
The ADALINE

A neuron with a learning rule based on the Least Mean Square or Delta
Rule as devised by Widrow and Hoff (1962).

As before, define the internal response of the neuron as the dot product of
the d-element input vectors, �� , � � ��� � and the weight vector, �� , � � ��� 	

,�
 �� � � 
 �. Let the output, �, be defined as a continuous function of the
internal response. For example,

� �

�

� � �� � � �� 
��
or

� �

�

� � �� � � �� 
�� � �

so that z varies from -1 to +1.
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Single Neuron Analysis

The error is the difference between the expected value,
� � , and the internal

response, �
 �� , 
 � � �� � �
 �� . Since this value can have a sign, it makes
since to use the following instead:

� � � � � � � � � �
�

� � �� � �
 �� � �

Our learning rule will be of the form:

� � � � � � � � � � ! �"

where

! � � � #
$ � � � �

$ �
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Single Neuron Analysis

Using the $ � � � �
$ � � � � � � �
 � � $ � 
 � � � �
�

� � � � � �
 � � $ � 
 �
�

� � � � � �
 � � � � �

! � � � � � � � � �
 � � � � � � � � � � �
 � � � � �

So, for input

�

,

� � � � � � � � � � #" � �� � � 
 � � � �� �

or for batch application:

� � � � � � � � � � #"
�

��% &
� �� � �
 �� � � �� �
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ADALINE Example
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ADALINE Example

k = 2,

� �
')'(')')'
+

/
')'(')')' �

� � �

� 
 � � � 
 � � � � 0 � :

� �

�

� � �� � � � 4 �; � � /�0 2 �
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� �
')'<')'('
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')'<')'('
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')'<')'('
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/
')'<')'('

�
')'<')'('
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ADALINE Example

k = 3,

� �
')'(')')'
�

*
')'(')')' �

� � /

� 
 � � � 
 � � � � 0 + �

� �

�

� � �� � � � 4 = � � � /�0 2 +


 � /�0 +98 � � � � � � � /�0 * ,

� �
')'<')'('
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� /�0 : +
')'<')'('
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')'<')'('
�

*
')'<')'('

�
')'<')'('
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� /�0 2 :
')'<')'('

And so on. The final solution is:

� �
'(')'(')'
/�0 : �

� /�0 * :
'(')'(')'
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Multilayer ADALINE
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1. �� are the inputs,

� � ��� 	
.

2. >? are the outputs of the hidden units,

@ � ��� A

.

3. �" are the outputs of the output units,

 � ��� B.
4.

� " are the target outputs

 � ��� B.
5. � ? � is the weight on the link from input unit

�

to unit j in the hidden
layer.

6.
C" ? is the weight on the link from hidden unit

@

to unit k in the output
layer.
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Feedforward

At hidden layer

A ? ,

� 
 � ? � � 
? � �
D

�% &
� ? � ��

>? � E � �
 � ? � � E �
D

�% &
� ? � �� �

At the output layer F" ,

� 
 � " � C 
" > �
G

? % &
C" ? >?

�
G

? % &
C" ? E �

D
�% &

�� ? �� �
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 � " � � E � G
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�
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Feedforward Example
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Multilayer Error

As before, we need the rate of change of the error with respect to �,$ � � � �H $ � � � , but if we use �" , we no longer have a direct relationship. So
we use the chain rule,

! �" � � # I � � �" �

I � � �" � �
$ � � �" �

$ �" �
$ � � �" �

$ �
 � "
$ �
 � "

$ �"

� � �" � �
�

� � � " � �" � �

�
�

� � � " � �
 � " � �

So, $ � � �" �
$ �" � � � " � �" � � � �

$ � � �" �

$ � 
 � " � � � " � �" � E J � �
 � " �
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Multilayer Error Continued

Let, the sensitivity of unit

 

be defined as:

K" � � $ � � �" �H $ �
 � "

� � � " � �
 � " � E J � � 
 � " �

� � � " � �" � E J � �
 � " �

E J � �
 � " � �
$ E � � 
 � �

$ �
 �
which for

&
&L MN O P Q RTS is:

E J � �
 � � � E � �
 � � � � � E � � 
 � � � � � � � � � �
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Output Layer Learning

For an output layer node,

 

, with input vector, > " :

$ �
 � " H $ �" �
$ � � 
" >" �

$ �"

� >"

So,

! C" ? � �
$ � � �" �

$ �" � �
$ � � �" �

$ �
 � "
$ �
 � " �

$ �"

� � # K" >

� � # � � " � �" � E J � �
 � " � >"

� � # � � " � �" � �" � � � �" � >"
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Hidden Layer Learning

The error from the output unit has to be propagated backward from the
output layer. If output node

 

, has error 
 " , then that error should be
distributed over the nodes that input to it according to some functionE � 
 " � �" @� >? �

. Of course, we expect to minimize our error function, but we
can directly do so since we only have an indirect relationship between � ?

and 
 " . From before, the rate of change of the error at node

 

with respect
to the weight vector at node

@

is:

$
 "
� ? �

$
 "
$ �
 � ?

$ � 
 � ?
$ � ?

The second term is already known to be �. Using the chain rule on the first
term, we can get:

$
 "
�
 � ? �

G
" % &

$
 "
$ �
 � "

$ �
 � "
$ �
 � ?
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Hidden Layer Learning

K? �

G
��% &

K"
$ �
 � "

$ �
 � ?

$ �
 � "
$ � 
 � ? �

�U
�% ?5V

�" ? >?
$ �
 � ?

Since > ? � E � �
 � ? �

,

$ �
 � "
$ � 
 � ? � �" ? E J � �
 � ? �

So we have,

K? �
W G

" % &
K" C" ?

X
E J � �
 � ? �
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Hidden Layer Learning

If we define


 ? �
W G

" % &
K" �" ?

X

Then,

K? � 
 ? E J � �
 � ? �
And,

! � ? � � � # �� K?

� � #
W G

�% &
C" ? K"

X
E J � � 
 � ? � ��

� � #
W G

�% &
C" ? K"

X
> � � � > � ��
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Multiple Hidden Layers

If there are multiple hidden layers, the equations above apply to the last
hidden layer with �� replaced with >� from the previous layer.

For the layers between the first and last hidden layers, these equations
apply with

K" replaced with

	
 Y � � ? from the succeeding hidden layer.
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The Backpropagation Algorithm

Feedforward:
1. Feed the input into the network.

2. For each hidden layer, calculate �
 � ? and > ? ,
@ � ��� �Z .

3. At the output layer, calculate �
 � " �" and
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The Backpropagation Algorithm

Backpropagation:
1. At the output layer,

K" � � � � � � E J � � 
 � �

and
! C" ? � # K" >" and

create a new set of weights, W(m+1).

2. For each hidden layer,

(a)

K? �
W G

" % &
K" C" ?

X
E J � �
 � ? �

(b)

! � ? � � # K? ��
where �� is replaced by >� for every hidden layer except the first.

(c) Calculate � ? �\[ � � �
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Backpropagation Algorithm

The term:


 ? �
W G

" % &
K" C" ?

X

from the calculation of

K]? is called the error term for the hidden unit as it
represents the error assigned to the node.

In the batch form, process all the inputs and accumulate the

K ? before
modifying the weight vectors. This avoids oscillation, but slows
convergence. Samples should randomized and white noise can be added
to improve robustness.
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Example

Backpropagation Example
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http://www.cs.montana.edu/courses/530/topics/7-neural/lectures/example_bp.pdf
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