Chapter T Advanced Counting Techniques

7.1 Recurrence Relations (Difference Eguations)

Conditions:
1. Termination condition (Initial condition)
2. Recurrence relation
— eXpress aq in terms of previous terms
3. Should reach the termination condition eventually

Ex. Compound interst

Pn = amount of money after n years
r = annual interest rate
Po = principal

Pn = Pn—i + Pn-| *r
= (1+r) Py
=(1+r) * (1+r) Py,

= gl+r!n Po

Ex. Fibonacci Squence: 0,1,1,2,3,5, 8,13, 21, ... |
F0)=0
F(1)=1
F(n) = F(n-1) + F(n-2), n>1

F(n) = F(n-1) + F(n-2)
=F(n-2) + F(n-3) + F(n-3) + F(n-4)
= F(n-2) + 2-F(n-3) + F(n-4)
= F(n-3) + F(n-4) + 2-F(n-4) + 2. F(n-5) + F(n-5) + F(n-6)
= F(n-3) + 3-F(n-4) + 3-F(n-5) + F(n-6)

Note. simple substitution does not help  (* 2nd order)




Tterative Method (Substitution Method): for the 1% Order

Recurrence Relation
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Solving Linear Homogeneous Recurrence Relation with
Constant Coefficients

An= Ci Apa T C28p> T ... T CxQnxk (degree k or k-th order)

Plugin a.=1"
Then v o o y™ 4 V"% ot oo r™™
Divide by ", ove o the left.

Y er® il rF P L gr =0 =0 ¢ chavadlerishic eguation
K roots

Qn is  linear combinetion of K yots of tire chovockeristic egitection.

Degree 2 (2" order) case:

Theorem 1

Let C, and C; be real numbers. Suppose - Cir - C2=0 has two
distinct roots r, and r,. Then the sequence {a,} is a solution of the

recurrence relation  an = ¢ Gna + C2 Gna. i Gn = o ¥ + o 1"

Nofe . |n differential eguation case,
dE s dE v roo, plugin £= e and solve
Example. {an = Gnd + 2 Gu-2.
Go=2, oy=1
Characteristic equation: y*-y-2=0
(r=2)(y+1) =0 > V=2, Ya =1
Qn = o 2%+ ola 1"

RREEIr PR

“lan =327 - ("]

i

Theorem 2
When the characteristic equation has only one root, r,, then

Gn = g, Y 4 ol ﬂ'_}'_c_n

Example.b’{‘c,(n = & . Cn -9 Gn-2
au =\, Cu:é
Y*—6vy + G =0
(v-3)"=0 = r=3
CAn = r1’£1.3Yl + o, Yl*jn

bcundo.”)"‘ Ge=1 = oy

of=1, oy =t
Gi=6 =oli+3 T3 } ! :

O = 3"+ 0 37| = (el d




Ex 4. Fibonacci Numbers (p. 463)
0, 1, 1, 2, 3, 5, 8§ 13, 21, ...

fo=0, f,=1 initial conditions
fo= fou + fo.. n>=2 :recurrence
Note. ordinary, linear, constant-coetficient, homogeneous,
2" order difference equation
fn - fl’l—l- fn-;_= 0
Letf, =1"
rﬂ _ rn-—! _ rnzz 0
ri@e*>-r-1) = : characteristic equation
R b & -
= H:Vg rl - 2
2 ; Y2 = 'L-:_*J_‘s_‘__

= A(HEY + B(HFEY

From initial conditions,

foz A+B-=0
f, = ACHT)+B(5E) = 1

—_ _ 1
A= BE-F
\

L

(58] - (55

2

Note. %5 = 1462 : golden ratio
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O = ol ¥4 ol 1"t -+ otk Vi

3vd-order Yecuwince ve (atiom
0\0:2, 0\1':-5, 6\27.-[5
CGn= 60wy — 1 Qe T L Ons
(;hc\\’ckc‘“eﬁs‘lﬁ‘(_ e,‘bua“rfon:
Yoyl Yy—6=0

(Y1) (y-2) (Y2) = ©
Yi=l, Yaz2, V3=3

n _n
Au=A D+ B + G

{- 2 = A + B TC ()
g = A +2B *t3C (2)
Lvs’ = A + 4B T9¢ —6
@A) 3 = B t2cC &)
@-W: 13 =3+ 3¢ ——(5)

B)=3x@) 4 =2¢ => c=2
B =-\
A=1

Gn=] -2"+ 2.3‘j

---Yie,
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a"‘ =G rcbm, ‘i‘Can:l + 0 Qe ek 1 E["‘)
" aciated pmgescoss st il
Thm

Genevnl solubion = homogeneads solubion + parkodar solubion .
Ex 10.

a1 =3
On = 3 Gu+ T 21

Homuﬁémoﬂf: Solur!'!‘(m-‘

A{3,13,45, 5/

n—-30n1 = Q

yr-3y"™ =0
-3y =0 F v=3
Ay
An = A- 3" [
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{20ﬂ+ut~1—1&~—3c-=o

(2c+2) v+ (2d~30) =0

2c4+ 2 =0

= (,-——-l
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Ex 5 Tower of Hanoi (P--’%Sz)
B e

proc. HANOL (11, A,B,C)

A

m=1 ¢ I mpve
n-2 3 3 moves
=3 9 T weves
=4

b {5 wmopves

'Y

i n={ thep wmove the disk Hom A C

mive aisk n From A C

{_cgﬂ_ HANOY (i, A, C, BD
else

call HANUL(

Recuvence: i
0= {3y 41

[Method 1] substitute
Hn) = 2-H (1) +1
=2 {202} +1)+ |
LE2HEAD A2
=2 (2 ) +1J T 2+1
=23 Hn) + 2% 24

= 2"THQ) 2% 2 Feeg 2t
={2"-1

l’\"‘) B, AJC)

=)
HER S ]

(Method 2] H{m)~2HO) ~| =0

Honmog eneous Hy (W) -2 H}c('“") =0

Y~z2yeo

Y2 =0 > ye 2.

*‘am,h. (n) = A.:EFF\

- poartiealays Hp () =2 Hpn) =|

Governlt LWy 42"
By =1 = A=l

*"h’l (Y\) = 2“-—-'_1’.

Nete: £ one move fokes | second, for m=64,

19
2,644 = 2X 10 sec

= 500 billion yemrs.’

7-8




Ex 8. Catalan Number Cn (P46

[i] Chained Matrix Product

M1 * M2 = M3 #...* Ma

How many different ways can we perform these milltiplications?'

n=3: . (Mi*M2) M3
' M+ (Mz * Ms)

n=4: ((M1*Mz2)=*Ms3) » Ma
(M1 + (M2« Ms)) = M4
Mi * ((Mz*M3) = Ma)
(M1+*(M2=(Ms=M4)))
((Mz1+Mz) = (M3 *M4))

Ranlrond Switching nebwork
[2] Given a stack of depth n and a sequence of elements 1,2,3,...n.
Find the number of different permutations obtamed by a sequence

of n pushes and n pops. |
HAHNr Y EIN
push push push pop pop pop 321
-push-pop push- pushpep pop =~ 132
push push pop push pop pop 231
push push pop pop push pop 213

push pop push pop push pop 123
Note. (31 2)is not possible |




[2] Given n pairs of parenthesis, find the number of distinct
well-formed expressions.

Ex. n=3 : o
(()()) : push push pop push pop pop
OO0
OC0)

(CO))
(O

~2n—

S+ 38| (3)]n

Condition: at any position i, 1<i<2n, #L.P.>#R.P.

# of valid distinct expressions = # of all expressions —# of invalid express

=G -G = 220 )

ninl (n+1)
X inxalid S
. . l ‘ - b fan oAl
OGO
T
( 1.7 o
) L = {lﬂ) s tobal # o‘F invalid 2XPYEsSion

- P A=t




[4] Let Ta be # of distinct binary trees with n nodes.
To=1
Ti=1 o

‘.T2.I=2 J \

Q- Q
T 'SR
= d d
Tnovder haversal: (2.3.1) (2L» (1.3,.2) (1,2.3)

Note ;A‘ | = ( (4_(,2. (€O
: : K peiy N1 padr’

n_i- . s 1 2nn
Ta = 2 Tk - Tn-k-1 7 ---( )

k=0 n+l \n

Ex -

"To- T2 + T1-T1 + T2-To
1-2 1-1 21
5

. 2
T3 = = Tx-T2x
K= .

BT

_ Catalan sequence: 1, 1, 2, 5, ...

741




7.3 Divide-and-Conquer Algorithm and Recurrence Relation

Recurrence relation:

f(n) = a-f(n/b) + g(n)

Ex.1 Binary search

T(m) = T(n/2) + 2

Ex.2 Merge Sort

{1 n=2
Tm) =
2Tm/2)+(n-1) n>2

Ex 3. FFT (Fast Fourier Transformation)

0 . n=1
T(n) = :
2Tm/2) + 3/2n n>2

T2




Clexal Muttplying o ge Trdegers i
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(EX5) Mabax Mubtighicabion oo

n¥n -1\*-,1 : ': _ AitBy+Ar By 1/:\ Bz‘hqn B
AXp = _A.i._--;-'{q-_‘z) B"WB"* - J_,__!_é-i”_ .
. . _A‘Li }' A‘Z‘L B BL;\ ! 821

121 Bt A By | . BBt Be
T(“-)__: ig_r( )+n l,n?&

; 4-.

oMo

ket fe=lagm _

Ttw) = £ T(L) 4 v
=8‘ e T(= )Hz)] o

§ T (35) + () 4+’

L T()TE)] +8 ()"

BT (F) + & (2 + e(%)z-r w

-g“ (-IL)JFZS(

of

= (o 2vak 8t A LT =y (o)
= 34 n ()

0

. Shassen discoiered o clever methed of  wutbiplying 4o 2x2 madviws
using 7 mubiphiwihme owd 18 odo[;ﬁm/%kams

CTemy= 7T () +s ()

. = O(,.n&ﬂzﬂ)
- O( (ﬂz.?\)

[ﬁu dn] (bn b!z} - [Cﬂ_ @‘11
qu Qe FJII b2z, Cei oz

my= ( Qn"“dzz) (bz;"['lpu)
= {Aut022) (bn+bae)
m3 ‘:'(&u’azi) (hutbiz) Cu= T“l+m1—m¢+-m£
Ma = (Gu+ qin) bz
ms = Qu (hiz—ba2)
W = Az (bu-bud
WM = (CK:LH’-@::L)' by

Ciz = Ma-tms
G = M+
Caz = Wz - M3+ ms—My
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Hopcroft and Kerr (1971)
- showed 7 multiplications are necessary.

Winograd (1973)
- 7 multiplications, 15 additions/subtractions

Glover
- 36 different ways for A x B using 7 multiplications

Victor Pan; O(n " 2.795) |
Coppersmith and Winograd (1986). O(n " 2.376)

Note
. ,
2Xx2: lnsa; -
splithns mwlfeplication
' g (eg2 T
4 x 4: n < n
if ¢ <49 then better than Strassen’s
Ex. FFT

Ex. Mergesort
T(n) = {

[ n=2

22Ty + (=Y. nyz




