Numerical Integration

Motivation.
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Note. 1. f{(x)is a positive function

1
2. Lf(x} dx 1is the area under the curve.

Ex. Cross-sectional area of a river.

Note . Clased -form £ does not exist.

= numevicl method .

Newton — Cotes Formulas_
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Lower and Upper Sum

a b
Partition P of interval a,b] : T R —— F
Xi X, X3 Xn

m; (infimum) = inf {{(x) | x; < x < x;u} : greatest lower bound

M;(supremum) = inf {f{(x}| xi< x < x4} : least upper bound

n-i
lower sums L (f;P) = % m; (Xjn - X;)

upper sums U (§;P) = X M (Xin - Xi)

/\/ \ tipper sums ; overeshmate
\/ lower sums ¢ underestimate

% X2 X3 X4 Xs~
& b

b
L(EP) < jﬁf(x)dx < UL P)

Ex. foo=x* o04xst,  P=1{0,%, %, %, 1}

UG P) = My(xa-x) + Mu(X3- %) + Ma (x,-X5) + My(Xs- %)
f{x) is increasing in the interval [0,1]. Therefore,

M; = 1(x;) = 1/16, M= 1{(x35) = Y%, M= f(x,) = 9/16, My=f(x5) = |
U P) = %(1/16+%+9/16+1) = 15/32

m; = f(x;) =0, m,=f(x,) = 1/16, ms;=f(x;) = %4, m,=f(x,) = 9/16
L(f;P) = % (0+1/16+%+9/16) = 7/32

I
fxz dx = ‘5 (15/32+7/32) = 11/32

= | - b
Ey= 1/3-11/32 = ~ o




Rec’i’anq[e Rule (Mdpord Rule)
fofods = h. Z fil
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Exerdise (1) Estinae Js Pdx by midport rule wsing fhe partefior P={0 1,2
¢) Eshnaly fo X el by tropezal rule Using the some pastriion,
G) Which rule gives betler estimecte 7 Wk)/?




Error Analysis

b
I:- fmf(x)-dx /I true value
T : result from Trapezoid method (uniform spacing) // approximate value
Error:l I-T= —-—(b a)h ') E= o(h), hzl’—?, a<E<b
Proof.

| £0x)

Lot F() = [, fx) dx Fo

HIRIRE TS
: a %
From Taylor series,
F(a+h) = Fa) + hF(a) + F”(a) + -b- F'(@) +.
o £ @) f(a) T ")

Note. P’ =f F' =f, F'=f" ...

I: th(x) dx = F(a+h) |
- hft) ¢ P+ P+ L
Taylor: . S
fla+h) = fla) + hf(a) + & Pa) + f@+~
add f(a):

f(a)+ fla+h) = 2f(a) + h () + & () + & @)

multiply h/2
T: W/2[f(a) + f(a+h)] = hf{a) + & b p(a) + h £(a) + ..-f @t -

(1) - (): J f(x) dx - W2 [f(a) + fla+h)] =~ 50 ©°(@)-Lh “£(a) -
‘-—_———i—w—-————-‘f T

Let a+h=b (2-points, or one interval case)

[ 0 dx - B2 (@) + )] = - & b-a} £(E), a<E<b
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n points, or (n— 1) intervals case: =~ h = b-&,

Apply (4) to subinterval i, we have

X -
f foydx = £ [0+ )] - SH £G), %<3 <xiy

X
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K L\i . n 3 p 0
™ Jmf(X) dx = % f(X) dx = % [‘P(Xl)_)r {:(X\'*D] _.b; Z _.F (2)

E

B -y [F £ )

— b0 1 £(3) ged.

EX Foo = fol eﬂxlolx\

eyroy £ & qo

How many poits should be used ?
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Composite Trapezoidal Rule

Divide [a, b] into n intervals ( (n+1) points ) -

.

.

M ¥a : no.
[ = be foodxe + | FOdcE o b L’; £60-dx

= hﬂﬁﬁ'ﬂ@ + h ;)E(x_')%'ﬂ_ﬂ%%_ e+ h.{f)(n«i)l’-ﬂﬁn)
5 -

=4 [foo + 2 Z 00 £ 8 00)]

= (boo). (£ +2- 5 £60+ £
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Example.
(0.2 + 25x — 2005+ 675% -
o

(1) One-interval
n=1, h=08
f(0)=10.2, f(0.8) = 0.232

I = (0.8-0) 22222 = 01728

E; = 1.640533 -~ 0.1728 = 1.467733
(89.5% errer)

(2) Two-intervals
-n=2, h=04
f(0)= 0.2, {0.4)=2.456, £f(0.8) =0.232

[ = (0.8-0) L2282 -1 0688

Ey= 1.640533 — 1.0688 = 0.57173
(34"1 Y exyoy)

900x" + 400x° ) (= 1.640533)

f(x) r_

2.0+

A7 7

BN Integral estimate NNy

FOTIRE

n h I e, (%)
2 0.4 1.0688 34.9 PR
3 0.2667 1.3695 16.5
4 0.2 1.4848 9.5 e
5 0.16 ) 1.5399 6.1
6 0.1333 1.5703 4.3
7 0.1143 1.5887 3.2
8 0.1 1.6008 2.4 £
Q 0.0889 1.6091 1.9
10 0.08 1.6150 1.6




- Simpson’s Rule

Idea 7 B

{a) . : (b

Lagvonge Tnterpolation

1 =F2 e (o * (X%e) 06X (o) () dy
- — (%o —
o [(Xe‘Xt)(Xo"Xz) ‘ )t (K\"Xo.)(xt"h) ‘F( 1) (iz XO) (%X ’FO(Z)

__ir% Lf 0oy + 4 F0) + f ()(Zﬂ where h = Wb

Et=- 2 nc@(%) or B = — A Hy

288D

0. '
Ex_. L (_0.2 + 25 % - 200 X7"+(,ITS’ )(3 — qoo xﬂ- 400 Xs) dx

=2, (h=0.4)
f()=0.2. Fob)=2450 F(0&=0.232

1= J [0 2t 4(2 450) +0.232) = |. 36‘7401

Ey = 1.640533 - l‘BéWAré"[ = 0.273066"7
| (16.6% errov)




Composite Simpson’s Rule

Idea
= Ky "’ i
I = Jx o0 dx + J ..F()Q dx + ewe F J ‘F(}QG‘X
o 2

a b "

If_ 2h -F(x&:')%zzw"(x.)wbﬁm) b 20 £0) + 4506+ k) b b E(Xn-ﬁf%g%ib'iﬁ(ﬁ)
6

Y\‘—‘ i - .
O T = (hoa) £t 4 FIO 2 2509 * 0w
3N

—

E:O\-:; — (bf(’&!g _5_;(4;)

20 n%

14X ) . , .
Ex L (624 25X — 200 X'+ 475 X° —qu0 X"+ 400 X ) dX
N=4 (h=02)
F©) =02, fio2)={.288, £08) =245, fo.b) = 3.464 Llo8)=0.232

T = 0.8 02+4(290+34ba)+2(2456) 4 6,232

- (2 = 1.62346"

Bt = 11640533 — 11623467 = 0.01706Y

(L08% eyver)




Richardson Extrapolation

Idea:
= I=1I(hy)+ 1/3 [I(hy) - I(h))]

- E=0(")
I(h)+E®m) = I(h)+ E(hy) ST (1)
Note. E = —'—’-i-“z—"‘-hz £
Assume F’ is constant.
Eh) _ hy
Eth,) b
B(h) = (1) E(h)
plug in (1)
(h) + (M E(hy = 1(h) + E(hy)
I(hl) - I(hz)
» B(h) = ———~
(b - (&)
plug in (1),
I = I(hy) + .l%l?.;_li‘ﬁi). .................. )
() -i
If h_z: I/Z\hf

I=1h,) + _I;_(h’;).:;:.;.(_h.‘) or

I =4/3 I(h,) - 1/3 I(h)




Romberg Method

- Application of Richardson extrapolation on the trapezoidal rule.

R(1,1) - 5 ROY
¢ [ b R(l I)'
R(2,1) . S R(2,2) r____e__.._, ,
a b
R(3,1) ——>R(3,2) R(3,3) ot R(3:1)

- R(n,1) — AN R(1,2) K\R(n,?a) ...\—-R(n,n)

Error: O(hz) o(h*) ohL*) ... om"

lR(n+1m+1) R@r-Lm) + i R Lm) - R@m)l] n-1,m> 1

J' (0.2 +25x — 200" + 6755 - 900x* + 400x ) dx
o

'"""""'"""""'"""".’"“; """""""""" g """"""""""""
segment h 3 15
1 0.8 R(1,1):0.1728
2 0.4  R(2,1): 1.0688§R(2,2): 1.367467

4 02 R@3,1):1.4848 R(3,2):1.623467>R(3,3): 1.640533

e "O([’lé) ,

R =R+ FRE)-R0) ;R_(g,z)-;z(a:z;.h}(Rg,;_><xz(z,x),__ -R33)=RG.2)+E(RG2)-RED

= 1.0688 +3 (1.0488-0.1725) = LAB4E (14348 -1.0L98) = 162l TR (13el-h361460)

= {.367469 = .623467 = 1640533




