Boundary-Value Problem

Ex. 1
X”(t) = -x(t) |
{ x()=1, x(£)=-3

General solution:

x(t) = c,sin(t) + c,cos(t)
¢, sin(0) + czcogiO) =1 2> c.= 1
¢ sin(3) + c.cos(f) =-3 2 ¢=-3

x(t) = -3 sin(t) + cos(t)

Check:
x’(t) = -3 cos(t) - sin(t)

x’(t)= 3sin(t) - cos(t) )
N 2> xX”(t)=-x(t)
-x(t) = 3sin(t) - cos(t)




Motivation

Heat balance on heated rod

Convection

Velume = Rriax

X x +| Ax
g(x)-Ac - q(x+asx)Ac + h'As (T -T) = 0 (1)
where

q(x): flux into the element due to conduction
q(x +sx): flux out of the element due to conduction
Ac: cross-section area (mv®

r: radius

h: convection heat transfer coefficient

As: element’s surface area (27wy-«x)

Ton: air temperature
T: rod temperature in K

Divide (1) by element’s volume (7 r"ax)

q(x) — g(x+ax)

AX

2—51' (Too ~ T) =0 @)

- Taking the limit ax =0

dg  2h o oy o €)
__dX*I'(Tm T)-O




g = -k %.;E (From Fourier’s Law) 4)

where k is thermal conductivity

Differentiate,

Put into (3),

dT . 2h -
K- ey + 5 (Tew-T) =0

Divide by K. . //’
dT Zh _ o :
dy? T Ty (Teo -T) =0 , 7 = bulk hed Hransfer Pd\mm(\'er-

20d-Order ODE

boundary T(6) = Ta
codns Ty = Ty




Avalydte Solution
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Shooting Me thod

X' = F (4, x0, X @®)
A=, X(b)=p

Steps:
() Guess  X'¢)=Z and soVe dhe twikalvalue prblemt > G(z)
@) Guess K () =Z and Solve the iniinf-velw problem = B ()

3) le’evpo\ ation
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-l:inijre Difference Appoxim aJﬁ‘ O

o= XD

X ()=, x(p=p

. : b-a
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Approximate +he devivedives with cexrtrel difference:
L = L ) -x 0]
Ty e () + X (-]
XH= 13 (¥ (£+h)

Solve.
| Yo = A

& (X 72X+ ) = (i ke, 3 O X)), 186m
Hpry = P

- ()




When +he '37'5“’2)% ) is linears
£ o) = UE V(A +w o
_C\?-(_XH 2% +Xt+t> = U(t)+ V() A + W ) j(Xm'X;ﬂJ

Reawenge,
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