i
!

Matrix Inverse

- column by column
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For any vector norm, there exists a consistent matrix norm (matrix-bound norm)

subordinate to the vector norm .

Al = max laxil
xzo  Ixi
o 5
IAlle = \/ %% aii— // Frobenius norm //
: n
lAll, = max z_l&ijl // column-sum norm //
ST (I ]
IAll, = max z";fa,;( // row-sum norm //
: L£1s J=l

Example.

A 1.2969 0.8648 | . 0.86421
Tl 02161 0.1441 " 10.1440

1Al . = max (1.2969 + 0.8648, 0.2161 + 0.1441) = 2.1617

Ibll.. = 0.8642




| Perturbation Analysis

Ax = b
Let’s find the effect of perturbations in b and A. If welet
Ax+dx) =b + &
then d&x = A &b
& exl < HALNEDY o e (1)

Ifwelet (A+8A)(x+8x) =D
then - Adx+8A(x+&) =0
o ax=-A 8A (x + &)
néxit < JA"HISA]- ffx + x|

) dx 1| Al
e < K(A) = |
| x + &x|! | | Al where k(A) = §AlJAYN :condition number

From (1) and inequality || b||= |Ax] < {Aflix|l, it follows that

| x| 1| &bl
< KA) —

| X1l i bit

If k(A) is large, then small perturbation in A and b will produce large relative

perturbations in x - ill-conditioned problem.

Example. 1.2969 0.8648 0.8642
A= b= Al = 21617
(02161 0.1441 0.1440
B lOg(o.1441 -0.86481. 1 & = 1L5130X10°
~ 02161 1.2969 |

 K(A) = JAIIA'N =2.1617x1.5130x 10° = 3.3x10° ill-conditioned
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1 Il - ¢ond iﬁoned Problens

7 Hilbert Madvix
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[2] Vandermonde Matrix

g "
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* For large n, round-off error propagates and magnifies throughout back substitution.
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5.5.6. [terative Improvement of 2 Solution

We have seen that when 4 is ill-conditioned, the computed solution X may
be inaccurate without any indication in the form of a large solution vector.
This wilt happen for particular right-hand sides b, such that A-1bis smalleven
though the norm of A~ 1 is large. 1f we compute the inverse matrix, we cannot
be deceived in this way and ill-conditioning will show upin the form of large
elements in the computed inverse A1, 1f the computed condition number
liA|L.|| A~ ||, is small, then A~! certainly is close to the true inverse.

Unfortunately, the extra work involved in computing the inverse is often
prohibitively large. We shall here describe an alternative approach, which
requires very little extra work when n is large, and which also gives a corTec-
tion to ¥ and not just an estimate of the error. Ifr = b — A% is the residual
vector to a computed solution x, then '

_A(x—i)sr.

Now assume that Gaussian elimination has given the approximate triangular
factors L and U, From-Theorem 5.5.1 we know that LU = 4 + E, where E
is small. We can therefore approximate the correction X — X with the solu-
tion to :

_ L(08x) =,

which splits into the two triangular systems Ly = r and U8x = y. The com-
putation of » and dx, therefore, takes only nt 4 2-4n® = 2In? operations,
which is an order of magnitude less than the n*/3 operations required for
computing ¥.

New rounding errors are introduced in the computation of 8x, and ¥ -+
dx may not be a more accuratc solution than ¥. A more detailed analysis
shows that, because of the cancellation which will take place in computing
r= b — A%, it is essential that it be computed with sufficient accuracy. Ttis
often advisable to proceed as follows. The components in r are

n
ri:bi_kglaikxk: l=152:--->n-

If a,, and %, are given with ¢ digits, then the products a;.x, contain at most 2¢
digits. We compute these products exactly and accumulate the sum using 2t
digits. Finally, b, — (4%), is computed and rounded to ¢ digits. This can be
done very conveniently on most computers, and will insure that the error
from this part of the calculation is small.

The improved solution ¥ 4 dx can, of course, be corrected in the same
way, etc., and we can carry out the following iterative process:

Iterative improvement. Put x'V’ =¥ and compute 9, §=2,3...,
from '
e = § — Ax®, i(f}axm) =, xUD = x4 dxte, (5.517)

where only the computation of r requires double precision. If 4 js not too
ill-conditioned—say,

nux(A4) < 0.1,
——th!an xt will converge rapidly to the correct solution rounded to single
precision. We can also get a good estimate of x(4) from

xd) < L 3%l (5.5.18)

nu XD

!f convergence is not obtained in practice, then we must assume that A4 is so
ill-conditioned that higher-precision arithmetic throughout is unavoidable.




Example 5.5.5
We illustrate the method on the equations
0.20000 0.16667 0.14286\ /x, 0.50953
0.16667 0.14286 0.12500 fi x, | =10.43453 |,
0.14286 0.12500 0.11111/\x, 0.37897
which have the exact solution x, = x, = x; = 1, If floating-point arithmetic

with ¢ = 5 digits is used, Gaussian elimination will give the computed trian-
gular factors

1 0 0 0.20000 0.16667 0.14286
L =1083335 1| ol, U={0 0.00397 0.00595 |,
0.71430 1.49874 1 0 0 0.00015

and the computed solution

X = (1.03845, 0.89673, 1.06667)".
We compute first AX using 2¢ digits, then r' = b — AX,

0.5095324653 —0.24653
Ax = {0.4345190593 |, r = 1075  1.09407 |,
0.3789619207 0.80793
and then solve for 8x'V. We get
—0.03709 1.00136
Sx M =1 0.09955|, x = x + §x" = | 0.99628 |.
—0.06424 1.00243

The errors in the corrected solution are about 30 times smaller than those
in %. The rapid convergence obtained if we continue the iterations is clearly
illustrated in the iabies below.

K Aty

1 1.03845 0.89673 1.06667
2 1.00136 0.99628 1.00243
3 1.00005 0.99986 1.00009
4 100000 1.00000 1.00000
s 1052

1 —0.24653 1.09407 0.80793
2 0.08626 0.10180 0.07131
3 0.04764 0.04169 0.03571

It is interesting to note that the residuals do not decrease at the same rate as
the errors in successive x’. Using (5.5.18), we can derive the estimate

01
3T-10° 1

which agrees well with the known value.

K(A) ~ = 0.7-10¢,




residual vector

error vector

Question.  Does smaller residual vector always means good X ?

Counterexample. (Kahan)

) '1.2969 0.8648 - 0.8642J
" 102161 0.1441 " 10.1440
Suppose 0.9911} then 107

A= Y= =85
-0.4870 -10
.
but x = (_‘2]
Reason.

After elimination,

2161 -3
Ci(zl)z = 0.i44] — {?29 69 - 08648 = o juk| —0.144 0999923 = |0

: small change in 0.144]1 - large change in a3 -> large change in x,

P2t b




