Graph G (V, E)
V —vertices(nodes) |[V|=n

E —edges |IE| =m
j / b
Pseudo graph Multigraph Simple graph

Directed

Undirected

camplete graph
©®
Pendant

disc cnne(*f’ed (= 2 compon onts)
Planar graph

Distance: dist @9) =2  length of shortest path
Diameter(G) = maximum distance between any two vertices

Degree: d(1)=2,d(2)=4,d(3)=3



Graph Representation

@——@
‘ € €4
Ls
© @

(1) Adjacency Matrix

abcd
sl
b L 01D
ol 0
daiio o)

(2) Incidence Matrix

e, €, €: e, €s

s Al e 1
b1 0 0 1 0
LB S A |
d 020 1 0 1



(3) Adjacency .Lisf,'

‘Graph

= pp

|

!

ll 1|4 +—|2| —|°| —
1

'

zl__‘_3 A1

|

f

= E e g
i

1

4'___1

(a) Linked list of header nodes

Header[0] —|1| +—|3

Header[1] 4 2 0| 1

Header[i]-—q 2l Al

Header[3] ——|2| +—=|0]| +—|1

Header[4] —| L

(b) Array of header nodes



Theorem 1. v% d(v) = 2m (* even number *)

Proof.  each edge — 2 vertices
So each edge is counted twice in %d(v)_

Theorem 2. Number of vertices of odd degree is even. —9
Proof é
D —>0 W)
predecessor  successor adjacent

path: (D—Q—@-3 (simple path)
circuitt: (D—Q—B3—&@—D (simple circuit = cycle)

Hamiltonian cycle = A cycle that contains every vertex in the graph

Complete Graphs, Kn

Cycles, Cn,n>3 AT o
B e
“ Y L-—«—o -4
o C. C,

m_..n._." S—— ..:_q
Wheels o _ il
‘é ..\ ; @ :




Clique
- a maximal complete subgraph of a graph
- not contained in any larger subset having the same property

clique of size p = complete subgraph on p vertices

clique number, W(G) = largest clique size (* NPC *)

®

0] G
@\e——-——@ 1 T
@ ¢ _

G The digues of G

Note. Turan’s Theorem
w(G) = /(- 2m)

Independent Set (of vertices)
-No two verhices in the set are adjacent

T\B U {DO®} (0@} (&6 (96}
e e e

@“‘““’O"_" m c-\){-;‘ ;ncd n Cjepe’ﬂo]e nt set

Independent number, B(G) - largest set size

G: complement of G @
A(G) = w(G)

=
2
T— :
[
D |
o) ®
@
AN
@—_._



Tree = connected undirected graph without cycles

Note. m=n—1 (why?)

Rooted-tree

Forest = set of trees

Subgraph Hof G:  V(H) < V(G) and E(H) < E(G)

UNION of two graphs
EX — o T—‘—“‘“‘G"“—‘
- "'/ \
L_“‘// U a ] L’/ | 1
Subtree

|

Spanning tree = subgraph which is tree and contains every vertex

Bipartite Complete bipartite




Planar

Three Houses and Three Utilities Problem

H /IHT!

Gas Water Electricity

Is it possible to join three houses and utilities so that none of
The connections cross? -- Planar graph

Kuratowski’s Theorem

G is non-planar iff it contains a subgraph that is (isomorphic to)
o subdivision of K5 or K33



Graph Theory

Konigsberg Bridge Problem (1736)

(East prussia)

Can you draw the above figure
w/o lifting the pen from the
paper and w/o retracing a line?

Leonhard Euler (1707-1783)

(four) ) e .
Euler circuit = a simple circuit containing every edge of G

Euler path = a simple path containing every edge of G

Chinese Postman Problem

Q Q

i’

Euler t -
uler tour / \\ < \Ao

No Euler tour .

.



Four Color Problem

- four colors are enough to color counties in a map

1856 conjectured by Guthrie

1976 proved by Appel and Haken (University of Illinois graduate students)

by computer

Note ¢ chnta.i i nmubcr = minimum Wimbey of colors to propery cofov

the veyhices of =
Interconnection Networks

criteria:  small diameter
' small maximum node degree

Example.
complete graph linear
diameter 1 n-1
max. deg n 2

Hypercube — compromise

oo

Ho Hl H2

H3



Depth-first Search (undirected)

procedure search (G) // recursive //
begin
procedure dfs(v)
VISITED[v] := true
for each node w adjacent to v do
if not VISITED[w] then
call dfs(w)
endif
endfor

// main //
for each vin V do
VISITED[v]:= false
endfor
call dfs(s) // s is the root

end
Hx i
' 1 N
@@ \ e
N
dfs(1) DEFS spanning tree
dfs(2)
dfs(3)
dfs(6)
dfs(5)
dfs(4) T(n,m)=On + m)
dfs(7)

dfs(8)



Breadth-first Search

procedure search(G) // non-recursive //
begin
procedure bfs(v)
Q=9
VISITED]v]:= true
Q< v //insertvinto Q//
while Q not empty do
delete w from Q
for each w adjacent to v do
if not VISITED[w] then
begin
VISITED[w]:= true
Q< Quw
end
endfor
endwhile

// main //
for each v do VISITED|[v]:= false
call bfs(s) // s is the root
end {search}

:.3; 4

4,506

6,11 8

7.8

Example. Nodevisted @
[ )
2 3,
3 4,k
4 5
5 6,
6 T,
0
: l \ 7 8
% l N
BFS txee o (Y\,m) = 0O (Y\J;- m)

E?h Shovtedr Pecth Free when endh xdge Jengh Ts 4



Avkiculodion  Point

D and @

Bt‘com\e’.c:{'f.c,{ = Mo GY:‘:I‘(,MKA“[\UYL ?o.‘u’t

SMMI:} Copnedred Compon ks

0%

J//T\\%@ 2 3
T\\g _ (4 8

> @<«—® ok L1240 8 B b

e
Becomsze mo @—>O

&%mngi;l Ccmned’egj = Fapath fHim U to v anck v 4o U



Maxiymum _Glow  Problem

Find a way 1o send vwximum—How from source &5 sink
M o capaciteted gropR.

3
Suuwe@ 2 A@z\ Sink
e e

e vefnery)

3

l! ‘
e cut X £

flow
D otTy 2 Gy Ao evary dge (1,3) tn G,
= :z—ﬁz;) = :Z-L_- )%;t) for intermedsatt nodes
.-}'lcN vedud

ZFrEV-ZFa)=F fos
TIEO - ZFED=-F for t

Def  out = <ot of edges that serz:c{z s and €.

ks ——2 g capacity of the cuf .

Note zb s ompossible 45 send oz o from s & £ than the '
capacity of the et ( every flas wast acowss the ciit)
Theve fore X Pl < ymin. ewct.

Algorithms
o Ford  and Fufkerson (1956) : Labeling Algorithm
o Edmonds and Kavp (19602 0 (mwm™)
s Dinre (afe) : O('nz'm)
o Karz-ﬂno\/'(tqqir) S Diw } Lmyerzd, Yt-c'hom/k,a,{jpw M,L.
© MKM (or three brdians) : O ()



Max-Flow

[Wrong Method]

Augmenting-Path

D000

: Fa = =f =k

o’d l \@

IU\}}O

Modified Network

o P

S

o

@
o] %
g

[Ford-Fulkerson]

Augmenting-Path

0->050->@
'ﬁz=ﬂy:%+:lo

Modified Nehwerk

A
‘iO__}

@ @
A

Augmenting path
C)if;g)lignyﬂiéa

‘FIB = 'F'-}E = -ng‘ =D

'5/E

\

8

[Edmonds-Karp]

Augmenting-Path

05%0%@ (Shovtest Pati)

{n,:{éd‘:io
'/ \2
_".\.}\ocli-ﬁul. Netok

ni:z"'®‘F“ <o
0= iOJ/ @

Avgmerting  poth

D502 @
IIv‘|3 :‘F‘ﬁﬂr =10



MAX FLOW

A capacitated network N A flow fin N

FIGURE 145
A sample capacitated network N and a flow f having value val(f) = 23.

....................................

FIGURE 14.7

A maximum flow
f* having value 24
in the capacitated
network N of
Figure 14.5.

A capacitated network N A maximum flow f* on N



FIGURE 14.6
Action of naive
attempt to find
maximum flow

for a sample

capacitated
network N,
yielding flow

i e

+ 3xp, having
value

14. This flow is
suboptimal because
a maximum flow
f* shown in

Figure 14.7 has
value 24.

path P;, A;,= 10




FIGURE 14.8

The f-derived
network N, for a
sample network N
and flow f.
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FIGURE 14.9
Action of the
Edmonds-Karp
algorithm for a

sample capacitated
network N.

Original flow network N with capacities ¢, and initial flow f=0:




FIGURE 14.9

Continued

CHAPTER 14: Matching and Network Flow Algorithms B 441

Step 4:

Step 5:

Step 6:

There are no more augmenting semipaths. The final flow fhas value 23.

Step 7: Compute the f-derived network Nyand minimum cut cut(X,¥).

01235
The set X = {F:2,3,4;6) of vertices that are accessible in Ny from the source s (marked with O) and

the set ¥ = (57,8} of vertices that are not accessible from s determine a cut I' = cut(X,Y) of capacity
¢(X.Y) =4+ 6+ 3 + 8 + 2 = 23. Hence, we have val(f) = 23 = cap(T'), so that [ is a maximum
flow I' and is a minimum cut.






Graph and Games

Nim (Marienbad Game)

£5.a> |
-
¢
¢ 3 A
N

Ave there winning Sjcva.Jr-pg.‘zs with 5.6, or g moch;hes?

()

or s W

‘Nimm e

max # of removiable mafches

remaining matches

LG A 1

e ot marehes the pynp

Wing.

L3.2>

Ng
No

Yes

22,1\ >

s Win

e lose
¢ dyow

O win
i lose



NedioorK e pmsen%m:f-r‘o'ﬂﬁ)

2
20 15 D

(1) Weight™ ymochyi x

[N

[ CIE S () 40
5 f (el P
3 OGNS & )

2L O 10 g0

S(w) = 'Y\l

@) Uinleed List
_head

[31>0] 0]

Sim =

“) Fovward Star

4| 4
|
Le

Sz () +2wm

IVl =n
e

) Edge Lt (Twtpled)
RROM  TUO WT
L
[

goian el

4 2 |O

AL

s-fay = = o

for ¢:= proMtul 4o FRM TurT-) o
V:=—ToCel .

[.

|

|
L



Dintc s a,ﬂﬁortﬂxm =('Du‘ﬂi+z"sf)

P2t

Ider:  Push madercal Hom s ngww(ﬂg though  +o “Sink £
Then (ool o "usable” -deu amol “unsaturatesd uf.’ﬂes in the

Nefwork  ouwnel push. some oy .

Continue pushing unhl yvio oz materiad can be pusheel through,

Layered Netwok | G = LV BEL)

0_{;0
Layey  V Va V3 Vi
EXAMPLE

CFirst Laym@l Network]

o

Satu w&trrq Flow,

Suppose W g et ’Pja =Lod = $4f =90
_:FS'rJ = Fhe =fet =20

modifred Nefwork:




LSecend layered Network]

ey

=) i | o -
=\ o 1@ 4 ’
eSS DL |

£sb, :‘--'[:A{- =20

fbe .——-Fr;vf :-ﬁ»c:‘ch = |0

5 >&)
G s
20 P ed i@)’\ 40 \;U
#
g P@\ o v
SO 45 w’y
o -

Machified Netwevk

T JU (o]

@ g
20«", B - Soa
= .

i i =V
! {
! i
,” i ey . N
@« 19, {0 ~®
';«3‘ ! { A\
;.N} i I
N
o

iz ' 9
N \& h' —#.-( C o

=

Ne st pa:i‘& i

Mox Flow = 60




_Max - Hlow Al{iorﬁfxm,

for all (u.v) € E do

fuw) « o
Call LAYER ” ltain (aycrfef network /f on®)
- while  stpath = frue do

call SATURATE  / find sedureding finw // o(n*)
for all (£,5) €eE do - lagered

al £ei,3) e Fiy) + @5
coll LAYER

L —2ndwhele

_Nd‘h’.. Alle Fach E'{Tﬂ?dtfﬂ‘n, (ﬁyey nwﬂlﬂer is tncrewe‘;f. o f—iwj N
Theveferz *l‘fm-cmplex:%)f =0n>)



Figure 5.1

All] B[1]
A=|A[2]| B=|B[2]
A[31{ B[3]

fori=1to3do
Cli:=A[]+Bl] )
endfor :

“Row yourboat”  C[1]1=A[1] + B[1]

“Row your boat” L GRl=A12] + B[21

 “Row your boat” C[3] A[3]+B[3]
(a)

/for i € {1,2,3} do in paralle
CIil := A[i] +BI[i]

A[1] + B[1]

- “Row | C[1]| =
Row | C[2]| = | A[2] + B[2]
Row | C[3]| = |A[3] + B[3]

your boat” simultaneously

“Row, row, row your boat, gently down the stream ...”

(b)

IIIIIIIIIIIIIIIIII Pindonnppn bbb RRREE LY IllllrtlrllIllIIIIIIIIIlIIIIIIII!lliIIIIIIIIIIlI (AR EEERRERRRR]

(a) (Column) vector addition on a serlal machane one row after another; (b) (column) vector
addition on a-parallel machine, all rows done simultaneously



Classes of computer systems (Taxonomy)

[1] Flynn’s classification (1966)

instruction stream - sequence of instrictions thet ave execited i a processng untf

data stream — seguence of operonds tid-are mani pulafal in a processev:
SISD - 56‘&%&)\"}1‘“&[ (serial) computer:
MISD
SIMD - avioy processor,  havchulove synchyoni zati on
EREW
' CREW
- IMD
Shared memory S crcw
' CRCW

Interconnection-Network SIMD - [incay, 2D, Tree, Porfedshuffle. Cube, --

MIMD - mu}ﬁpmc@%m’, most gene‘mf, Softuare Qyncﬁwﬁ?a:f-\"m

Shared-memory multiprocessor (tisktiy—couple) i s e
Shoved wenory Huough cevhal sw'ffcixtﬂg mechanism t——-r?-ﬁ'w~ ~~~~~~~ )
_QLM&LM

Distributed-memory multicomputer ( [cosely-coupled) o
Shmz{ wmemory {s fm*mq' &,)/ combini ing +he ioca’ memoyies. IN. M lM“
WL5504 ¢ Pf"*mﬂ t@}] '%

I N : _\_I

Note - Pipelived vedor procesor dbes nel L34 well n this scheme .
‘,.]»"1 cL wne/ T{S:,hﬁ"}c - (51 Mp
H"Wt‘?»‘ﬂﬂ i:““{ B‘i‘l jj‘, — S 5 D



Arguments against parallel computing

e Minsky’s conjecture

[
-

Speedup o log N

e Amdahl!’s law (1967)

The maximum speedup of a parallel processor is
limited by the fraction of serial instructions it
has to execute.

Speedup = S e

! P e .
= 360 N =100 SP B e

N=loo0 &Sp= g

)I‘
S= £ N=i0 Sp = (.42
3 P =
Sp
024 1

f i yaf 1 9/ 5
0% L 2% 3% 4%



Processor Interconnection

e Shared Memory Architecture

- dynamic interconnection networks

. Crossbar Switching Network

Mo My M-

. Bus-based

bus : i
] i [
| | U]
\ < -

'Pr’l

p.] [P

CMu Cimmp
Cray  M/Mp
Fujitsu VPP 500

Se %ueﬁ Sy mmetry

Ndte. Peyfovmance . cost - todeolf

. Multistage Interconnection Network

i
: - — '
] A R e S o
i [
m._. —— I 1 o ¢ . i e H ——'—_—\m
L ; |S+0§:" f s‘i%&j, en . 5{333 n : e
e | _ : t ‘
B— — |- -1+

Switching box

il conhol

Cyvss boy

ys’.\.ti'fl' -:-'-‘:_‘_;;

bus

dp



B ke : i '
iD= L0 ][.'-" M= e ity ‘ﬂ}

Mo M, M M3

Rank 0 O\

Rank 1 .

Rank 2

NV
o

Rank 3

Ma

¢

Pa

0 e e 0
1 1
2:\ /:2
3 3
4 4
5 e e 5
6/ \6
7T o o 7

Me My My

/CD/C> Figure 4.9 Butterfly interconnection.

Pe Bg n

Butte_rﬂy network with 32 nodes.

A‘y\g‘{"hé‘\" Wiy J-\) WPYJ’-’%"}‘.':F Buﬁ{‘?r‘ﬂ\(ﬁ Iltfmcﬁ'k

Nole v k=3, Buifzd by = %:ff-—rz\:'.‘-\-mrd;;

i_.',:i Urgas ]Z."u\h;i?? I"h" r‘.,..r'/C"\ At wmuesed "n)’ k\_'d' :



(a) (b)

001

100

110

el : M. | 111

Figure 12. MIMD shared-memory interconnection schemes: (a) bus interconnec-
tion; (b) 2x2 crossbar; (c) 8x8 omega MIN routing a P, request to M..




Static Interconnection Network

Completely-connected netwok

Star-connected

Linear (i-b)




Tree Network

O Processors

D Switching elements

(b)

Processor communication : SEND/RECEIVE

Summakion in log N steps

Layout

J

L







o 2-D Mesh

o Hypercube

1

0-D hypercube 1-D hypercube 2-D hypercube

log N intercomechions/processoy

Tiliac WV

CMZ: 6ak
NCuBg2: tK



Parallel Program Constructs

Thread - execution stream
Task — a procedure which can be executed with other procedures in parallel

[1] fork/join

Conway (1963)

Most primitive, flexible but not structured
PL/I, Unix

Fork L1 // new concurrent execution
Join m,g //m:=m -1; if (m = 0) then goto g

Ex. ax=Mb+1)*(b-¢

count:= 2
fork L2 |
L2 =
[t2:=b-¢| [tiz=b+1 |
e O
Li_glq__count] /I count:= count — 1; if count > 0 wait
// if count = 0 then continue execution
R // atomic operation

(= itz |



[2] parbegin/parend (cobegin/coend)

Dijkstra (1965)

High-level language construct
Degree of parallelism is static

Algol-68, CSP

A) A
\; parbegin
: @ C
© ( \ begin
® ® B
Y parbegin
g@ D
E
\ / parend
() G
J end
parend
precedence graph H
Note. 7 Fork/join parbegin/ pavend
S.
@ Ccl:i'wf‘.i =2 ?
'/ \1 L Fork Li g
o Gl
¢
covnt2 =2
®\ fork L2
¢ NS g
G R
1= 3
\“é_ . La:  join countd
] S
Lz~ Jom couwrt2

Sq



(3) forall (doall, pardo, doacross)

degree of parallelism — dynamic
implemented with fork/join
vector and matrix operation

Ex: fori:=1tomdo Fevivan g5
for j:=1ton do e N el
for k:=1 to p do | forall “(i=):m, j=120,k=0:0) | _
Aliyjok]:= 0 > AGk=0 [ mhd
endfor |_erid.forall
endfor
endfor Sovedl Ci=tzm, y=tom =P ) A i) =0 /A skodeprent

(4) parallel subprogram
declare processes, tasks, procedures, subroutines for
parallel execution

Ex. PL/I Task - coordination is difficult.

MAIN _ J ¥ :
SR e
call A, Task Bk I B
: call B,Task |—!
|
Note. Coroutine (Symmetric subprograms)
Simula 67 A B

Modula 2 ; ' : 1
resume B ~'/®/ :

“—2 | resume A |

a * i
Tew e e
resume B ’

Note: single thread



Models of Parallel Computers

RAM model
inpu+
tope | Xi|Xo] - | oad
stoye
,R yead.
) write
E_, | A add /sub/mul/dW
i T el
= ' Junp
] : 3 halt
jMﬂ-‘deY
write x
tape | Vi | Y=

TM  =—3 RAM = RASP ==> compufer

Hime —complexity © £n) = n*, wheren s Inpdt size
Space -cmp\&m/ £ S(a) = N+

N

control

G[giﬁ\, /Me)ﬂlﬁ’)/

Shared Memory PRAM

Def:  cost = (pornile] ime complexity) X (#processors used)



PRAM models

Concurrent Read (CR)

Concurrent Write (CW)

/'/J\.

B

e

B, P P

Py

r

Exclusive Write (EW)

B

: Y
A Ll
Pt /D\ S
P
B, By B L E B
Exclusiveulllzead (ER)
x e
L D Xy X
XO XZ p-l
Bkl
Y A i ‘L i r
Py Py ] 2 P 3 Py 3}3-—1
EREW
CREW
CRCW

1. common - should be same value

2. arbitrary — randomly chosen

3. priority

Ex. Pj > P-iﬂ

Pl

P3 P4 PS

/%/

X X.

Xo B 4 Xp—l-l
o 0 o
R b

e e

Por B B ?4 B




EREW

Ex. Seavching x: [5 [

L 2 “"} 2,3 LB

index: E

Figurel5.3 Bmadcastmgthevaiuex Emlogznsteps

IREE RN RN R RN NN RN RN R N NN N NN RN RN AR RN R prrrnnRrnr Rt sd RN

LR 4 5 (R AN Rt 1011_1213141.516
Temp [l:n] 5 ‘ |

1 ’ | | s -. - fi
-P1 ) B veods Yoand write iF o0 Temp(rd.

515 i
} _
PI. £ Dy roeds Temp (1] .ond wyite. o Tewp (2]
5050505
binavy fan-in 4
N —> log N P, P, f/ Preads Tenpti] and & Py aeds Tenps] o Thew wnide o™ Temp(s) and Tomplard
SilmsE e el e sR s
e
By VB R
555555]55'5i555555i5
b
Pi'Pg_ P3 P4 ‘PS Pﬁ P? PS
Temp[tni[ 5| 55 | 5]5]5]5]5]55]5]5]5|5]5]5]|
e ol S S e
PI Pf‘-. I?} P4 PE Pﬁ P? PS P‘) PIGPIEP12P13P]4PI§P|6
R e e S e
Ly o AR e S s sl s

Temp [Lin]

IR REREEN [N} (R RN RN P (R RN N R NN RN brrrrens [N

Figure(5.4 A smgie naraiiel comparlsnn step between search elements and list Elements




Temp [1:16]

N —- ‘}/‘V"

<
<
<

Compare 1 P, P, 4 P; P P, Py
and ' |
write minimum to
Temp [1:8] _
co|oo| 6 |o|9|11]|14] e - '
o NPTRYE
Compare P, P, P; P, P; P P, Py
and ' _
write minimum to
Temp [1:4]
= |6]9]14 7 |
\/ v s . * s * e
Compare P, P, P B P PatspL oD
apd
write minimum to
Temp [1:2]
; 619
\/4 * * ke % ] * *
Compare P, o P, P, P; P P, Pq
and _ |
write minimum to
Temp [1:1]
18 _ * Indicates idle

Figure [t Binary fan-in technigue for computing the minimum value in Temp({1:n] Iin Iiog;n‘ ;J:;Irallel com-
parison steps : :




Distributed Memory: Interconnection Networks

Central Control Processor

Processor Processor [ Processor—‘
Py P, e By
local memory of P, local memory of P, local memory of £,_,
-

Interconnection Network

e message passing

e P:x

PiYePiX

R R N RERRR R R R RN R R RN R nE e N RN R RN NN RN R R AR R R R R LR

// variable x in procesé P’s (local) memory //

(AR AR RN RN ]

Local Memofy of P, ~ Local Memory of P,
X
. O

1
- ‘l directly .;
connected

PV <P:X



: i§.2.7 Example: Searching on Meshes

i
Pl,l z PI.Z P[,Z- Pl,r'.l
2]z [ 23]L L
[51x Cx D¢ C1x
Index Index Index | Index
Py, B, P, Py
Az [&l? =L oL
X [ Ix L1x [l
Index Index [ 6] Index Index
P},J PS,Z P3.3 Pl-i :
51z [Tz [51z Ejp2
[x b [1x [
Index[9] Index Index Index
E 4.1 P 42 B 43 £ 44
Bz Gz BlL 2JL
B e il Elx e
Index Index Index Index
Figure 5.13 Broadcasting the value 5 throughout the distributed variable Xon M,, : e
Phase 1: Broadcast 5 across the first row
5 S5 5|8l Sl

ElEE 55515 e EE
= {35515 5_:_|3Fi§ = 315_5§
T g|ElEs SIEEIE
S| . = =1z
| | i =l BlEls




P].] PI,Z P|.3 PI,4
2L L 23]L [H4]L
Elx [5]x [S1x X
Index Index Index Index
P’l.l PZ.Z P2.3 P2,4
2]z [51L 2L =ie
[51x [51x 1x [51x
Index Index [ 6 | Index Index
P3,I| P3,1 P3.3 P3,4
[5]L )2 L 51
B1x (1x Gix G1x
Index [ 9] Index Index _ Index
P4.1 P4,2 P4.3 P414
Bl GlL BL L
[51x [5]x [51x [51x
Index Index Index Index
Figure State of the distributed variables L, X, and /ndex after the value 5 has been broadcast through-

out X and the single parallel comparison step between X and /ndex has been performed

Phase 1: Compute column minimums
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Phase 2: Compute first row minimum
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Fioure 15.14 Computing the minimum on a two-dimensional mesh. Arrows indicate how the minimums are
computed at each stage. The final resultis in A ;.



