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Ordinary Differential Equations

Equations Solution

X’—x=¢ x(t)y=te +cet
X?+9x=0 x(t) = ¢, sin 3t + cicos 3t
X +55-=0 x(t)= Jc-t

Initial-Value Problem

X = f(t, x) /] X8 = (¢, x(t)) /
¥(a) given. - inial condition

Examples.

X =X+1 |
-> x=¢et-1
x(0)=0
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EUIGI"S Method — . Taylor-sevies method of ovder 1.
x” = 1{t, x(1)) {a. b)

x(a)=s

x(t+h) = x() + hx'(t)
x(t) + h (t, x(t))

Note. Recurrence relation I
h = {b=o ‘

Procedure Euler

b-a | -
h & b2 - |

x € s

t € a

{for k€< lton
x € x + hf{tx)
t € tt+h

nd

FIGURE 20.1
Euler’s method.




Stability of Euler’s Method

dy/dt = -ay
y(0) =y,

[Analytic]

[Numerical]

— dy. '
Yw=yi+ Fh

=y~ ayh
=i (1-ah)

emplification foctor

To converge to zero,

1-ah] <1 > h<?Z2
a

Conditionally stable.




Taylor series method of order 4

Ex. X =1+x+ ts-
x(0) =0

What is x(1)?

X’ =1+x+ t’

X7 = 2xx’ + 3t°

X" =2xx"+2x"x + 6t
XV =2xx"+ 6x'x" + 6

| ; 2 3 .
x € x +hx'+ Lx” + Lx"+ b—x“ﬂ

[ ot SO
S B W Ee S ---‘I‘-‘—--»*'/
Evlers Traead i el
D

Note. Error; truncation error + round-off error
Error propagate each iteration




{

X'= 1 +x 5 3

X)) =0 = XD

program ode
call euler
call taylord
stop

end

subroutine euler
data a/0.0/, b/1.0/,
data n/128/
fl{t,x) = 1.0 + x*x + t**3
h- (b-a) / real (n)
x s
t a
print 5, t, x
do 10 k¥ = 1,n
oox =x 4+ h * f{t,x)
Tt =t + h :
print 5, ‘t, x
continue

s/O;O/

o

format (3x,” £10.6, 2x, £10.6)

return
end

subrecutine taylor4d
data t,x/2*0.0/
data h/7.8125e-3/

{x3/6.0 + h * x4/24.0)}))

print 5, t, x
do 10 k = 1,128
x1l = 1.0 + x*x + t**3
X2 = 2.0 * x * x1 + 3.0 * £ * ¢
X3 = 2.0 F x * x2 + 2.0 * x1 * %1 + 6.0 * t
¥4 = 2.0 * % * x3 + 6.0 * x1 * x2 + 6.0
Xx =x + h* (x1 + h * (x2/2.0 + h *
t = real{(k) * h
print 5, t, x
10 centinue _ .
5 format (5%, f10.6, 3x, fl0.6)
‘return
end
x(t) value at t =1
n Euler’s Taylor’s Order 4
1 1.0 1.0
2 1.1875 1.868390
4 1.412197 196944
8 1.614874 1.969215
16 1.767678 1.99 1570
32 1.867413 f.ag {16
64 1.925863 (491792
128 1.957787 1.991792
"""""""" ST T




Euler Method with Repeated Richardson Extrapolation

o A A A A {
[ 3 Ui 15 3 2

Ex. x’=1+%x +1t°
x(0) =0 | x(1)?

£ h .
h=1 x(0+1)=x0)+1(1+0+0)=1

h=Y% x(0+%)=x(0)+%(1+0+0) =0.5
x(Y% + %) =x(%) + % (1 + 0.5+ () =1.25

h=% x(0+%)=x(0)+%(1+0+0) = 0.25
X(E +2) = X&) + % (1+025+@)) = 053125
X v 5) = X&)+ % (14083128+(4) =0943066

X(2 +%) = x@) + 7 (| Toqused +&) = 1.5 139207

0.5 1.250 = 1.500 |
1.514 (.87

0.25




Improvements of Euler’s Method

Heun’s Method O (W)

- predictor-corrector approach
- average of two derivatives for the interval

predictor
Voo = ¥y; + f(ti, ) h // use slope at t;
Yoo = b yi) // slope at t;4

y = f!ﬁgzgl_i'if_@;ig_\/.cfﬂ // average
'cOrrector

]

N R R R
Y = Vi F 5 h

FIGURE 20.4 :
Graphical depiction of Heun's method. (a) Predictor and (b} comector.




The Midpoint Method 0 ()

i

Vs = Yot flbuy - &
y{”‘: = f (o, Vit

Vit

il

Ve (fy, Yors) --h

FIGURE 20 6 Mgd a.“t
Graphical depiction of % method, (o] Predictor and (5] corrector.

Exo{mple Y' = 4- évﬁi—- 0“5)/ co, 43, b=l
[‘/(c):i | y(4)=q5.338QG
Eu\ué 56.8493! (24.54% enov)

Heuns (o) § 83-33 17 (m_b’z% evror)
o | 7. 3510 | (318% evver)

Midpoint.




Runge-Kutta Method

5L CONTRIBUTE
£_& o this Entry

A method of numerically integrating ordinary differential equations by using a trial step
at the midpoint of an interval to cancel out lower-order error terms. The second-order
formula is

ki = Bf (Xn: yu) (1)
23 = }xf[.rn+%I;,y,,+%k;} 2)
Yo+l = yetlo+ O (}13)1 (3)

sometimes known as RK2, and the fourth-order formula is

ky = B f Leny yn) 4

y = of (a3 o yn 5 o) (%)
k3 = Bf (en+ 3 hyys + 3 ha) (6)
Jes = Bof G+ B,y + ) 7)
Frl = it phki 4ttt 4 e +0 () (8)

(Press et al. 1992), sometimes known as RK4. This method is reasonably simple and
robust and is a good general candidate for numerical solution of differential equations
when combined with an intelligent adaptive step-size routine.




Taylor sevies i two vaviables

Fxh, yr) = ‘%6 i' (h 2 *“ay) £xy)

i.—

(h-2 FK-—) Food) = f

2R 2

(hB'”H(’ay) FOOY) = h 34+2hKa¥ Y& 2L

oxX9 ay*
.: gt _L}(ﬂ ,y’#)
Y, J_
[EAN) )H*’ﬂ'

it
jc<><+h>’+k> 'Z <l +Kay)vfow)““%T(“'f;'““a%)‘m’"’)

+runcation €VOT
Use “F)( ‘Ft ’3—{:/‘&? g'-]: gxtdé-;#al-: (k)ﬂ'\?z ‘Fx{;"ﬁ:ﬂ)

Sy = § + (h #x e dy)
+ ';T (}\ ‘Fxx\ + 2hk ‘F)(Y + Kl’FYY)

+37 (R F3W Kby 3hEfoy T R )
t o

R

3
. . ‘ I’L ) h l B
Nete  § e, v) = £+ hfx + —zT'FW + ?ﬁxxﬁ’"' J when k=0

—S‘—(X;\/\'Vs) = £ % K‘Fy + -5—::{77 + EE;‘%YY - /f wient h=20




| .Ruﬂge - Kutta Me:Hmoo‘ of Oder 2

Tdea:

@E\fa\uml‘e " — h‘F(‘{Z){) |
= h-f (teoh, xw K

@ P_luj:tfr"o- )
--X({:‘H\) = Y(-L')-“’r wi K3 Wa Kz ‘ V4 IIMMCM\D‘\NA‘W of Kyand <y
O IX(EHR) = x (k) + Wbt Tk ?(t +g@, Xt pght t0) l )
' VA PN
X WY K

jO) Repmduce ad WA/ "‘zrms as po&s.bk n the. To-y\m( SeViES

}X(JC\"{Q x (&) + h- xtt’) + ——“h X(‘c)+~—h3 X'(£) ++ J - (B)
} :

We plont match @A) and (B).
Nete. when w,=1, w==0, (A) awl (B) agvee wptn 2nd term.

.A;pply Ivayable form of Taylor sevies @ fhe Loned Yeym of (A

R = £ totbefe RS+ 3 (b +;sh£ ) HE;()

§(£+3bx
’ i T SR R
X h oy kK h
P\.“f} n (A), | '
et = i + Qo) h‘}+o¢w1h&+ﬁwzh#x YIS ] R

P FER ) SR

Xe) + hq

NS

at

u 4
Nefe. X = - ﬁﬂ@ —-ﬂ# fr o
yi) + hi{ o+ Z_hl{,.c f?ﬂ}f’;,;x + O(W’) J ()

l'x (trhy =

WitWe =1, owezd | Auws=L S d=p=l, WVi=wa=¥

Plug en (&), 1 K({_\,m = Y () + B LR +h.(_({;+h Yt b Frtxl)_l
v | X (bt = X+ x (1) | where K=k F(b0). 1 = h- FCkrh,x +K)




Classicol  Fuefb—Oder nger— Kuca Mcf%w{ <RK4')

i = Vi + "lg"‘( K r2¥a b 2K +ka) |-

&d’naf@

ko= £ (& yio)

1!

| -
Ka Lev boyethw)

K= 4 (h*%) Nt "\%'v’*.

| Q(-{;i*r\m)’u"rh“é’)

L
u

FIGURE 20.7
w Graphical depiction of the slope estimates comprising the fourth-order RK method.




Ex 203
,f O\B"k
Y EAL —esy b0
)/(b)—_?. .

Ki= f(o,2) = 428(0-)—05(2) =3

V{05 = 24 3(0%) =35

5 (0.

- K = 10(0‘3"35) < 4 € ) b5 (ss) = 4.21%%?

}/(05) = 24 4217299 (05) = 4.165649

6:3(85)

KB = ‘F(stj “{'.[0964—‘?) =4 e 6.5 (4 IO%‘H) =309 quq_\

Y(1o) = 2+ 3412914 ((0) =5.912974

- y . &?‘(l\ﬁ)
\?r £0w,5-9129114) = 4{2 — 65 (6912974) = 5945671

d?:é' [3+ 2(4\2“12%) + 2 (3.912994) -+ 5.q45671]J

= 4.20103%

y(l‘o) = 2+ 4201037 C\;o). = 6.201037.

Tywe Valuwe s £. 194631,

Evvoy : O-IOB%




é\/ﬁ’b&m of ODEs .

Ex. 7 ngée. Jvonp

=0, Ax _
Ag T
AV o2 (O) = 9. 8!
Vi 9. o

=2, S =0+00) =0
V= 0+ qEl (@) =196

b=d, Y= 04 19622) =39.24

v = 1862 {gq5]- =2 "."’g (1%1)72 = 36.4136%

Euler’s method.

t 'l_ftrue Yirue . xEuler i’Euler & (x) & (U) .
o 0 0 0 ‘o

2 19.1663 18.7292 0 19.6200 100.00% 4.76%

4 71.9304 33.1118 3%.2400 36.4137 45.45% Q97%
& 147 9462 420762 12,0674 46,2983 24,25% 10.03% - i
8 237.5104 469575 204.6640 50,1802 13.83% 6.86%

10 8.72% 3.83%

334.1782 42 4214 305.0244

51.3123




@1 Rk4

% =£ (E,v) =V

dY - b =9 G0

|
Q.

k‘)] ::F.(O,C’,O) ‘
Kz = £ (00,00 = qil= 50 (0) = 4.8

X0 = X(o) +KuE =0+ 0% =0

w|=~
<

il

e
¢
O
o

=0 +4.8

() V(o) + K

Ko i = £, (1,008 = .81
Ka,2 = -F;;__(l,o,‘(‘-sﬂ = 4. 4567

XY = %) * Yoy % =043l S =q.8)
V(D) = w) + Ka b = o+ hastls 94567

i

Ky = ‘ﬁ(i;‘i\El,?’Aséw) q.4567

3,2 = -P-,_([,q.g'j 7‘%4—5'6'1)

It

7.4817

XD = ¥(0) + Kool = 0+ 4567 (2) = 189134

v0) = V(o) ¥ Keah = 0 A T48IT(2) = 189634
kay = F1(2,18.4134, 189634) = 18.9634
ka2 = £5 (2, 18.9134,16.9634) = 84898

X(2) = 6+ % [0+ 2 (qatqdst)+ 8.96381% .
V(D = o +% (9.81 + 2 (Qasbn a0+ 5.4€56) 2 = 181256

¢ *rue Ve Yriy VrKa & (x) &, (1!)
0 0 C 0
19.1663 187292 121656 18.7256 0.004% 0.019%
71.9304 33.1118 719311 33.0995 0.001% C.037%

147 9462 42.0762 1472521 42 0547 0.004% 0.051%
237.5104 459575 237.5104 469345 0.000% 0.049%
- 334.1782 49.4214 3341626 49.4027 0.005% 0.038%

Qo O
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Rewvite ao o ,mgdﬂzm of Frstode, 2fochos .

B[ = x-y —GAO) ) 6y 2t
Y= oyl oS-t

W=z, XM=, yu)~=2, y©)=7, §)=¢

20

&

old Varable New Van?aﬁ‘eQ Instod) U&j_ui; _Mg&dﬂ_&%ﬁz&ﬂh
t X 1 % =1
« ta 2 P &
* A3 — %G = Ay —9 25 +27 +ox +224
4 Aot -2 A = A
’ﬁ, X il 13’! = I3
Y Xz G X = At e
[« | 1 I
rS n o 2
X = | LAt et | (D= |4
A5 —Z
A 1
.bi.é Ty~ =7 1, i~

Aw» Rk4




()

N

éi

£ =o)X
%% = c(x+d)y
Ex { X ==y 2t~ ¢ g X< X0
Y=oty —attt & V=Y
{iﬁe) =4
%Co) =0
sl : é 1) = efep )+ &
He)=¢ wct) t’
oYU d
To\y{mf Seviw MetHic - - .
_x({+r»),>(+hx+-x 4o “,___
P = gty s By
X2 ey ottt y's xey—ati+t’

7{] = 1"’_)", + 2.—21&*3&2
y' =Xty —2 +4t
1“ y' ¢ eyl

Do oK = [, rt

/ [CRL

CowPuj‘q_ x5 }( y'/yl: )/f:yn/ \

: - q . |‘
)(-'"x_'—hx..{_,.h,,( T'_%'XN‘T"E%"X‘(
Y~Y+hy+——-y »\-—%3 n ~3¥£7"‘/.
t=t+h

1o CONTINUE

7;(: Df_r*?)/’ -8 t"f'B 61—




@ “predator-prey model” in ecology

Kaibab Plateau

mountain lions

deers

Hudson Bay
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Pray-Predater Cysles

o NN NNRN
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6: Yy

0.5 1 1.3 2 25 3

Figure 2: Prey-Predator dynamics as described by the level curves of a conserved
quantity. The arrows describe the velocity and direction of solutions. In this simulation,

the data are 9 z=Ly=1
r=0y=0

=7 =b=d=1 There are equilibria at and at




Lotka - Vo lterrn Echm}iaw

o Ml Lotka (1928) ond Vito Volteva(1426)
© PYRdA‘\'MvDﬂy mod e/

. T\cm{m.wr cli«FFereklﬁ—Q Qﬂwvcl*fcﬂ ’

dx |

—_— = A _— RS ¢

T T QX - bxy O
Gporertet

Ay _ L
awievﬁr\‘ﬁ?
deca)l

¥ : nurber of prey

| & : Pre
b Yivinbey of PQCQJJNY , Y Grouth vode
+: time | G Dredadn groutih rote |
%_E © Growth vode of pry bt efledof trteachion o0 prey

dy

| : At effed of Infovackion sn PrzMw ,
A gyowth wite of PWA”JW \

Nete _
) Clnmgés in pnz\]} mber 15 grvern by s owt. {j“rﬁwﬁ’w
Mimus the vode ot which ¥ 15 preyed Wpon-
(2) chorges v pradadd populadion a0 the Growth of wits cum
5 Popm‘aci'\“ﬁﬂ, ‘mT'Y\.us rnx]—mmﬂ d»,ep'\,-{'h




Ex. Solve the Lotka-Volterra equation using the following
parameter values and initial conditions.

dx/dt = ax—bxy
dy/dt = -cy + dxy

a=12, b=0.6, c=0.8, d=03
x(0)=2, y(0) =1 |

Solution.

o Create M-file, pradprey.m
function yp = pradprey(t,y)
yp = [1.2%y(1) - 0.6*y(1)*y(2); -0.8*y(2) + 0.3%y(1)*y(2)];

Note. Yw=x, y(z)é %

o >> tspan=1[0:0.5:20] // for every half year for 20 years
>> y0=[2,1]; /] #prey = 2, #predator = 1
>> [t, y] = oded45(@pradprey, tspan, y0)
>> plot(t,y)




t Y1(Prey)} y2(Predator) t Y1(Prey) y2(Predator)

0 2 1

0.5 2.72 0.95 10.5 1.64 3.30
1 3.70 1.03 11 1.20 2.73
1.5 4.78 1.31 11.5 1.06 2.16
2 5.44 1.90 12 1.08 1.70
2.5 4.89 2.82 12.5 1.25 1.35
3 3.40 3.53 13 1.58 1.12
3.5 2.10 3.55 13.5 2.10 0.98
4 1.41 3.07 14 2.87 0.96
4.5 1.12 2.48 - 14.5 3.88 1.06
5 1.05 1.95 15 4.94 1.38
5.5 1.14 1.54 15.5 5.44 2.04
6. 1.37 1.24 16 4.68 2.97
6.5 1.77 1.05 16.5 3.13 3.59
7 - 239 0.96 17 1.94 3.49
7.5 3.27 0.98 17.5 1.34 2.98
8 4.34 1.16 18 1.09 2.39
8.5 5.26 1.61 18.5 1.05 1.87
9 5.29 - 242 19 1.16 148
9.5 4.06 3.30 19.5 1.42 1.20

10 2.56 3.62 20 1.86 1.03




