Chapter 2. Sets; Functions, Sequence, Sum

2.1 Sets
Def. unordered collection of objects

Georg Cantor
Bertrand Russel

Notation
N={0123,...}
Z=4.,-1,0,1,2,...}
7'=11,2,3,...}

R: real number

Def. Two sets are equal iff they have the same elements.

Note. empty set=dor {}

G +{P}

Singleton set

Def. A< B // A is a subset of B // U

VX (xe A > x¢B) B

AG B propersubsel

Thm 1. For any set S,
@) P<S
(i) S¢S

Def. (finite set
|S| = number of elements in S (cardinality)
infinite set '




Cartesian Product

- ordered n-tuple
(a'fﬂ al’ veey aﬂ)

Note. 2-tuple = ordered pair

Def, Cartesian product

AxB={(a,b)| ae AN beB}

Ex. A={1,2}, B={a,b,c}

A x B = {(L,a), (1,b), (1,0), (2,2), (2,b), (2,¢) }

Def. Relation is a subset R of the Cartesian product
from set A to set B. |

Ex. R,= {(1,3),(2,b), (2,0)}
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Power set
P(S) = set of all subsets

Ex. A={a,b}

P(4) = { @, {al, b}, {a, b}
Al =2, [P(A)| =2"=4

Set operations

e Union
AvB={x|xecA or x¢B}

e Intersection
AnB={x|xcAand xeB}

Disjoint: AnNB=0

e Difference (relative complement)
A-B = {x|xe Aand x¢ B}

o Symmetric difference , |
Aa B={x|(xe¢A orxeB)and (x ¢ AnB)}
' ={x|xe AuB and xé AnB}
Ex. A={1,3,5,B={4,5,6},U={1,2,3,4,5, 6}

AuB = {1,3,4,5, 6}

An~nB = {5}
A-B = {1,3}
B-A = {4,6}

AAB = {1,3,4,6)
A =1{2,4,6} //complement //




TABLE 1 Set Identities.

Identity Name
AUG=A Identity laws -
ANU =A

CAUU — U Domination laws
ANG =20

- AUA=A Idempotent laws
ANA=A
(—K_S = A Complementation law
AUB=BUA Commutative laws -
ANB=BNA |

AUBUC) =(AUB)UC
AN(BNC)=(ANB)NC

Associative laws

AN(BUC)=(ANBYUANC)
AUBNCO)=(AUB N(AUC)

Distributive laws

AUB=ANB
ANB=AUB

De Morgan’s laws

AUANB)=A
AN(AUB)=A

Absorption laws

AUA=U
ANA=0

Complement laws
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£ 10
Provethat Av B = AnB

(>) xecAuB > x¢ AuB

o > x¢A and x¢B
> xeA and x¢B
> xe¢AnB

So AuBCANnB

xc A and xe¢B
x¢é A and x¢B
x¢é AuB
xe AvB

(€) xe AnB

VRNV

Therefore, AnB < AuB

 Weshowed AuBC AnB and AnBc AuB > Av

Venn Diagram

- John Venn (1834 — 1923)

Ex. A~nB = AuB (DeMorgan’s law)

B

A

m

B

g-§




Membership table

Ex. ABc U

An element x € U satisfies exactly one of the following

4 situations:

TR
a) x¢ A, x¢B fq%\g
b) x¢ A, xe¢B : %}\© @ @
¢) Xe A, X¢B @ |
d) xe A, x¢B
A B |AnB |AuB |A|
0 0 0 | 0 |1
0 1 0 1 1
1 0 0 1 0
1 1 1 1 0

Note. We can establish the equality of two sets by

comparing their respective columns in the table.

Ex. AnB=XuE
A B {AnB { AnRB!A |B |AUB
0 0 0 1 (111 1
0 1 0 1 |110 1
1 0 0 1 (0|1 1
1 1 1 0 (010 0
s AnB =AuB
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Ex. Simplify:: (AvB)n CVv B

(AuB)nCvB = (AvB)nC)nB DeMorgan
: = (AvuB)~rC)n B double complement
= (AvuB)n(CnrB) associative
= (AvuB)Aa(BnCO) commutative
= [(AvB)nB]nC associative
= BnC absorption

Note. -~[-[(pv@~"r]vaq] =2 q~r

Generalized Unions and Intersections

U A = A uAsu - A

1=1

A = An e An

Computei' Representation of Sets
Ex U={1,2,3,4,5,6,7,8}
S={1,3,5, 6}
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- 2.3 Functions

Def. A function from set A to set B is an assignment of exactly
one element of B to each element of A

~ 2
domain vange

Note. A function is a special kind of relation. (Chapter 3)

Ex. 1 Z 2 Z
- Domain Range
f(x) =x°

Def. (f,+ f,) (x) = fi(x) + £,%)
() x) = Li(x)-f,(x)
Ex. f,fy R> R
f(x) = X, fx)=x-x

(F+) () = ) +HX) = X+ (x—X) =x
&) (x) = fi(x)f(x) = x¥*(x~-x) = x*-x*
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One-to-one (injective)

f(x) # f(y) whenever x#y For each yi¢ Y, there 13 abwiodh ome v €X with fod=y

Ex..  Determine whether the following function is one-to-one.

Ans:

Ex. "

Domain Range

Ans:




Onto (surjective)

\V/ y dx (f(x) = Y) resge of £ 15 Y

Note. Every y in the range has corresponding x in the domain.

Ex. Determine whether the following function is onto. N

Ans: .

One-to-one and Onto (bijection)

Ex. Determine whether the following function is bijection.

Ans:




Inverse Function

Ex.

f(a) =2
f(b) = 3
fc) =1

Ex. f(x)=x* Isfinvertible? Ans:

Composition of function

(fog)(a) = f(g(a))
Ex. f(x)=2x+3
g(x)=3x+2

(fo g) x) = f(g(x)) =f(3x+2)=2(3x+2)+3=6x+7
(gof) (x) = g(f(x)) =g2x+3)=32x+3)+2=6x+11




Graph of Function

Ex. NtoN 7 to Z
f(n) =2n +1 f(n) = n*
74 8
5 ¢ = 4
3 s =
) e 1 )«-
| @ .
3 bt . - t ! é
] 2 3 -2 -~}

Floor and Ceiling
Ex. {2.7}=2 \-172] =-1 (1x]= . x1)
RA=3 l12l=0 (1= -ix})

Factorial Function
f:N>z"

f(3) = 3! =123 =6




2.4 Sequences and Summations

Arithmetic sequence: a, a+d, a+2d, ..,, a+tnd

Geometric progression: a, ar, ar’, ... ar’

Ex.5 Find formulas for the following sequences with first
five terms.

(@) 1,%,%,1/8,1/16 a,=1/2""
(b) 1,3,5,7,9 =20 -1
(€ 1,-1,1,-1,1 An= (-151—| or (-15‘H

Ex.6 1,2,2,3,3,3,4,4,4,4, 5,5,5,5,5,6,...
Ex.7 5,11,17,23,29, 35,41, 47, a,=6n-1

Ex.8 1,7,25,79,241,727, 2185,
Hint. n-th term =3 * (n-1% term) > 3

1]

Ans. a,=3 -2




Summations
Ex 10.
5 2 2 2 2 2 S
i=i
M+l &
) owM Vi
Thml. = ay =
97 (ni) e, Y=
D YFE ) o
o S‘::O&J['O\V-)'O\Y-—"(-—--——[—O\V“ . ®
) Y. S = Ay -+ Cufl_\. e o™ ‘{‘QW -~ -=Z
0 DsS= ar"ta
’ . - Q_Y“'H_.gk
S = e
i n S w
) =1 S ay = atar-t& = (DA
JF0 .
Ex 13 4 3 u
Z Z W o= Z (it2i+3D
= 3= i=
4’
4 -~
=4 =z 1

= ¢ (14+2+3+4)
= £0
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Ex14., -
= s =0+2t4 =6
se{o,24)
oo 2 .1_9..0 " ﬂ ,
kK=5b — <=1 e
_ oo (ol-20] 49.50. 49
= . 7
= 233%,350 —40,425
= 247,925
LT v () 2t
Note . % K = —-———lé———-"
i n(t
Ex16.  jx <), Fmd Z X
" S
=X T T

Because 1¥] ¢ , -;(KJ” MPW‘ 0 ao k_'? v,

W)

= 7(,“ . Lim ,_?_C’__':l___.: —1 - {
n=o T ke X X =X
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Finite set vs. Infinite set

o Finite set

Ex. S={a,b,c,d} ISj=4
@={} @1=0

o Infinite set

N =4{0,1,2,3,... } Father
0 =4{1,3,517..} Son
E = {0,2,4,6,...} Daughter
Question .
O] = [N|
?

Def. Two sets A and B are equinumerous if there is a
bijection £ A>B. (:B > A)

Ex. A :multipleof17 {0,17,34,51, ... }
B : perfect squares {0, 1, 4, 9, ... }

f(17n) = o’

Note. Countably Infinite = equinumerous with IN
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Countable vs. Uncountable

countable - finite or countably infinite
- uncountable

Ex 18. Setof odd positive integers are countable.

n f(n)

f(n)=2n -1

a6 o
o = UN G

one-to-one correspondence

Ex 20. Set of positive rational numbers is countable.

Bl Wl oL

- Lafn
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Ex 21. Setof real numbers is uncountable.

Suppose the set of real numbers is countable.

Then the real numbers between 0 and 1 is countable.
Therefore, all the real numbers between 0 and 1 can be
listed as follow.

0. d3| .daz B3t dBF--- dij € {09192933495!67738’9}
0. do dezddddas...
y=0. & dx To dut s

Let’s form a new real number r as follow. Take the first
digit from the 1* row, and change it to it’s 9°s
complement. Then take the second digit from the 2" row,
and change it to its 9’s complement, and so on.

0629 1628 2¢6>7 3626 4€25
We claim that r is not listed on the original table.

Why? Becauser differs - at least one digit from
‘any row.

. We assumed we listed all the real numbers, but we find
new real number r. = contradiction
Therefore, set of real numbers is uncountable.

Note. Cantor’s diagonalization argument
principle

3
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Georg Cantor (1845 1918)

IN| = Ko < smallest cardinality of infinite sets
IR| = X
Ko < X, < X,... infinite

A 2o

EX. A - {aﬂiall Az, -~ }

B = {bo. bt bz -~ ¥
C = {CQJ i CZ)""}
|AuBuC| =X,
Proof (by dovetailing)
o G aa O3

B 0"/ gh/ obs/ obs -e-

C ¢ Ca lc) 0 ¢4

Ex. NxN?
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