Chapter 5 Counting

5.1 Basics of Counting
(1) Product Rule.

Ex 2 Numbering with letter (A-Z) and integer (1-100)
Ans., 26x100 = 2600

Ex 5 License plate: [ {J [J 0 0Og
letters  digits
Ans. 26x26x26x10x10x10 = 17,576,000

one-to-one function

choice.

a, n
a; (Il-])
as; (n-2) Ans. n(n-1)(n-2)...(n-m+1)

a, (m-n+1)




Ex &, k=0
fori;:=1ton, do
fori,:=1ton,do

for i,:=1 to nydo

h
M|

Ans.

Sum Rule

k:=0

fori,:=1ton,do
ki=k+1

fori:=1ton; do
ki=k+1

fori,:=1ton,do
ki=k+1

Ans.

Ex 14. BASIC’s variable name consists of two alphanumeric,
begin with a letter. And 5 strings of two characters are
reserved words. How many different variable names are
there in BASIC?

i) one character: 26
ii) two character: 26 (26+10)-5=931

Ans., 26-+931 =957 names




Principle of Inclusion-Exclusion

lAi U All = A+ A -[A A A

[Au Ao Ayl= (A +]AY] +A] - (JACA] + [AA] +]AA)
+ [AiAA]

AB

Ex. Determine the number of positive integers n where
n < 100 and n is not divisible by 2, 3, or 5.

divisible by 2: 1100/2y=50

divisible by 3: 100/3; =33

divisible by 5:  100/55 =20

divisible by 2-3: 100/6/ = 16

divisible by 3-5: 1100/15=6

divisible by 2-5: 1100/10;= 10

divisible by 2:3-5: 100/30s =3

100 - (50+33+20) + (16+6+10) ~3 =26

1,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 49, 53, 59, 61,
67,71, 73,77, 79, 83, 89, 91, 97




THE SIEVE OF ERATOSTHENES

* The principle of inclusion-exclusion can be used to find the number of primes not e:i—:,% '

ceeding a specified positive integer. Recall that a composite integer is divisible by a prime;
not exceeding its square root. So, to find the number of primes not exceeding 100, first:
note that composite integers not exceeding 100 must have a prime factor not exceeding:
10. Because the only primes less than 10 are 2, 3,5, and 7, the primes not exceeding 1063
are these four primes and those positive infegers greater than 1 and not exceeding 108;

that are-divisible by none of 2,3, 5, or 7. To apply the principle of inclusion—exclusion, let,

P; be the property that an integer is divisible by 2,let P; be the property that an integern
is divisible by 3,let Ps be the property that an integer is divisible by 5, and let P4 be the:
property that an integer is divisible by 7. Thus, the number of primes not exceeding 1003

4 + N(P!PLPLPY). | |

Since there are 99 positive integers greater than 1 and not exceeding 100, the principle:_oﬁ
- -inclusion-exelusion-shows that ' o

N(PIPLPLPLy =99 — N(Py) — N(Py) — N(Ps) = N(Ps)
" + N(PiPy) + N(PPs) + N(Pi P+ N(Py Ps)
+ N(PoPy) + N(PsPy) R
— N(PLPyPy) — N(P\PyPy) — N(PPsPy)
— N(PyPsPs) + N(P Py PsPy).
'f[he number of intégers not exceeﬁing‘ 100 (and greater t]ian'l) that are divisible by all the
primes in a subset of {2, 3,5, 7} is | 100/N |, where N is the product of the primes in this

subset. (This follows since any two of these primes have no common.factor.) Consequently,

: 100 100 100 100 ' v
- N(PPRPPY=9— | —|— | —|=|——|—-|—= '
NARRR) =% [2} Ls SJ {7J ,

+ + +

100 100 | | 100 J ['100 J

23} [25] " [2-7] 135
|00y, 100 | -
3-7] 157

100 | | 100 | 100 | | 100 .
235 2.3.7) |[2-5-7 3.5.7

'+ 100
T 12.3.5-7

=99 -50-33-20—14+16+10+7+6+4+2
~-3-2~1-0+90
=21.

Hence, there are 4 + 21 = 25 primes ot exceeding 100.

54
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5.2 Pigeonhole Principle

Def. If m pigeons occupy n pigeon holes and m > n, then at

least one pigeon hole has two or more pigeons roosting in it.
or

Def. If k+1 objects are placed into k boxes, then there is at

Ieast one box containing two or more objects.

Proof. by contradiction .

Ex. How many students must be in class to guarantee that at
least two students receive the same letter grades, if there are
8 different letter grades (A, A-, B+, B, B-, C+, C, C-)?

Ans:

Thm 2. If N objects are placed into k boxes, then there is at
least one box containing at least N/Kl objects.

Ex 5. Among 100 people there are at least [100/121 =9 who
were born in the same month.

Ex 7. How many cards must be selected from a deck of 52
“cards to guarantee that at least three cards of the same suits
are chosen?

Ans: two cards each x four suits = 8 9 at least 9




5.3 Permutations and Combinations

P(n,r) = n (1-1) (0-2) ... (n-r+1) = (nnr')’

n!

C(n,r) = --Y-‘;-(,-Y;:;')'f 7 Pta¥)=cmn.v!

Corollary, C(n, r) =C{n,n-r)

Ex 1. How many permutations of the letters ABCDEFGH
contain the string ABC?

Ans:

Ex 2. How many ways are there to select five players from a
10-member tennis team? '

Ans:

Ex. How many ways are there for 8 men and 5 women to
stand in a line so that no two women stand next to each other?

m m m m m m m m
W W W W W W W W W

Ans:

™




5.4 Binomial Coefficients

Motivation.

(x+y) = x+2xy+y
(x+y) = £+ 3y +3xy’ +y’

Binomial Theorem
x+y)'= = (DALY

= () (D2 £ (DT e ()0 ()Y

Ex 2. What is the expansion of (x+ y)4?
x+y) = ()1 (T)Fy + (j) Lyt (1) %7+ (4) !

= xtt 4y X+ axy’+ y"
Ex 3. What is the coefficient of X'y in the expansion of (x+y)25

Ans.

? .

&




Prove that %:b (;’l) = 2“'

Yy Qe = )T e ()T b (DT

T ;- s
< = % @) g-ed.

Pascal’s Identity: (Y\+1> - ( w-) + (n
| . K K=t K

(6) 1
() (D | | L
_ (3) G) (%) By Pascal's identity: [
G () G)EG) (0 ~(5)=0) NN
G (DG GO L4 s 4
GISESIONARE): 15 1001005 )
@ GGG E) 66 L6 15 2015 6 1
P4 : . N/
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FIGURE 1 Pascal’s Triangle.
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Permutation with repetition.

Ex 1. How many strings oflength k can be formed from the English
alphabet?

k
26-26-26 ... 26 = 26"

Combination with repetition

Ex 2. How many ways are there to select 4 pieces of fruits from a
bowl? |

(Solution)
1-kind AAAA 0000 PPPP
2-kind 3-1) AAAO O0O0OA PPPA
AAAP oO00P PPPO
2-2) AAOO AAPP PPGO
3-kind AOPA AOP,O AOP,P
Ans. 15
Theorem. for n kinds, r items, C(n+r-1,r)

Note. C(3+4-1,4) = C(6,4)=15

Ly

L




Ex4. Bakerycookies: A,B,C,D
How many different ways can 6 cookies be chosen?

C(at+r-1,r) = C(4+6-1, 6) = C(9,6) = C(9,3) =9-87/3-2 = 84

Permutation with indistinguishable objects

Ex. How many different strings can be made by reordering the

letters of the word
SUCCES S -?

Solution:
S UCCESS
1 1

2 2 3

Distribution objects into boxes

Ex. How many ways are there to distribute hands of 5 cards to each
of four players from the standard deck of 52 cards?

Player 1 Player 2 Player 3 Player 4

52 47 42 37)
5 5 5 5
520 4t 4t 37r 52!
47150 d42fst 37fst 328 5151 51 51 32!




