1!#4J�NST'*+`!=R8R0%(RU!=.E.-�,.(Hc��C�X�5A%�!=RARAC=Q�5OSxC*'=?JLg!=)
"n"1'I4<!=K#��.E?�%$�[!=)<!=.-.E?�4JXY"158'=)xQ
C*'*? ?/.-��"-���i!�P=�,+1!#7*�
P#!=+-58!=)�%(��'pP*�,+:!=RARV%(RU!=.E.-�(.,H�ZW)¬"1�/58.i%,!=.-�#QµRA�("fº � y h/��h*h*�=©<LN��58%$�­58.�"1����!�P*�(+1!=7=��P#!=+E5U!=)/%,��'pP*�(+
!=RAR�%,R8!=.-.E�,.�!=)��k9;'#"1�mP#!=+-58!=9�R8�(.,H
¼×�nLN58R8R�)��(�,�F"1��+E�,����5A.-%(+-584658)�!=)
"^ST?�)�%a"15A'*)�.,Q='*)��nST'*+��,!=%$��X0!=5A+^'=S�%,R8!=.-.E�,.(H�������ST'*+-4d'=S�"1�/��R858)/��!=+
��5A.-%,+E584658)0!#)@"g58.����s	� ¦ 
 s���Q�LN���(+-�#�



�

��s y �
º � ·�



 s�� y � �
�#º � · � · ¦ R8) Þ ��Üµs �

Å 5A)�%,�f"1�/�:%(RU!=.E.-�(.�!#+-�]�,>@?�5AX�+-'*9�!=9�R8�#Q/C*'=?2%,!=)25A7*)�'*+E�i"1����¹µ�UÜµs � "1�(+-4kH Å '�Q

á w(� � � y �
hY��h*h=�*©

�����

h/� �p±*±
h/��h
�=�

�����
¦ � �

� � h/��h*h*�*©
�����

h/� �p±*±
h/��h
�=�

�����

� ¦ �����

h/� ��±*±
h/��h*�=�

�����

á �}� � � y �
hY��h*h=�*©

�����

h/���@�=h
h/� �*�p±

�����
¦ � �

� � h/��h*h*�*©
�����

h/���@�=h
h/� �*�p±

�����

� ¦ �����

h/���
�=h
h/� �=�p±

�����

á �}� � � y �
hY��h*h=�*©

�����

h/���*h*h
h/� �p±*±

�����
¦ � �

� � h/��h*h*�*©
�����

h/���*h*h
h/� �p±*±

�����

� ¦ �����

h/���=h*h
h/� ��±*±

�����

¾�.E58)�7F"-���fST'*+-4k�

á �Tq � y � � � � � q�� �
� y ·�s � ·0r

 � y �

� ��·�s ¦ ·0r �

á w��}� � � y �����

� h/�Ç�=�#�
� h/��h=©*h

�����

� � � � �
�
�����

h/��©*©
�
h/� � �*�

�����
�

á w��}� � � y �����

� h/��©=h=�
� h/� � � �

�����

� � � � �
�
�����

h/� ±*± ©
h/���*�*�

�����
�

á �W�}� � � y �����

� h/���=�*h
� h/��h=�*h

�����

� � � � �
�
�����

� ���*�=h
h/��� � �

�����
�

¼½���(+-�]"1���(.-�fST?�)�%a"158'=)�.b!=+-�]®,�(+-'����aª0)��:R858)/�,.nLN��5A%$�2.E�,X0!=+-!#"1�f"-���]%,RU!#.-.-�(.,H`»0'*+��a´/!=46X�R8�#Q

á w��}� � � y � h/�Ç�=�#�Fqxw � h/��h*©*hMq�� ¦ hY� �p± �Úy h
� qxwÖy � hY�Ç�*�}q�� ¦ h/���#�@�

Å 5A4J5ARU!=+ERACFST'*+ á w��o!#)�� á �W�



±

Classifier Error
�����i�(+-+E'*+gST'*+�"1��5A.g%,R8!=.-.E5Aª0�(+g%,!=)xÍÿ"n9��i%�!=RA%,?�R8!#"1�(� ?�.E58)�7M"-���i%(RU!=.E.g%,'=)���5A"-58'*)�!=R�X�+-'*9�!=9�58RA5A"-58�,.¶.E58)�%(�
L`�f��'*)xÍÿ"N�0!�P*�f"1�/�,4¸�T'*.E"-�,)�.E589�ROC � H�¼½�0!#"gC*'*?[Lg'=?�R8�m��'F5A.nX�+E'Y%(�,.-.�C='*?�+n"1+-!=58)/58)�7I.1!=46X�R8��"1'F.-�(�
��'pL 4<!#)@CD"15A4J��C*'=?B7*�("�"-���JLN+E'*)�7¬.E587*)\ST+E'*4¸C*'*?/+���58.E%,+E584658)0!=)
":ST?�)�%a"158'=)xHj�����<ST+-!=%("-58'*)×'=S
58)/%,'*+E+-�,%a"�P#!=R8?��(.N58.n"1�/�:X/+-'*90!#9�58RA5A"WCJ'=S�!#)k�(+-+E'*+,H
¾�.E58)�7F"-��58.�%('*4J4J!=)��m"-'6%('*?�)
"N"1���])@?�4�9��,+N'=SµP#!=R8?/�,.NR8�(.-.�"1�0!#)k®(�,+E'��

�T��z á ¢��§�_�;v�zx�����@{ � �@� � � 
M� �Y�}Ï q �*� �-q � � Ò �-q�h � ��h �

¼×�Jª0)��×"1�0!#":ST'*+<�Tqxwa�-q��*Ý Ü¶w � "-���,+E�JL`�,+E�<"WLg'¬)/�,7
!#"-5AP=�6P#!=RA?��,.I'*?/"I'=S � h*hYQ�!=)��×ST'*+ ��qxwa�-q��=Ý Ü^� �
"1�/�,+-�ILn!=. � X;'=.-5A"-5AP=�:P#!=RA?��M'*?Y"i'=S � h=h/Q;.E'<"1�/���,+E+-'*+�+1!#"-�M58.o� Ã �=h=hÉy h/��h � �YHb����5A.i58.�!=%("-?0!=RARAC
��5A7*���,+6"1�0!#)�"1���j.E58)�7=R8�2P#!=+E5U!#"-�2%(RU!=.E.-5Oª0�,+­� ÞVð y h/��h=h*�
� � Q�9�?/"m7*5OP*�()�"1���j�/5AÌ;�,+-�()�%,�¬5A)Ö"1�/�
!=X�X/+-'
!=%$�D!=)/�j"1���F�(+-+-'=+i%�!=RA%,?�R8!#"15A'*)xQ�%,RA'*.-�F�()�'*?�7*�j"-'m9;�F%('*)�.E58���(+-�,�¬"-���F.1!=46�=HIÙ�'pL`�(P=�,+,Q§"1�/�
.1!#4J�f�(+-+-'=+b5A)���5A%�!#"-�,.n"1��!#"N?�.-5A)�76!6.E58)�7=R8�oP#!=+E5U!#"-�f%,RU!#.-.-5Oª0�,+�5A.�9;�a"-"-�,+,H


