Polynomial Interpolation
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We want to find a polynomial P(x)
such that P(x;) =v;
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Example.

X 0127131} 4

T | 7 [11] 28|63

flx) =a + bx + e+ d¥

or

fix) =aX +bx* +cx +d | // Matlab

Solutio_n.
7 =4d
11 = a2y + b2y + c(2) + d
28 = a3y + b3y + ¢(3) + d

63 = a(4) + b4y + c(4) + d
0 0 0 1] (a)] [17)
8§ 4 2 1 b| |11
27 9 3 1 c 28
|64 16 4 1) |d| |63

a=1,b=0,c=-2, d=7

fx)=%x - 2x + 7

Note. k(A)=366.3624
A is a Vandermonde matrix. = ill-conditioned.

See Example 15.1




Newton Algorithm for polynomial interpolation

- X; are all distinct.

Suppose we included k points in P(x) such that P(x;) = y;, l<i<k.
Assume we add another term to P(x) so that the new polynomial
to reproduce one more entry in the table.

Consider P(x)+c (x — X)X~ %) ... (X — X)
We want to include (X, Vi) Such that P(Xisr) = yio

P(xu0) + € (K X)Xy %2) o (K = %) = Yiew
Find c. '

Note. Inductive reasoning




e

P

o L P = P00 4 ¢ O (x-Xe) B
= OdRX 4 CX(x—2)  => 28=Ttb+3C 2 c=§
O _ I 0 AR SN ¢ T
P00 = P20+ C XA DFD). o
___________ '7+L\Q+5:$(x~z)-i— ¢ X(x~z)(x~%) 763@-@: > =
= AN ASGE) . X2 (K-3 D

- #Nwﬁi%sm \

"t X [z + Cm-z) [5 + (,L—-?;Dlj
____Ne :ﬁwﬁ Arem

P
i

PO=0ut T [Q(-xoj + @3 [(x~x.)(x-xz)3 + -

I
3
HET

3 A (x-x 1),(&%@1{)(726113:1 ,,,,,,,
P(\O oy T b(-—?ﬂ) (Gz*’ CX—XL) (aa+(}(~X3) (Gq.T

"f' ( K“Xn‘t)aw )) )
= (i ) + Ot ) (XK= o) $Cha) =) (=X Hy
St _Qmpmﬂwﬂmﬂ'i—o‘_%i\?} plo—

, R Ul Q'y\

V=l t—xm)Jr @*ﬂ 1 V=AM I
L Va=Vy Cb-Y) TGM_ __ For iz () oiéwnts 1 S
B ( k VeV R(E=x) +AG)
o Un=m Ul o lendfor
Nefe. '_._L_E_(‘E? -‘U'“_ o




Calculating Coeffiu evcjrs ai _usin 9 Divided Diffevences
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‘Theoim.m_on RQCMY'S_NQ Property of Divided Diffovences
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xl x2 x3

a3: f[x1,x2,X3] = ememmmmmmmeen S e = e =

fix) =13 -9(x+4H+7x+4)x

x |40 1
fix}| 131-23 3
X f ] fl,] fl,,]
x1 -4 ®)
x2 |0 23 @
26
x3 1 3
al: f]x1] = f{x1) =13
flxd — f[x1] -23-13 -36
a2 f[x1,x2] = = = e = .0
x2 —xl1 0-(-4) 4
] — f1x2] 3-(:23) 26
fx2,x3] = = = - =20
: | X3 —x2 1-0 I
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- Inverse Interpolation

Ex.
x {1 | 2 3 4 5 6 7 ooz L
fix) |1 [|0.5]10.3333 1025 0.2]0.1667 [0.1429 x
- e Sttt A— - S I—
Find x correspondingto f(x)=0.3. (Xwe =3.3333)
Method 1. _
Switch roles (x <= f(x)) and perform polynomial interpolation.
Problem.
1. not evenly spread
2. oscillation
Method 2.

polynomial interpolation with 3 points

f(x) = 0.041667 x* - 0.375x + 1.08333
Original problem = root finding problem: f(x) =0.3
0.041667 x* - 0.375x + 1.08333 = 0.3

x1=5.504147
x2=3.295842 < (%)




Danger of Extrapolation

! 2 3 o 5 & 7 8

Year 1920 1930 1940 1950 1960 1970 1980 1990 {2000
Population | 106 123 132 152 181 295 227 249

Polynomiai interpolation with 8 data points = 7™ order polynomial
Prediction for year 2000 : 175

Extrapolation - Erroneous prediction

Oscillation
Runge’s Function: fx) = “I—-i:!é_g-x-""
Serpentine Curve: 10,9 Pl e ——

[ 2
X+ x




