Figura 5.15

State of the distributed variables £, X, and Index upon completion of the searching algorithm
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for 1 i< do in parailel

C[#] := A[i]*B{i]
end in paraliel

Computing the Dot Product on the EREW PRAM versus the Twa-Dimensional Mesh
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Component multipiication on a PRAM
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for P; ;, 1<i,j < g do in parallel
C: A*B‘
end in parallel
P, P, , P
[2]4 A 23] 4
[2]B 718 [0]B
Ccl4] cl=7] c[@]
Py Py Py,
[Z]a 7]a 24
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Figure 5.20 Action of in parallel statement for sample alrra\I/s
for 1 <i<2k-1 .and. odd(i) do in parallel
Ali := A[i] + B[] ' ;
Bli] := 2*B[i] -
if i mod 4 = 3 then
B[i]:=B[i]-6

endif
end in parallel
A[l:ﬁ] .
2312 (108 75571120 |17]6
B[1:n] ‘ _
55(300j123| 11| 0 | 1 |2 | 0 |19]|66
| Before execution
A[l:n] |
7812 12311 7 (55| 1[40 (36|6
B[l:a]
110130012401 11 0 | 1.2 0 |38 66
~ After execution |
for 1 <i < n do in parallel for | <i<10doin pa;rallel '
if i €10 then : ' - Al = 2%A[0]
All] 1= 2%A[1] end in parallel :
else . for 11 <i < n do in parallel
A.[z] =AUl +1 Ali] :=A[il+1
endif end in parallel

end in parallel

SIMD PRAM
‘MIMD PRAM 3




Figure 5.21

- for P, 1<i<2k-1 .and. odd(;) do in parallel
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Action of in parallel
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statement on the one-dimensional mesh Mp

 A:=A+B
.B:=2%B
if i mod 4 =3 then
B:=B-6
endif
end in parallel |
P( Pz ] PB P4
B4 | |24 | |4 (=l
B[55] B[300 B[123] B[11]
Before executiqn
P P Py P,
e | [ [Za 7514 (774
B[110 B[300 B[240 B[11]
~ After execution




Interprocessor Commynication Statement

for.P,-, 2 < i < 2k .and. even(i) do in parallel |
P,_,:B < P;A {communicate left from A to B}
end in parallel

P, P, P, P,
74 (T4 B4 L
B[10] | B[ 3] B B

Before execution ‘
il 114 B4 | | [T
B[2] B[3] B B[11]
After execution
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Figure 5.83  Action of paraliel communication step

Figure 5.84  Action of parallel communication with processors being both source and target
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for P, 1 <i<n-— 1 doin parallel

P, ;:A < P:A (propagate A to the right} N SARMK
end in parallel
P P, ' P, Fy
wa| [me] [mma| [ma

Before execution

P, P, Py ' P,
[78]4 7814 | [2]a | 2311

Y
\
!

- After execution




. Figure 5.26

The action of MinCRCW is illustrated for a sample list of size 4 in Figure 5.26.

Action of MinCRCW for the sample input list [L 95, 10, 6, 15). MinCRCW uses six processors

Pros Prar Prae Pogy Poyy Pape
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Lo 95 10 6 15
Y r Y Y v ¥ vy "
Concurrent Py | B, Py
Read P // Py N
13
7 \
P s \
Concurrent A
Write 111 1 L
Win 1 I ] 1
IndexMin =73
L[3] =6 is returned
Win) =1, o panvshoas dawe comiiasy it
S(n) =n-—1, 7 5F€ff¢”~ﬂ-¥‘
-y )
Cn) = n : n, and E(n) = = F ezt 5 b




16.1 Prefix Sum (Partial Sum)

(1>e EREW SM SIMD

a 2 A A a, a, Ay 33 shared
\]N\]\\w\l\] memory
P, P, P P, D, P; Ps processor

a, a-a, a-a,a-a a-a.a-a a-a, a4

aQ\ a-a, a-a, a,-a,a,-a, -8, 4, A,
T T .




Example Packing

A Alb|C|D|e|F|g/ h|I
T 110 (1{1(0{1]0/0]1
J prefix sum
T 11]1]2(3]3/4/4]4]5
A: biCID|e|Flg/h|I

P> | e—— | 3|
3
\
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. M- Batomup
(2) e Partial Sum on a Tree

AN

1 2 p3 p4

©

root:
if input is received from left child then send it to right child
if input is received from right child then discard it

intermediate:
if input is received from left and right children then
~ send sum to parent andsend left input to right child
if input is received from the parent then
send it to both children

leaf:
- 8ii=X;
send the value x; to the parent
if input is received from parent then add it to s;




EX.

@

(e

- Figure ... Computing prefix sums on tree of Processors.

T = 2-Logn
Pin) = 2n-)
C(n) = O(Yu;Log n) //Wé”)




(3) @ Partial Sum on a 2-D Mesh

X, - X - X, - X,
x4 > X5 > X6 'x7
Xg T Xy X10 "
X1z " X3 " X4 " X5

(a) Initial contents of Prefix and direc-
tion for performing the summing

in phase 1.
%o So1 ‘Soz Sos
/’/

%y 45 S46 Sor
Xg Sg,9 Sg,10 Soa1
%
xlz S12,13 S12,14 SO,IS

(c) Contents of Prefix after phase 2.
Arrow from processor P,,, ; to P
indicates that P Prefix should be
replaced with PyPrefix ® Py,
Prefix in phase 3. This can be
accomplished in g parallel steps.

%o So1 Soz So3

}
Xy S1s Sss ‘i‘»ﬂ
Xg Sg.0 83,10 ‘is,u
X1 Si213 Si214 S12,15

{b} Contents of Prefix after phase 1
and direction for performing the
summing in phase 2.

*o So1 So2 Sos
Soa Sos Soe Sor
Sos S0 So10 S;J,ll
Sorz Sous So,14 So,15

(d) Contents of Prefix upon completion.




Find Sum

1
(1). MC (one-dimensional array)

,| _ !
M M - M

- send (neighbor, message)
- receive (neighbor, message)

Let N = kp.
Each local memory stores k numbers. -
Each process obtains its partial sum - -- (k-1)
P sends S,to B, P, adds S, to S, , and sends it to P.... -- (p-1)

{each process P; computes the sum of its local numbers A[1..k]}
sum:= 0;
fori:=1tokdo
sum:= sum + A[i];
{Process P, send its local sum to P,}
if INDEX =1 then send(RIGHT,sum)
else
{every remaining P; wait to receive an external result from P}
begin
receive (LEFT, LEFTSUM)
SUM:= SUM + LEFTSUM
{each P; except P, sends SUM to P, ,}
if INDEX < p then send (RIGHT, SUM)
end

Tm)= k,N/p + k. (p-1)




(2) MC”(2-D Mesh)
Idea. . : '

L g 8«0 @0 0 000 ® 00

7y O @0 &0 0 @00 000

0O 8«0 _0(—00 000 000

® 00 0

® 000

@E 6O ® @066

©®OO®0 ©®OOO

@ e 06 ®O®0

Processor numbers - Initial vaiues

®@® 0 ®® 0O ® 0 0O
®e®@0 @00 - 8000
® 0 @O0 ®@ 00 ® 00O
| ® @ ® O @@ 0 Q ® 00O
: After first addition After second ad_dition . After third addifon
®000 ® 000 ® O 0O
@O 0O ® 000 OO0 00
® 00O O000 0000
0000 O000 0000
After fouth sddition. - After fifih addition After sixth addition

! Findlng sum of 16 values on a processor array orgéhiied as a 2-D mesh.

Note. n values, p processors (p=m)

4
c o 2 4 ; - =1 - i '.':E ‘
¢ o o Joj: compiunication Step. 2@1) i 1) Lower-bound
(4 o o O "y n
SR T(n) = O@/p + p)
4000 '

= O ()
Pm) =\n
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Shufflee Bxchopc Nokork (Peafed-shoffle)




(3). Shuffle-Exchange

, shdto/Erchange | ' _

oy &

@ | (D O

2 @ @ O o 0O

| 3 @ ‘. @] O O

‘ RO} 1y (9) O ©)

s @ ‘to)‘o 8 8
N O) @) -
: “e} 9 O
s G Q‘o 5 O
10 | 3, ‘2 ' 8 8 _
11 (1)
o @ AT O O
13 _, (L o O
4 (4) O O
5 &——0O 0O O

l:f:::?:;r %I::le . itsgop ‘ifeergsizi iteTiitl;gn ii(:':;'t:n

[ Finding sum of 16 values on the shuffle-exchange SIMD -modei.

Complexity:

" for lowl sum

Log P itevations (each iterwtion = { shuffle + | exchange)

T = 0(m + Wy p)




e—@

@0

' (4). Hypercube SIMD
Idea

Values to be added

Second iteration

First iteration

Fourth iteration

Third iteration

FIGURE 6-2 Parallel summation on the hypercube SIMD model.

"p to find tocal sum
log p steps

Com P"EXE f:}’ >

O (Vp + togp)

unnsy

T{n)



" FIGURE 6-3

Third iteration

Fourth iteration

Ancther parailel summation aigorithm for the hypercube SIMD medel. After the
processing slements have found the sum of thelr local values, they parform logp
swap-and-accumulate steps, one for each dimension of the hypercube.




- Suffix Sum
- linked-list

List Ranking Problem:

Find the position of each item on an n-element linked list.

- Idea. The distance to the end of the list is cut in half threugh
the instruction, next[i] € next[next[i]].

EX.

OO+ DD D—D—D D0
OO O O OO OO S

T(n) = O(log n)
P(n) = n




Parallel Sorting

Sorting

- internal or external

- comparison or noncomparison

Note: The art of computer programming, Vol 3, Knuth

Table 14.1.1 Parallel Comparison Sort Algorithms

Number of Interconnection
Method Input size " processors network Time Space
Enumeration sorts
Preparata {1978) n nlogn O(logn) + clogn
Muller and Preparata n on’) Sorting network O(log n)
(1975)
Nassimi and Sahni (1979) nXxn nXxXn Mesh
' n pl+itk Perfect shuffle O(k log n)
I=k<logn

Ramakrishnan and Browne n n Linear O(n)
(1983) :
Odd-even transposition sorts
Baudet and Stevenson n log n Linear O(log n) *
(1978) n (log nflog log n)? Mesh O{(log nflog log n)*)

n 2Vieg Perfect shuffle rAL L
Thompson and Kung n n Lincar O(n)
1977} : nxan nxn Mesh O(n)
Bucket sorts
Hirschberg (1978) n numbers in the

S range of n O(n) O(mn)
0,...,m=1}
Orenstein et al. (1983) n O(log n) Linear Ofn log n) O(n log n)
Mergesorts
Batcher (1968) n O(n log? n) Sorting network O(logn)
Valiant (1975) Two sorted files of /nm 2loglogn + O(D)
size n and m

Orensiein er al. {1983) n O(log n) Linear O(n log log n)
Todd (1978) n Oflog n} O(n) O{n)




ODD-EVEN TRANSPOSITION SORT

- linear array (1-D mesh) (SEIMD MC)

(1) p=n

T I IO e W o W o Y o I o

14 5 15 8 4 11 13 12
odd-even exchange 14—5 ~15~8- -4—11 13-12
even-odd exchange Wd—w  15—4 §—11 13—12
odd-even exchange 5 14—4 15—8 1142 13
even-odd exchange 5—4 14—8 15—11 12-13
odd-even exchange - 4 5—8 14—11 1512 13
even-odd exchange 4—5  8-11 14-—-12 15-13
odd-even exchange 4 5—8 11—12 1413 15
even-odd exchange 4—5 8§—11 12—13 1415

Note. maximum distance to travel: (n—1)

Tm) = O(m) lower-bound for this computer model
P(m) = n
Cn) = O(n*) optimal




2) p<<n
Ex. S={8,2,5,10,1,7,3,12,6,11,4,9}, p=4

P P. P; P,
{8,2,5y {10,1,7; {3,12,6} ({11,4,9}
{2,5,8—1{1,7,10} {3,6,12}—{4,9,11}
1,2,5}  {7,8,10}—{3,4, 6} {9,11,12}
{1,2,5} —{3,4,6}  {7,8,10}—{9, 11,12}
{1,2,3} {4,5,6}—{7,8,9} {10,11,12}
{13 23 3}“‘”"' {43 53 6} {7: 87 9} ”"“'{109 115 12}

merge-split:  Knuth (1973)
Baudet and Stevenson (1978)

Proc MERGE-SPLIT(s)

for i:= 1 to p do in parallel
QUICKSORT(S)
endfor

for j:=1to fp/2' do
for cdd-numbered processors do in parallel
MERGE(S;, S, S0
SPLIT
endcior
for even-numbered processors do in parallel
MERGE(S:, S., S
SPLIT
endfor
endfor

Tm) = OWw/p log (n/p)) + p/2' Om/p)
= OG(nlogn/p)+ O(n)

Cn) = O(n log n) + O(np) optimal whenp <logn -




Sorting on. 2-D Mesh

Flgure .10 (al The sample list 23,5.1,5,11,13, 55,19, - 3,12, 5, 7,3,55,28, ~ 2 of size 16 stored in the distrid-
utad variah!s L on the two-dimensional mesh M, 4 (b} the sample {ist stored in the distributed
variable £ on the two dimensional mesh M, , aftar snake ordering

A I I L T L L T T T E T PR L TR TR LT AT TR AT Y

Pi; Py, Pia Py

B
[=]
[-]

" []

P, Py Py Py
t
L L L L
Py, Py . Pis P
L L L L
| Py, Py Pys P
!
| (o]
‘I L L L
: (@
B, P P, Pg
L L L L
Py, Prz Pas Pry
[ { } {}
[2] [s]
L . ]
— bl Famy| L L V L
L—!J L Lo
Snake bi (
n-a e hit 1 . - —m _ | Py, Psy Py Pia
o i .
P Q = w S “J' L L L _ L

LWL el AL ) ’ Pa Py Py P
7
L L L L
(D)

R T L S 0 R A L. el

Figure .10 Continued




1|9—55—13-—1{1 - 55 e | Qemmn | 3 e |
_3—12~_5_—-|7 e ] e—_ —_3—12
 Initial list - Step l:row sort
5= 61" < llemm(emm5 ]
111
’ 5| 1|9 i 1‘I2 — 0 ] o) em55
55 28— 13—23 = = 55emam)Gemm)em—]3
Step 2: column sort ' Step 3: row sort

J—5—3—22 e T i a3 a—_)

i 6 5 1 - O comm () e 5 e ]

H—12——190—13  —> || -] deem]3emm]9

55— 28——23——55  ~— S5emmSSemm)g w23

© Step 4: column sort Step 3: row sort
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- Fioure §.11  Action of SortzDMesh for input list 23,6,1,5,11,13,55,19, - 3,12, - 5, - 7,9,65,28, - 2 stored in the
distributed variable L on the two-dimensional mesh M, 4




ENUMERATION SORTING
- Preparata (1978)

Each key is compared with all the others and the number of smaller
keys determines the given key’s final position.

~Step 1. count acquisition
For each key the number of smaller keys is determined.

Step 2. rank computation

The final position of the key in the sorted sequence is determined
.08 the sum of the counts obtained in Step 1.

Step 3. data rearrangement .
Each key is placed in its final position according to its rank.

Example. (44, 7, 3, 21)

Stepl. P 44:44 44:7 44:3 44:21

1111
P, 7:44 777 7:3 T:21 0 1 1 0 n'processors
P, 3:44 3:7 3:3 3:21 0010 O
P, 21:44 21:7 21:3 21:21 6111

Step2. rowi1(d4):; 1+1+1+1 =4

row2 (7): 0+1+1+0=2 I processors

rowd 3): 0+0+1+0=1 O(1) O(ogn)
rowd4(21): 0+1+1+1 =3 CRCW CREW
Step 3.
(3 7 21 44)

O(1): n processors

O(1): CRCW
T(n) =

O(log n): CREW

P(n) = n?




CREW SORT

Ex n=16, p=4

P | P, |
I [ 1 r—-—-—-—-—'—"‘""_“\ — 1
151 12 6 14 3 11 7 9 4 13 16

285 10

Quicksort: O@/p log (n/p))

258 10 16 12 15 3 7 11 14 491316

\ /0(n/p+10gn) \ /
Parzlle| merge

_ Paraflel mery e
\

y
3479 11 13 14 16,

1256 8 10 12 15, |
\‘\...__\ /
‘\-u“h.\""\;

merge

J
2 345678 910 11 12 13 14 15 16

J

1

T(m) = O(/p log n/p) + Om/p log n + log p -log n)

= O(n/p log n +log’ n)




R _Bidonic Merse sovt.  (Badcher . 1942)
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Theorem. A list of n =2 unsorted elements can be sorted by using a

network of 2 k(k+1) comparators in O (log’ n).. - poiylogarimic
Note. Bitonic sequence of 2" elements (2K4in asc, 2“in des) takes k steps.-

steps

unsorted, k=1 =1 N2 N P 1

k=2 [—| =] [=—] [—]
®BM[2] &BM[2] ©BM[2] ©BM[2] 2

k=3 | —-————-—*"—"—9 J I —— |
@BM[4] : ©BM[4] 3

R d
&BM[8]

total #steps: 1 + 2I+ . k= Yo k(k+1)

each step needs n/2 = 2 'comparators.

total #comparators = 2k(k+1)

Time complexity (de_pth) =1 k(k+1) =%logn (logn + 1) = O(logzn)

© Wires -

0000 e . — — e
0061 l @ BMI[2] | ] @ BM4] ] " —
o0 oBMmE [ ] — —
0100 EB BM[Q.I i ] @ BM[S] | I
o — | & BM4 [ u -
o © BM2] || — — €D BM[16] —
1000 — o | o =
o] & BML] | b BM[4] || _ Z
o1 — © BMI2] ] g ) -

_ ] | S BMm[8] || -
m | @BV & BMI4] [ n L
I i~ 1 i
i — < BM[2] = — {: —

Figure 6.7 A schematic representation of a network that con-
verts an input sequence into a bitonic sequence. In this ex-
ample, BBMIK] and &BM(k] dencte bitonic merging networks
of input size & that use b and 5 comparators, respectively.
The last merging network (GBM[16]) soris the inpui. n this
axample, n = 6.




_Example

Li4 5 5 § & 13 21

1 Bitonic Merge Sort
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Bitonic Mergesort on Shuffle-Exchange Network
- Perfect Shuffle, Harold Stone (1971)

Theorem. A list of n = 2 unsorted elements can be sorted in
time O(log* n) with a network of 2 [k(k-1) + 1] comparators
using the shuffle-exchange network.

Ex Lig, 5. 15, 8, 4, {1, 13, 12]

Cihermbo) o frevadion 2 Fherdion 3

14:‘5.___5—' 775 15— Te— “-]5_4 &
517 ek b B Tlis. Tls. st sz'm_'___;
ER R e N : 'sy ! 8
gl lsY 4 Tl Y A : 12y ﬂ T
4 [_TWY Ns | v : 2
L b a/ N 2 s\ [T 3
B Tz g E 4
tz_f_ 13— 13 _— + ;G—E 15

Sorting machine based upon perfect shuffle connection (Sedgewick 1283),
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Bitonic Mergesort on Hypercube

Note. Bitonic merge always compares elements whose indices
dffer in exactly one bit.

BITONIC MERGE SORT (HYPERCUBE PROCESSOR ARRAY):

Global 4  {Distance between elements being. compared}
Local a  {One of the elements to be sorted)
t  {Element retrieved from adjacent procsessor}
begin
fori « 0tom—1do
for j « i downio O do
d <« 2/ o
forall . where ) < k < 2"-1do
if & mod 24 < 4 then
t « [k+dla (Get value from adjacent processor)
if &k mod 272 < 2+ then
[k+dla < max, a) {[Sortlow to high...}
a «— min (z, ‘a)
else
[k +dla < min (¢, a}  (...or sort high to low)
a < max (¢, a)
endif
. endif
endfor
endfor
endfor
end

T(@) = O(log*n)
P(n)= n
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Figure 6.9 Communication during the last stage of bitonic sort. Each wire is mapped
to a hypercube processor; each connection represents a compare-exchange between
processors. '
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