Spline Functions
- another approximation

Motivation.
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Ex 16.1 Find f(5).

x =5 falls into the second interval.

S,(x) = 1.0 + ;—;-3{1-_.95.. (x - 4.5)

For x = 5,

Sz(S) =1.0 + -_‘?-‘_OE_E.‘_‘_O__, ,(5 __4'5) =13

Note. Slope changes abruptly at the knots.

Application. Table look-up

1 X; | #(Xy)

1| 30 | 25 o I
2 | 45 1.0 |

31 70 | 25

41 90 { 05




Quadratic Splines (Secbnd-degree Splines)
_ - c&n—ﬁnunus Frest deyivative

S0 X £XEK
5i) = 4 52 (X))  XaEX£Xs
53() Xy &£ RXREXa

.......... (1)
1. Continuous condition |
fi= a;+ b(x - %) + ci(Xi- X}
fi= a1 e, (2) /l (n-1) ais

2y-> D
S;(x) = fi+ bi(x—x%) + ci(x—x;)

2. Function values of adjacent polynomials must be equal at the knot.
fi + bi(xi«u . Xi) + CE(XEH" X'\)z = fi+\+ bi+t(xi+1 -X m) + Cu'{-t(xt"ﬂ - Xiﬂ)z
Let h;= x:.- x; Then

2

fi+ bih; + cihi = e (3)  //(n-1) equations

3. Contihuity of derivations:
First derivatives at the internal knots must be equal (for smooth joining).
Differenciate (1),
SH(x) = by + 2¢i(x—Xx()
bi+2¢;hi = by // (n-2) equations

4. One more condition is needed.
Choose ST (x) =0 =& ¢,=0 : // one condition
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31(x)
S),(X)

il

2.5 ~ (%-3)

\

10 — (K-45) + 0bk (X-4.5)
$39 = 2.5 + 22(x-70) - 16 (x-T.0)"

X=5,  S.(5) = 1.0-(5-45) +odd(s-49) = 0.66




Cubic Splives

—wmest popular

SiM) = Al + bi (X-XO + (e (x-x:) + de x| )

N knsts = m-) intervals = 4 (1) unknouns

Conditions

(. Spline wust poss Huowgh all tie deds pots -

3
fio= Qe bi (X=X + Co (=) Y+ di (x-%2)

¥ a: =fc |
°°?:_9-i 00 = £¢ + bt (XX + G =)+ de (x—xaﬂ ),

2. Eoch cubics muwst join at the Kwr\s -
(o coxpst et >

Fo+ bihe+ cohg TR = 7C”‘J )
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Sc00 = b 42 Co(xxO+ 3cki (o) - @)

bit 2t 34k = b e )
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Selve (1) ferde.

‘___ Cony —C< i L L Lo
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SOWQ L‘D "p(!'f bI—J :
b = &i‘ﬁ%{‘:—"‘% (2C+C) ~=-——-- — - (1)

é\wge odex L b (14) Q1)
biv = QL—%4 H ('lCc—a*Ci) R (12)
hﬂ
Chorge tndex { 0 (84 Tn (W)
ht = bta ¥ Woa(Ciaxce) -0 —- = - —'—,-;~—~-(\3)

Plag bl (D) and bealz) bl (1),

hi— (ZCL'\-CH'I) = Q\‘}'\'f\:’i - kL (lct-l"'CL)'\'l'urf{C -!+C'~)
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" These results, along with the values for the a's [Eq. (16.11)], can be substituted into

EXAMPLI5163 Natural Cubic Splines

f | X 53
1 ' 3.0 2.5
2 4.5 1.0
3 7.0 2.5
4 2.0 0.5

Solution.  The first step is to employ Eq. (16.27) to generate the set of simultaneous equa:
tions that will be utilized to determine the ¢ coefficients:

1 ] C1 0
B 2(hi + h2) hy e b _ 13 bxs, 2] — flws, x1])
by 2ha +h3) A3 || 3(f[xa, x3} — flx3, %21
’ 1 C4 0
The necessary function arid interval width values are
fi=25 h=45-3.0=1.5
Hr=10  hp=70-45=25
=25 h3=90-7.0=2.0 .
fa=035 i
These can be substituted to yield \
1 c1 0 \
1.5 8 25 | 48 !
25 9 2 o[}V —48 '
1 Cq 0
These equations can be solved using MATLAB with the results:
et =0 ¢y = 0.839543726 : . t

= —(.766539924 e4 =0
Equatlons (16.21) and (16. 18) can be used to compute the 5’s and d’s

by = —1.419771863 = (1.186565272
by = —0.160456274 dz = ~0.214144487
b; =0.022053232 dy = 0.127756654

Eq. (16.10) to develop the following cubic splines for each interval:
s1(x) = 2.5 — 1.419771863(x — 3) + 0.186565272(x — 3)°
52(x) = 1.0 — 0.160456274(x — 4.5) + 0.839543726(x — 4.5)*

—0.214144487(x — 4.5)
s3(x) = 2.5 4 0.022053232(x — 7.0) - 0. 766539924(x - 7.0
+0.127756654(x — 7.0)°

The three equations can then be employed to compuie values within each interval. For
example, the value at x = 5, which falls within the second interval, is calculated as

52(5) = 1.0 — 0.160456274(5 — 4. 5) + 0. 839543726(5 4. 5)2 0.214144487(5 — 4.5)°
= 1.102889734.

The total cubic spline fit is depicted in Fig. 16.4c. !




