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ABSTRACT

We present a new algorithm to discovering natural parti-
tions of a set of samples based on their gene expression
patterns found with microarray experiments. The algo-
rithm is based on a bi-criteria combinatorial optimization
problem to simultaneously identify an interesting set of
genes and a partition of the array samples. Each gene in
the gene set should respect the sample partition in the
sense that if the gene’s values are colored according to
the partition class they come from, then the values, when
sorted, should have a minimal number of color changes.
We refer to this as the full color criterion. It measures how
well a particular gene sorts the various partition classes.
The other is the black and white criterion that measures
how well a gene distinguishes one sample class from the
remaining samples. While we show that the optimization
problem is NP-complete, we are effectively able to solve
problems of interest. Additionally we can calculate a “p-
value” to interpret the significance of the results. We have
tested the algorithm on a 30 sample Cutaneous T-cell
Lymphoma data set; it was able to almost perfectly dis-
criminate short-term survivors from long-term survivors
and normal controls.

INTRODUCTION

Microarray clustering is not a new topic; a variety of ap-
proaches have been proposed for clustering both genes
(based on their expression similarities across multiple
samples or conditions) and array samples (usually based
on their expression similarities across a set of identified
interesting genes). Both supervised and unsupervised
methods have been developed [3, 4, 8, 9]. For the former
case, techniques such as linear discriminate analysis (and
similar methods such as SVM and principal component
analysis) have been applied to microarray data to identify
a subset of interesting genes that can be used to classify
the array samples according to their labels. Many unsu-
pervised clustering methods have also been employed; k-
means, self-organizing maps, hierarchical clustering to
name a few [13]. The problem of feature selection is par-
ticularly relevant as many genes in the microarray set may
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be uninformative and must somehow be lowered in rele-
vance in order to find good clusters. The CLIFF algo-
rithm [12] uses an expectation-maximization approach to
unsupervised clustering that iteratively refines the cluster-
ing (using the normalized-cut algorithm) and the set of
genes selected. Other randomized approaches to unsu-
pervised clustering have also been proposed, in particular
the CLICK algorithm based on a graph-clustering algo-
rithm [1, 2, 11].

We propose a new method for simultaneously identifying
a set of interesting genes and a partition of the samples. It
can be used in a completely unsupervised fashion, or it
can be partially supervised to keep certain samples to-
gether (such as controls) or apart (such as separating pa-
tients from controls). The algorithm uses a bi-criteria
combinatorial optimization search to simultaneously de-
termine an interesting set of genes and a partition of the
array samples. Each gene in the gene set should respect
the array partition in the sense that if the gene’s values are
colored according to the array sample partitions they
come from, then the values when sorted should have a
minimal number of color changes. We refer to this as the
full color criterion. It measures how well a particular
gene sorts the partitions. The other is the black and white
criterion where we color the values of one of the parti-
tions black and the remaining values white and again
count the number of color changes. For each gene, we
choose the partition to color black that minimizes this
count. This criterion measures how well a gene distin-
guishes one sample class from the remaining samples. In
next section, we formally define these criteria and de-
scribe a branch-and-bound algorithm to find best parti-
tioning and gene set. Next we prove that the general
problem of finding the partitioning and gene set with the
minimum number of color changes is NP-complete. Sub-
sequently we discuss how to calculate “p-values” for each
gene found; this is just the likelihood of seeing the gene
scores found at random. We then describe our results
using the algorithm on a 30 sample leukemia data set.
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The results are quite interesting. The algorithm was able
to differentiate the patients who were long-term survivors
from those who were short-term in an unsupervised way.
The set of genes found are of particular interest to cancer
researchers who are studying this data set. We conclude
with some ideas for improvements and potential new uses
for this method.

DEFINITIONS

The input to the algorithm consists of a microarray data
set consisting of a set of samples that have been measured
against a common microarray. The output of the algo-
rithm is (1) a subset G of the genes and (2) a partitioning
P of the samples. The selected subset of genes supports
the partitioning in the following combinatorial sense: If
each gene’s values are colored according to the array
sample partitions they come from, then the values when
sorted should have a minimal number of color changes;
we call this the color change of the gene. We also con-
sider a slightly different scoring scheme called black and
white change. This statistic looks at a partitioning as if
one partition was colored black and remainder were col-
ored white then counts the number of changes that occur;
we chose the black partition so as to minimize the number
of changes. The idea of also counting B&W changes is to
find genes that are good at differentiating one class from
all of the remaining classes. We define this formally as
follows: Let m be the number of genes, n be the number
of array samples and let the matrix £ = (e;), where e; is
the expression value of gene 7 in sample j. Suppose that P
= {P,, ..., P;} is a k-partitioning of the arrays samples and
that p(i) denotes the partition that sample i belongs to.
Let 7, sort the expression values of gene g, i.e. g ) <
€om2) < ... Seqmm. LetI[b] be a Boolean indicator func-
tion, i.e. I/true] = 1, Iffalse] = 0. We define

color change(g) = > I[p(7, (i) # p(z, (i +1))]
and

B & W change(g)
. n—1 . . .
=minl_, Y " [ {z, (). 7, (+ D} P, |=1]

Clearly, genes that have low color and B&W changes are
more interesting with respect to a given sample partition.
We are interested in finding a large set of genes that mu-
tually support one particular partition of the array samples
and can now state the partitioning/gene selection problem
precisely:

GENEPART OPTIMIZATION PROBLEM

Input: The input consists of a m x n expression matrix E,
k, the number of partitions, s, a minimum class size, and
P, the desired size of the selected gene set G.

Output: The output is the partition P = {P,, ..., P} and
gene set G that is the solution to

arg min , ) Z color change(g) + B & W change(g)

geG

subject to the constraints |P;| >s fori =1 ... k and |G|=p.

ALGORITHM

We employ a combinatorial search algorithm based on
branch-and-bound to find P and G. The central data
structure used is a search tree T. Each internal node of T
represents a partial solution where some of the samples
have been assigned to partition classes but some are unset.
This is accomplished as follows: We view T as a rooted
tree, the level of a node in T is simply the depth it is at
from the root. Edges are considered to have the same
depth as their originating parent node. We will use edges
at level i to indicate the partition of sample i. In general,
there will be k edges leaving each node at level i to indi-
cate the k possible partitions that sample i could belong
to. (Note: if sample i is constrained to belong or not be-
long to a particular class then there may be fewer such
edges. Also, we remove edges to eliminate partitions that
are same up to a relabeling of the classes.) It follows that
leaf nodes in T represent complete solutions where the
samples have been fully partitioned.

Each new search node x in T is evaluated by considering
its (partial) assignment of samples to partitions and then
calculating the B&W and color change of each gene in G.
If samples are not currently assigned partitions, then they
are simple omitted from the scoring calculation. Once
this is done, we can sort the genes according to their com-
puted score and keep the best p (in practice, we use a se-
lection algorithm instead of a sorting algorithm to in-
crease efficiency). We sum the scores of these selected
genes and assign this score to the node n in question, de-
noted score (x). Notice that scores can only increase
as we descend the search tree; this is because assigning a
new sample to a partition can only increase the number of
B&W and color changes for a given gene. This means
that we can use a node x’s current score as a lower bound




on any partitioning solutions that are descendants of x.
So, if we have already discovered a solution pair (G,P)
with a lower score than x, then we can immediately prune
the subtree rooted at x.

A further consideration is the order in which nodes are
considered for expansion in T. At any point in the search,
there is a set of nodes that are on the edge of the search;
that is none of their immediate descendants have been
examined. We term this set of nodes, the frontier of T.
We chose which node in the frontier to expand next by
considering its current score to depth ratio; this is simply
its current score (as defined above) divided by the level of
the node in T. The idea is that nodes with a low ratio are
more likely to yield good solutions than those with higher
ratios and so should be expanded first.

We can describe the tree search algorithm in pseudo-code.
Let F represent the search node frontier.

Tree Search Algorithm

1. F = { root }
2. best = null
3. while (F not empty) {
remove node x in F with lowest score/depth
if (best != null OR score(x) < score(best))
add the children of x to F
if (x is a leaf AND
(best = null OR score(x) < score(best))
best = x
}
4. return best

Upon complete of this algorithm, we will have found the
best search node; associated with this node is the partition
P of the samples as well as the associated set of genes G
that has the fewest total B&W and color changes.

During the search, we can enforce user-specified con-
straints on the partitioning. For example, we may wish to
exclude partitions that mix particular groups of samples
(e.g. patients from controls). Our initial experience with
this search algorithm is that it is able to find the optimal
(P,G) pair relatively quickly. In the experimental results
section we will discuss our experience using the algorithm
on a 9600 clone by 30 sample leukemia data set involving
12 controls and 18 patient samples (we specified that con-
trols should be kept separate from patients); depending on
the number of partitions found, running times would vary
from a few minutes to half a day on a moderate Alpha
workstation.

COMPUTATIONAL COMPLEXITY

We outline a proof that that GENEPART optimization
problem is NP-complete. The reduction is from a graph
partitioning problem; the problem of deciding whether a
graph G contains a complete bipartite subgraph of a given
size. The vertices of such can graphs can be divided into
two groups L and R such that the edge set of the graph
contains L x R (i.e. every vertex in L is connected to
every vertex in R) such that |L| = |[R| = |V|/2. This prob-
lem is NP-complete for general graphs with an even num-
ber of vertices.

Lemma: GENEPART is NP-Complete

Proof: We sketch the reduction. Let G=(V,E) be a graph
that we would like to decide if it contains a complete bi-
partite subgraph. We will create an instance of the
GENEPART problem as follows: The tissues samples
will be the vertices in v; that is V form the columns of the
expression matrix. For each edge e = (u,v) in E we create
a new row in the expression matrix that is equal to 0 in all
positions except at column u will equal -1 and at column
v will equal 1. We claim that G contains a complete bi-
partite subgraph if and only if we can find a 2-partition of
the samples (vertices) and p = [V|*/4 genes (edges) with
exactly p total color changes (one change per gene). Ob-
serve that if an edge’s endpoints are in different partitions
then there exists a sorting permutation of the correspond-
ing gene values such that there is exactly one color
change. On the other hand if an edge’s endpoints are in
the same partition then there must be at least two color
changes (the -1 and +1 are the same color and there will
be 0’s of the other color in between). Thus if we can find
a 2-partition with p genes that have exactly one color we
know the corresponding edges form a complete bipartite
subgraph of the desired size.

STATISTICAL SIGNIFICANCE

In this section we develop a means to evaluate the signifi-
cance of each gene found in (P,G) using a “p-value” style
calculation. Such a calculation asks “what is the likeli-
hood of observing the genes found and their associated
color changes in random data?” For this analysis, we
assume that each row in E is independently randomly
generated and that each sorting permutation 7, of the val-
ues of gene g is equally likely. Suppose that a gene g has
¢ color changes for some fixed partition P = {P;, ..., Py}.
We are interested in calculating the probability that this
would occur by chance. Lets; = |P;|. We can view the
problem as calculating the chance that exactly ¢ color
changes occur in a random permutation of colored ob-
jects, where there are & colors present and exactly s; ob-
jects with color i. To solve this we first need to count the
number of distinguishable ways of permuting the objects
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with exactly ¢ color changes. Dividing by the number of
distinguishable permutations in total will yield the desired
probability. Let CC(Y{s,, ..., s}, ¢) be the number of dis-
tinguishable permutations of the objects above with ex-
actly ¢ color changes. It is relatively straightforward to
determine a recursive expression for this quantity. The
base case occurs when k = 2, that is two colors are pre-
sent. If ¢ is even, then endpoints of the permutation must
have the same color (either black or white). We can view
the process of creating a distinguishable permutation as
first placing all the objects of one color in a row and then
selecting ¢/2 internal gaps between consecutive objects to
insert the objects of the remaining color into. Once the
gaps are chosen we need to partition the remaining ob-
jects into ¢/2 nonempty groups to insert into these gaps.
This is tantamount to picking ¢/2-1 internal “split points”
in the list of the remaining objects. Accounting for the
fact that then endpoints are either black or weight, we
arrive at the top case in the expression below. When c is
odd, analogous reason holds (the leading 2 in the expres-
sion results from the fact that the distinguishable permuta-
tion can start with either color first).

CC(ls |, s,/ 0

s; =1 s, -1 s, =1 A .
+ if cis even
cl/2 c/2-1 cl/2 c/2 -1
= s, =1)s, -1

2l ¢ -1 c—l}ifcisodd
2 2

For k > 2, we apply a similar argument to the one given
above. Suppose that we have placed all of the objects
having the first k-7 colors and that this has yielded d < ¢
color changes. We need to then consider the number of
ways to place the remaining objects of color & in order to
reach a total of ¢ color changes upon completion. Ob-
serve that if one of the remaining objects is inserted in
between two objects of the same color, then two color
changes are created. However, if one of the remaining
objects is inserted at a location that already has a color
change, then there is only a net increase of one color
change. Suppose there are e insertions of the latter case
and f insertions of the former case. This yields a net in-
crease of e + 2f colors, so we require that d + e + 2f = c.
There are exactly d+2 positions that will yield a net in-
crease of one color change (the existing internal color
change locations and the two endpoints), we choose e of
them. This leaves n - s, - d - I internal locations to
choose that will increase the color change count by 2; we
choose f of them. Finally we need multiply by the num-
ber of ways we can divide up the color & objects into e+f
nonempty groups; the final factor in the following for-
mula accounts for this:

CCfs ..o 80 cF

d+et2f=c
die,f20

d+2\n—s,—d-1Y s,—1
cesoshd | T

We can now state the likelihood of finding gene g with
exactly ¢ color changes given a partition P. This is sim-
ply the number of distinguishable permutations with ¢
color changes divided by the total number of distinguish-
able permutations:

Pr( color change(g) =c|P)

n
= CC({s |, ""Sk}’c)/(s e s S ]

In the case of B&W changes, suppose that P is again
given and that we select partition i to be black and re-
maining partitions are colored white. Applying the above
formula we have:

Pr( B & W change(g) = c | P,iselected )

=CC({s ,n—-3s,}c )/(S nn_ S‘]

To improve the readability of the results, we take the
negative logarithm (base 10) of all of the probabilities
calculated. So, a larger value indicates more significance.
Typical values can be seen in Tables 1B and 2B at the end
of the paper.

EXPERIMENTAL RESULTS

To test our GENEPART algorithm (implemented in C++
and primarily executed on an Alpha workstation) we have
used a 30 sample data set created by the Showe laboratory
at the Wistar Institute. The data set consists of microar-
rays for 18 samples from 17 patients (one patient sam-
pled twice) and 12 controls previously described and ana-
lyzed by the Showe laboratory at the Wistar Institute.
The data is obtained from single-channel cDNA microar-
rays spotted with 9600 features. The RNA samples were
derived from ficoll-gradient purified peripheral blood
mononuclear cells (PBMC). Patients with SS are clini-
cally identified as having T-cells with aberrant cerebri-
form nuclei in excess of 5% of morphologically normal
T-cells. In these 18 patient samples, SS cells comprised
65-99% of the total PBMC. Survival in this group of pa-
tients ranged from 1 month to >5 years. There is no cor-
relation between percent circulating malignant cells and




time of survival, so the derivation of a prognostic indica-
tor based on gene expression will be clinically important.
The patients have been previously described elsewhere

[6].

As an initial test, we first constrained the program to find
a list of the genes that had the fewest changes when the
partition consisted of two classes; the patient samples and
the controls. Of the top 10 genes (CD8BI1, TLEI, TPR,
PLS3, TNFRSF5, QSCN6, TNSF10, SCYA4, KLF4,
FCER?2), five are over expressed and five are under ex-
pressed in patients relative to controls. Four of these
(PLS3, TNFRSF5 TNSF10, and SCYA4) are also among
the most informative genes found by Penalized discrimi-
nant analysis (PDA) [5, 10] on a data set of 6,000 features
representing 4500 genes [6]. Of the next 10, two more,
ILIR1 and CD26 are also informative for PDA in this
dataset. Two other genes which are highly informative
using PDA, STAT4 and DUSP1 appear slightly lower on
the list. Many of these genes, e.g. CD8B1 and STAT4 are
important T-cell specific proteins. The progressive loss
of CDS cells is an indicator of poor prognosis in these
patients and the loss of STAT4 is consistent with the T-
helper cell type 2 phenotype of the malignant cells.
PLS3 is a unique single-gene marker for 70% Of patients
with SS, since it is never expressed in normal lympho-
cytes. Other T-cell specific genes include IL4R; the re-
ceptor for interleukin 4, and IL-11Ralpha.

The 3-partition shown in Tables 1A & 1B distinguishes
the short-term (ST) from long-term (LT) survivors with
only two classification errors out of 18. Interestingly, the
mean of expression values of controls is, with the excep-
tion of 3 genes, always intermediate between that of the
ST survivors, which are down regulated and that of the
LT-survivors, which are up regulated. The exceptions are
PLS3, and KLF4 up regulated in both patient classes, and
SATBI1, down in both disease classes. Among the most
consistent classifying genes with regulatory functions are
FOXOI1A, a forkhead family transcription factor and
MAP4K1, and DLG4, regulatory kinases. The best scor-
ing gene, HEM1, is highly expressed in T-cells.

The 4-partition is, perhaps the most interesting. A small
group, consisting of four long-term and one short-term
survivor has mean expression values similar to the con-
trols. The remaining groups are mainly ST and mainly
LT patients respectively. The gene expression of the for-
mer are uniformly down regulated by about 2-fold, while
the latter are up regulated relative to controls between 50
and 100%. Interestingly, the most consistent genes,
showing fewest color changes, show little overlap with
the genes which are informative using PDA. Although
the differences between these two classes and controls are

not large, the removal of a class of LT survivors (nearer
normal) from the remainder of them leaves a larger dif-
ference between the ST and LT which show a ratio of 3-4
in the most informative cases. It may be possible to pro-
duce a smaller classifier from these genes than was possi-
ble with genes selected using PDA. However, some note
must be made of the fact that the original PDA studies
were carried out using fewer genes. Some of the genes
from the 3-partition are also informative in the 4-partition.
Among the “new” genes are LIF, a macrophage induction
cytokine, and CHD1, a DNA helicase.

DISCUSSION AND FUTURE WORK

We have developed a new combinatorial approach to the
problem of finding interesting genes and partitioning the
samples from microarray experiments. Based on the two
criteria of counting both color changes and B&W changes
we are able to compute the optimal sample partition and
gene set. On a fairly large data set, the partitioning that
was found separated long-term survivors from short-term
with only two misclassifications. This was substantially
better than a hierarchical clustering algorithm applied to a
set of genes found using discriminant analysis [6].

We have contemplated and are currently testing some
refinements to the algorithm. Currently, one must specify
the number of partitions to look for and a minimum parti-
tion size. This is somewhat artificial as ultimately we are
interested in finding the most statistically significant par-
titions of the samples. It should be possible to develop
bounds on the likelihood of finding a particular (P, G) pair
at random; these bounds could then be used to prune the
search to find only the most statistically significant parti-
tions. For example, a data set might have a very statisti-
cally significant four-way partition but have no interesting
five-way partitions. Along these lines, it would be inter-
esting to investigate suboptimal solutions. There may be
several interesting (P,G) pairs possibly involving different
genes in one data set.

Once an interesting (P,G) pair has been found, one could
also look for patterns in the genes. Some genes may simi-
lar expression patterns across the partitions; potentially
suggestive of common regulatory pathways. One idea is
to perform a phylogenetic analysis on the samples (for
example to study and indicate a evolutionary progression
in cancer). Briefly, we could identify “states” for a gene
by using select color changes as state boundaries (i.e. a
gene with a color change of 1 would two states). For each
array sample (or perhaps sample partition) we could then
associate a gene state vector that records what state each
gene is in for that sample (or partition, on average). The
number of gene states would be fairly small, so a standard
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phylogeny search algorithm could be then be used to
search for evolutionary relationships among the samples.
Finally, another feature of the algorithm that may be use-
ful is that it is tolerant to missing data; blank entries in the
expression matrix £ can simply be ignored for the pur-
poses of calculating color changes.
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Table 1A — Results for the B30 data set, 3-partition case

This table shows the optimal partitioning of the B30 CTCL data set into three classes. Partition 0 was constrained to contain
all of the controls. All but one sample in partition 1 was a short-term survivor. All but one sample in partition 2 was a long-
term survivor.

Partition 0: Partition 1: Partition 2:
sample 0: Th0-C022 1 sample 12: ST-S123 1 sample 16: ST-S114 3
sample 1: Th0-C021 1 sample 13: ST-S127 1 sample 18: LT-S116 1
sample 2: Th0-C004 1 sample 14: ST-S112 5 sample 19: LT-S110 3
sample 3: Th2-C002 2 sample 15: ST-S115 1 sample 20: LT-S118 3
sample 4: Th2-C003 2 sample 17: ST-S107 2 sample 21: LT-S138 1
sample 5: Th2-C010 2 sample 28: LT-S109 1 sample 22: LT-S119 2
sample 6: Th2-C011 2 sample 23: LT-S136 1
sample 7: Th2-C018 6 sample 24: LT-S150 1
sample 8: Th2-C019 6 sample 25: LT-S118 2
sample 9: Th2-C020 6 sample 26: LT-S113 4
sample 10: Th2-C021 3 sample 27: LT-S149 1
sample 11: Th2-C022 3 sample 29: LT-S111 1

Table 2A — Results for the B30 data set, 4-partition case

This table shows the optimal partitioning of the B30 CTCL data set into four classes. Partition 0 was constrained to contain
all of the controls. Partition 1 consists of four long-term and one short-term survivor has mean expression values similar to
the controls. Partition 2 consists of short-term survivors and one long-term. Partition 3 contains the remaining long-term
survivors and one short-term.

Partition 0: Partition 1: Partition 2: Partition 3:
sample 0: Th0-C022 1 sample 12: ST-S123 1 | sample 13: ST-S127 1 | sample 16: ST-S114 3
sample 1: Th0-C021 1 sample 21: LT-S138 1 | sample 14: ST-S112 5 | sample 18: LT-S116 1
sample 2: Th0-C004 1 sample 23: LT-S136 1 | sample 15: ST-S1151 | sample 19: LT-S110 3
sample 3: Th2-C002 2 sample 24: LT-S150 1 | sample 17: ST-S107 2 | sample 20: LT-S118 3
sample 4: Th2-C003 2 sample 27: LT-S149 1 | sample 28: LT-S109 1 | sample 22: LT-S119 2
sample 5: Th2-C010 2 sample 25: LT-S118 2
sample 6: Th2-C011 2 sample 26: LT-S113 4
sample 7: Th2-C018 6 sample 29: LT-S111 1
sample 8: Th2-C019 6
sample 9: Th2-C020 6
sample 10: Th2-C021 3
sample 11: Th2-C022 3
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Table 2B — Results for the B30 data set, 3-partition case

In this table, we show a subset of interesting genes from the top 200 genes with the fewest color changes for a 3-partition of
the B30 CTCL data set. PLS3 was also the most informative gene found using discriminant analysis [6]. See text for a dis-
cussion of the biological relevance of these genes.

Q ¥ ) 'é 2 Q
= el < o - a = - =
T © = [yl = 0] L o o .© —~ =
Er |2E 5 g LF @ 58 T 3 ® 2
20 |£8 8- | ga| £ |3z€ 5 |28 £ g
ETC | L= - L - g o c S © n 2
S o g Q o< G~ |2 ¢ L © 4
o = ™ 8 n o = = <t e o
=388 2 _E o~ O 3 I 8 $ e | S L < 2
Gene 28|25 Q= > 2 2o | ¢ 8= (28 = e
NE =3 s | 85| 2=|<5 -u N3 < rs o
6~ | 8o PR 6 2 53 |8 o s L | 86X % o O X
I5|TC TDo I Ig |TY I—- |IT:cg@ ®n B =
NG |NE N a N NT | s NE |[=®g o = 5
o8 |o o o E o |l os |oE oo <D
o8 |m<x< T3 TS T O | ®pW sl g E® T — o
ITc|T5H T2 I o I |T oK IQ |Ta% TE %j
ox r\ox = > o 38 0l nao N2 Ny N~ S S
~°|R30o $3 S5 e S22 |88z 3o S C
ND |oow » & S8 ol |loacgo 0o |NED 0 .2 - 8
0.69"™ | 2.56™ | 13.70" | 0.58" | 7.00"7 | 3.14" | 22.81™ | 1.93% | 029" | 0.24"
0.78" | 3.007 | 15.92" | 1.41" | 7.45™ | 3.28" | 2459 | 2.30% | 0.49® | 0.30"
0.88" | 3.71™ | 22.76" | 1.46" | 8.97" | 3.35" | 28.15"7 | 250* | 054" | 0.31°
0.98"7 | 3.86" | 2297 | 1.62" | 9.44"® | 469™ | 2961 | 256" | 0.55° 0.35°
1.08" | 416" | 28.52%% | 1.94" | 12.24%® | 489" | 33.79%® | 4.08*° | 0.59* 0.40*
1.24% | 4528 | 28.71" | 2.03%® | 14.22"° | 5122 | 43.46° 452" | 0.63° 0.42°
1.28° | 4.60° 30.74" | 211° | 16.78" | 6.26" | 45.03" 4.78" | 0.647 0.427
1.38"° | 4.79° 31.79° | 2132 | 18.98" | 6.377 55.20"” | 5.007 | 0.67° 0.43°
1.42" | 4.99" 33.50" | 215" | 19.21° | 6.54° 56.49° 515% | 0.76° 0.48°
1582 | 5.26° 36.57" | 2.44° | 20.05" | 7.28° 56.62" | 7.07* | 0.78° 0.81%
1.60° | 526" | 38.34% | 264" | 22.95° | 755" | 57.40° 7.23"% | 079" | 0.82"
1.62° | 548" | 40.56° | 2.65° | 26.16° | 7.96° 58.49" | 7.80" | 0.86' 0.93"
165" | 5.51° 43.09° | 319" | 27.07° | 8.81% | 59.76° 7.88"7 | 0.91° 0.99%
Coloring | 170, | 591% | 4878|338 | 27.48° | 973" | 62657 | 8147 | 095 | 1097
1.79° | 6.407 | 49.10” | 3.57® | 27.67° | 10.257 | 66.18%" | 10.66* | 0.97" | 1.17®
1.82% | 6.94° 50.68%° | 3.58%7 | 28.70" | 10.31° | 69.14® | 10.74" | 1.13" | 1.21%
1.83% | 8.06%" | 55.88° | 3.612 | 29.14%* | 10.50° | 72.14** | 11.08° | 1.19" | 1.32*
2.03' 8.15* 56.91%* | 3.74"® | 30.42%° | 10.69** | 72.60%° | 14.12° | 1.78% | 1.63%
2.05%* | 8.41%2 | 59.34% | 3.91%" | 30.44* | 10.94*' | 7553 | 14.65" | 4.72%® | 1.72"
2.09% | 853* | 61.56% | 3.94* | 30.61* | 10.94* | 83.62" 14.70*" | 4.827 | 1.79"®
2.207 | 9.08%° | 65.14% | 4.04' 32.07%” | 11.03% | 84.04* 15.96" | 5.31' | 1.87"
2.24% | 972% | 69.13" | 4.11° | 33.46" | 11.89° | 85.31° 16.247 | 558" | 2.01°
236" | 9.79® 69.19° | 456 | 35.94° | 12.08%° | 86.47° 16.84* | 8.90%° | 2.09%
2.44%° | 9.95 7217* | 4.72* | 37.04%® | 13.86®° | 87.03®° | 17.69° | 10.82"° | 2.22?
2.66° | 10.19° | 77.05%° | 4.85% | 40.52"° | 14.01%® | 95.91%2 | 17.76° | 12.19* | 2.34™
2.72"® | 10.88% | 77.75" | 4.88"° | 41.06” | 16.49" | 97.83"® | 19.22° | 15.52%° | 2.44"™
2.82° | 12.17% | 78.93°% | 574 | 43.97% | 16.85° | 104.44*° | 20.61° | 17.60"° | 3.68%
3.69" | 12.45%° | 79.98% | 5.82° | 44.01" | 17.43" | 105.05° | 20.66" | 19.11% | 4.007
416" | 13.94® | 89.44" | 6.34%®° | 48.31% | 17.71" | 112.05" | 21.01" | 24.30®° | 6.62*
4.42* | 16.76" | 98.60" | 7.06"° | 57.81* | 19.52" | 118.38" | 28.48° | 28.54" | 12.52"
B&W
changes 1 1 1 1 3 1 3 5 4 5
-log prob 547 547 547 547 3.41 5.47 3.41 3.76 4.55 3.76
Color
changes 7 8 8 8 7 10 8 8 9 9
-log prob 525 4.70 4.70 4.70 5.25 3.79 4.70 4.70 4.22 4.22
Mean 1.93 6.74 50.71 | 3.28 26.92 | 9.91 68.48 1745 | 0.68 0.79
Mean 0.94 3.63 2210 | 1.51 10.81 | 4.08 32.36 1112 | 6.25 3.47
Mean 2.53 1019 | 67.14 | 4.65 36.75 | 13.00 86.16 | 5.44 1052 | 2.20
Fold change | 2.70 2.80 3.04 3.08 3.40 3.19 2.66 3.21 15.43 | 4.41




Table 2B — Results for the B30 data set, 4-partition case

In this table, we show a subset of the top 200 genes with the fewest color changes for a 3-partition of the B30 CTCL data set.
LIF, and CHDI1 are regulatory kinases of interest that do not appear in the 3-parition list.
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2281 | 13.70" | 045" | 11.85"™ | 9.06" | 1.02%® | 6.71™ | 17.74" | 0.79" | 0.80"°
2459 | 15927 | 0.56™ | 18.28" | 11.07" | 1.48"® | 9.32" | 20.23" | 1.04™ | 1.01"
28.15"7 | 22.76" | 0.70"7 | 20.71"® | 12.90" | 1.87%® | 10.35" | 20.56" | 1.24™ | 1.18"
29.61"° | 22.97" | 0.86% | 21.00™ | 13.38" | 1.94" | 11.39" | 21.80" | 1.25" | 1.32"”
33.79% | 2852 | 0.86™ | 24.31"% | 18.92%® | 1.94" | 14.17%® | 26.90®® | 1.76%® | 1.33%
43.46° 28.71'2 | 0947 | 25.92%2 | 22.407 | 2.48%2 | 15.98° | 36.06" 1772 | 1.58°
45.03’ 30.74" | 0.99" | 28.30% | 24.82" | 2.51*° | 17.237 | 38.65° 1.82° | 1.72°
55207 | 31.79° | 1.03" | 28.80° | 25.38"° | 2.97®® | 17.80° | 39.33"% | 1.96° | 1.81°
56.49° 33.50" | 1.14° | 29.247 | 25.63° | 6.177 | 19.377 | 39.87° 2.04" | 1.85"
56.62"" | 36.57° | 1.26%° | 30.39" | 25.68" | 6.34" | 19.85"% | 40.89" | 2.35% | 1.87%
57.40% 38.34% | 1.29%° | 31.53° | 26.74%* | 6.54%® | 20.43% | 41.51"" | 2.46" | 2.09"
58.49" | 40.56° | 1.30° | 33.08" | 26.93° | 6.96' 20.77% | 42.86° 246" | 2.15%
59.76° 43.09° | 1.66' | 34.81* | 30.87° | 7.59® 21.13" | 44.67" 247% | 2577
Coloring | 62.657 | 48.73%" | 1.73° | 35.33%' | 35.99° | 8.40%" | 23.65" | 46.94% | 2.61* | 2.70%
66.18%" | 49.107 | 1.79° | 39.75% | 37.97% | 8.49* 26.34% | 48.29° 2.64% | 2.717
69.142 | 50.68% | 1.80° | 47.04° | 37.97" | 859" | 27.92% | 54.58° 2.89* | 2.78°
72.14* | 55.88° | 1.80"% | 48.18% | 39.30%® | 9.06" | 28.70%® | 57.26*' | 2.95%® | 2.79*
72.60% | 56.91%* | 1.88% | 48.32* | 40.11*' | 9.32%® | 29.50% | 58.187 | 3.08% | 2.80"
75.53%° | 59.34%® | 1.93" | 50.97" | 41.20* | 9.64° 30.85%' | 59.24* | 3.09° | 2.91%
83.62" 61.56%2 | 1.95%° | 51.88%* | 42.12% | 10.317 | 31.34° | 60.98%° | 3.23° | 2.92%®
84.04* 65.14% | 2.01%° | 52.32%22 | 43.27"® | 10.78° | 31.64* | 63.07® | 3.23* | 2.95*
85.31° 69.13" | 2.01%2 | 53.79° | 44.347 | 11.42° | 32.87° | 64.96® | 3.38% | 3.00"™
86.47° 69.19° | 2.27° | 60.48°% | 49.44%® | 12.06" | 32.90° | 69.10° 3.48° | 3.19'
87.03% | 72.17* | 2.35° | 64.95%° | 50.47° | 12.43° | 33.82% | 74.38* 353" | 3.20°
95.912 | 77.05% | 2.66" | 65.73% | 52.74® | 12.99° | 36.02%® | 74.39"® | 3.65% | 3.21%
97.83"® | 77.75" | 2.82%" | 71.50%° | 53.08* | 14.84" | 37.84® | 86.11%° | 3.92"® | 3.62%
104.44% | 78.93% | 3.07% | 75.53% | 58.07% | 15.62** | 40.58" | 88.13%2 | 3.96° | 3.85°
105.05% | 79.98% | 3.09% | 80.10" | 59.14%° | 21.61" | 43.47"® | 91.95° 4.07® | 5.03%
112.05" | 89.44" | 3.11"° | 87.53"® | 79.97" | 22.08"° | 43.51" | 105.98"° | 5.60" | 5.94'°
118.38" | 98.60" | 3.82* | 98.69" | 87.76" | 33.23° | 51.02' | 110.19" | 6.06" | 7.59"

B&W
changes 1 1 1 3 1 1 1 1 1 1
-log prob | 485 4.85 4.85 2.87 4.85 6.47 4.85 4.85 4.85 4.85
Color
changes 9 10 11 9 11 11 11 11 12 12
-log prob | 6.03 5.50 5.05 6.03 5.05 5.05 5.05 5.05 4.66 4.66
Mean 68.48 50.71 1.74 41.39 34.42 13.17 27.85 51.90 2.81 2.56

Mean 65.06 46.82 2.32 35.44 38.13 12.23 23.37 52.19 2.45 2.39
Mean 27.79 20.77 0.68 20.03 13.06 9.07 10.39 21.45 1.22 1.13

Mean 95.47 75.03 2.16 74.54 57.22 2.03 35.44 81.73 4.09 4.28
Fold
change 3.44 3.61 3.39 3.72 4.38 6.50 3.41 3.81 3.36 3.79
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