J Linear Algebra Problems

1. Solving system of linear equations ns %

2. Solving eigenvalue problem

Numerical Linear Algebra

- new discipline

Best reference: Wilkinson and Reinsch (1971)
“Handbook for automatic computation, Vol. 2: Linear Algebra”
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Three Bungee Jumpers Problem
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FIGURE 8.1 ' FIGURE 8.2 ' !
Three individuals connected by bungee cords. Fres-body diagrems.

mig + ky(x2 — x1) — kyx; =0
mag + k3 (x3 %xz) — ka(xp —x1) =0
mig —ka(xz —x2) =0
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Three Bungee Jumpers Problem with MATLAB

Jumper  mass  Spring constant Code length(original)

Top 60 50 20
Middle 70 100 20
Bottom 80 50 20

Matlab solution.

>> K= [150 -100 0; -100 150 -50; 0 -50 50]
K= 150 -100 0
100 150 -50
0 -50 50
>> mg= [588.6; 686.7; 784.8]
‘mg= 588.6000
686.7000
784.800

> X = K\mg or X=inv(K)* mg
X= 412020
55.9170
71.6130




[1] Graphical method

CBx. 3x + 2x,= 18 3 2] [x] 18
X, + 2Xy = 2 102) Ikl (2
X2 = -3/2X + 9
Xe= 12x + 1
’ Xi - 4’
—;> - X2= 3
Xi
[2] Cramer’s rule
Ex [a, a, as] X, (b ]
al, d;: az3 Xa = b2
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D is the determinant of the matrix A.




[3] Elimination of unknowns

Ex. 3%, + 2%, = 18 — (D
'X;' 2X2: 2 —'”‘(2)

(1) x(-1) and (2)x3}

3x, - 2x,=-18
3% - 6%x,= 6 (»-—

From (1), 3x,+2(-6) = 18
3x,= 30
x, = 10]




(GAUSS ELIMINATION

Example.

Phase I X, X, X b
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-2 2 16
0 4 2 -6
3 12, 8 | -26
6 -2 2 16
-4 2 -6 upper triangular form
0 0 2 -8
.

_ A
PhaseII 6x; -2x, +2x3 = 16 X; = 23/6

4x, +2x3 = -6 X,=-1/2
2x; = -8 X;= -4  back substitution

Check:
6x, - 2x; +2x;= 16: 23+1-8=16 0.k

12x, - 8x, +6x3= 26: 46+4-24=26 o.k.
3%, - I3x, + 9x3=-18:  23/2+13/2-36 =-18 o.k.




Triangular System

(1) Upper-triangle Case
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(2) Lower-triangle case

o Frequency count
@ division: n
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Frequency Count

(Phase I)
stepk: (n—k)divisions, (n-k)(n—k+ 1) multiplications/additions

If we ignore divisions,
n-\
% 2m-k)y(n-k+1)
=i
= 23 n(@m-1)+ 06

= 283 n® + o)

" (Phase II)

2z
n

Tdtal number of operationS: 23 1 + n”

TABLE 9.1 Number of flops for naive Gauss elimination.

 Back Total Percent Due
n Elimination Substitution Flops 2n%/3 fo Elimination
10 705 100 805 667 87.58%
100 671550 : 10000 681550 lololeeled 98.53%

1000 0.67 x 108 Tx 100 6.68"x 108 6.67 x 108 9Q.85%




Pivoting Strategy

Motivation.
- Ex.1 (When the pivot element is zero)
i+ X2+ x3 =1 (1)

X, + Xz + 2%x; =2 (2)
X, + 2x, + 2%, (3)

(x,i=1,x,=-1, x3=1)

After elimination step,

{ Ol + x;=1 Q)

X+ X3=0 (3)’

Note. The pivot element 4 is zero.

If we interchange equations (2)’ and (3},

: Xzt X3 =0 | x, =1
. . X3:1 4 X;z }.




Ex. 2 (When the pivot element is nearly zero)

X; + X3

x; + 1.0001 x, + 2x;
X, + 2X, + 2x3

[Case 1] Without Pivoting

X, t Xz T X3 =
0.0001 x, +

X, t+

X + X, +
0.0001 x, +
—=0999 x,

[Case 2] - With Pivoting
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x3'=1
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= -1
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FIGURE 9.5

An Mdile to implement the Gauss elimination with partial pivoting.
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Tridiagenal Sys'l'@’ﬂ
— special case of band structure

Y ‘7;
X2 ba
X3 - b3
Xw- -
LA . bw/
ag=0 of li<ilz2
Space (1) = N + () +(n-2) =3n-2
Forwod Eliwanadivn Phase
. . Acqa\ A
CLL ed\. - (a_t‘:) CL,_q
be Q—”bfﬂ(%j>~b\‘,—l 24(4M

Bockuward Substhubiom phese
fin e b%lw
X e— be=Ci-Xin el Y Uz
' d<




" TRIDIAGONAL SYSTEMS
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FIGURE 9.6 _
An Mdile o solve a ridiagonal sysfem.
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