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Abstract
We survey the theoretical use of DNA com-
puting to solve intractable problems. We also
discuss the relationship between problems in
DNA computing and questions in complexity
theory.

1. Introduction

Adleman’s pioneering experiment [1] opened
the possibility that moderately large instances
of NP-complete problems might be solved via
techniques from molecular biology. Since then
numerous papers have explored more efficient
molecular algorithms for particular problems in
NP [27, 10, 3, 30, 8, 20, 21, 18], molecular so-
lutions to PSPACE-complete problems [7, 37],
and fault tolerant molecular algorithms [12, 25].
Other papers have examined the relationships
between molecular complexity classes and clas-
sical complexity classes [38, 19]. We will survey
some of these advances in this paper. For pre-
vious surveys in DNA computing, see [24, 36,
34, 32).

2. Biological Background

DNA is the storage medium for genetic
information. It is composed of units called nu-
cleotides, distinguished by the chemical group
(base) attached to them. The four bases are
adenine, guanine, cytosine, and thymine, ab-
breviated as A, G, C, and T. Single nucleotides
are linked end-to-end to form DNA strands.
Each DNA strand has two chemically distin-
guishable ends, called the 5 end and the 3’ end
respectively. Thus a DNA strand can be con-
sidered oriented; by convention a DNA strand
is denoted by its sequence of bases (A, G, C,
T), starting at the 5’ end and finishing at the
3" end. Conversely, DNA strands can be used
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to encode strings over the alphabet {A, G, C, T}
or any other alphabet.

Mutual attraction, called hydrogen bonding,
exists between As and Ts and between Gs and
Cs. Hence, A/T and G/C are called comple-
mentary base pairs. For two complementary
single strands, hydrogen bonding will only oc-
cur if the pair of complementary strands are ori-
ented in an anti-parallel fashion. That is, as one
strand runs in the 5' — 3’ direction, its comple-
ment runs in the 3' — 5" direction. Two com-
plementary single strands can pair up and twist
around each other, forming the famous double
helix structure discovered by Watson and Crick.

3. DNA Manipulations

Laboratory techniques for recombinant DNA
and RNA manipulation are becoming highly
standardized. Basic principles about recombi-
nant DNA can be found in [48, 49]. In this
section we informally describe some biological
operations that form the basis for some of the
computational operations we will formally de-
fine in Section 5. Some of our descriptions are
similar to those in [10, 24, 35].

For a string x we denote by x the single
DNA strand whose sequence is  and whose
orientation is 5’ — 3/, as z is read from left
to right. T denotes the strand complementary
to z. Finally, $z denotes the double strand that
results when z and T anneal. For example if
z = 5'AGGCT3, then T = 3'TCCGAS5' and Jz

! !
is the double strand g,%gggzg, .

3.1. Merge

This is to pour the solution of two test tubes
into a third one to achieve union. It can be per-
formed by re-hydrating the tube contents and
then combining the fluids together into a new
tube by pouring.
3.2. Melt

This is to break double DNA strands into its
single-stranded complementary components by
heating the solution.



3.3. Separation by Length

Using gel electrophoresis, we can approxi-
mately count the number of DNA sequences of
each length. The molecules are placed at the
top of a porous gel, to which an electric field
is applied, drawing them to bottom. Larger
molecules travel more slowly. After some time,
the molecules spread into distinct bands accord-
ing to size.

3.4. Separation by Subsequence

This is to extract all strands containing the
sequence x. We use the method of biotin—avidin
purification as described in [1]. We first create
many copies of Z. To these oligos we attach
biotin molecules, which are in turn anchored
to an avidin bead matrix. We then melt the
double strands in our test tube and pour them
over this matrix. Those strings that contain z
anneal to the Z oligos anchored to the matrix.
We wash away all strands that did not anneal,
leaving behind only those strands that contain
x, which can then retrieved from the matrix.

3.5. Amplification (PCR)

This is to make copies of DNA strands by
using the polymerase chain reaction (PCR). If
we have the duplex Jzyz, we first melt it to
form zyz and Zyz. To this solution we add the
primer oligos Z and x, which anneal to form the
Y% and Y _ . DNA poly-

Z TYZ
merase can then elongate the primer to create
full duplexes of the form Jzyz. Now we have
two copies of our original strand. Thus, if we
can guarantee that the primer sequences that
we use occur on the ends of every strand, and
only on the ends, then we can use PCR to du-
plicate every strand in the test tube.

3.6. Append

This is to elongate every strand in a test
tube T by tacking another short strand z onto
the end. Suppose z = Dy D;---Dy, where each
D; € {A,G,C,T}. A solution containing D1
is poured into T, and each sequence d reacts
with Dy to form dD;. After washing the ex-
cess D; solution away, one could have D; from
the chain dD; coupled with D5 to form dDq D,
and so on. Each character is appended in the 3/
end (It will be not appended at 5’-end). Each
time only one character is appended. This can
be guaranteed by the biological techniques that
let the new character be in protected state.

partial duplexes

The protected state can be changed into un-
protected state so that another character can
be appended.

3.7. Anneal

This is to bond two single-stranded partially
complementary DNA sequences by cooling the
solution. ao and &3 will be joined at ¢, when
two strands meet in the cooled solution.

3.8. Detect

This is to test if there is at least one DNA
sequence in the solution of a test tube. It is
usually done by amplification (see [41]).

4. Adleman’s  Algorithm  for
Hamiltonian Path

In this section we give a brief description of
Adleman’s [1] algorithm the Hamiltonian path
problem. Similar descriptions can be also found
in [45, 24]. A Hamiltonian path from s to ¢ is
a path that goes through each vertex exactly
once. The input is a graph with vertices V'
and edges E. The output is yes if there is a
Hamiltonian path from s to ¢; no, otherwise. A
high-level description of Adleman’s algorithm is
given in Figure 1.

We now proceed to Adleman’s biological im-
plementation of his algorithm.

1. Choose at random n distinct single-
stranded 20-character DNA sequences, and to
each vertex v associate sequence S,. For each
such sequence obtain its reverse complement
S,. Generate many copies of each S, in test
tube Tl-

If (u,v) € E, then build sequence Sy, by
concatenating the 10-base suffix of S, to the
10-base of S,. Generate many copies of each
Suv sequence in test tube T5.

Pour T and T, into T3. We assume that
in T3 any binding between sequences can freely
take place. Those bindings form all of the pos-
sible paths.

For a path ujus- - -ug, a 10-base suffix of one
Sy, will bind to the 10-base prefix of one Sy, 4,
because one is complementary to the other; at
the same time the 10-base suffix of the same
Suus binds to the 10-base prefix of one S,
sequence whose 10-base suffix binds to the 10-
base of one Sy, and so on (see Section 3.7).



4. for each vertex v e V

1. generate random paths through the graph

2. delete all paths that do not begin with s
delete all paths that do not end with ¢

3. delete all paths of length n or greater

delete all paths that do not enter v
5. if any paths remain then return

“yes” else return “no”

Figure 1: Adleman’s Algorithm for Hamiltonian Path

2. Amplify the solution by the polymerase
chain reaction (see Section 3.5). In the pro-
cess, those molecules encoding paths that begin
with s and ended with ¢ will be amplified. The
primers are S, and S,,.

3. Separate the double-stranded DNA having
exactly 20n bases, which therefore represent
paths with exactly n vertices. Apply the gel
electrophoresis techniques of Section 3.3 to sep-
arate DNA sequences by length.

4. For each v in V, use affinity purification
to eliminate all strands not containing S, (see
Section 3.4).

5. Amplify the solution by the polymerase
chain reaction (see Section 3.5). Output “yes”
if the solution contains at least one DNA se-
quence; no, otherwise.

5. Molecular Computation Mod-
els

The models we define were inspired by the
work of [3, 38]. A molecular sequence is a string
over an alphabet ¥ (we can use any alphabet
we like, encoding characters of ¥ by finite se-
quences of base pairs). A test tube is a multiset
of molecular sequences. We describe the allow-
able operations formally below. Where set no-
tation is applied to multisets, multiplicities are
respected. In the definitions, T, T>, and T3
denote distinct test tubes and ¢ denotes a char-
acter.

The running time for a molecular algorithm
is proportional to the number of operations on
test tubes. An important complexity measure
is the “solution volume size,” 4.e., the max-
imum number of strings in a tube, counting
multiplicities. Adleman [2] has speculated that
molecular computation with a solution volume
of size 27 might be possible.

5.1. Encoding

Let £ = x1-- -z, be an n-bit binary string.
Assign a unique sequence of 30 bases to each bit
position and bit value. Sequence B;(0) encodes
the ith bit of z as 0. Sequence B;(1) encodes
the ith bit of z as 1. © = z;- - -x,, is represented
by the following DNA sequence:

B]_ (.’L'I)BQ(.'EQ)' . Bn(.fL'n)

We require that for any (i,a) # {j,b), B;(a)
and B;(b) have no long common subsequence.
5.2. Operations

We list some operations that we will study
in the next three chapters. We will introduce
some other operations in Chapters 6 and 7.

Sep(Th ¢, T25 T3)
T, := the multiset of all strings in 7} that
contain the character ¢ anywhere;
T3 := the multiset of all strings in 7} that
do not contain the character ¢
T1 = @

Separate(T},c,i,T»,T3)
T, := the multi-set of all strings in T}
whose ith character is c;
T5 := the multi-set of all strings in T}
whose ith character is not ¢
or whose length is less than ¢;
T1 = @

Append(T,c)
T:={zc:zeT}.

Merge(T1,T>,T3)

T3 = T1 U Tz;
T, := 0;
T2 = @

Split (Tl, TQ, T3)
T, and T3 are obtained by halving the
multiplicities of all strings in T,

which are assumed to be even;
T1 = @




Amplify(T1 y T2 ; Tg)

T2 = T1;

15 := Tx;

T1 = 0
Test(T)

If T is not empty then “true” else “false”.

Init(T,m)
T:={i:1<i€em}.

Merge, Append, and Test can be imple-
mented by the methods of Sections 3.1, 3.6,
and 3.8 respectively. Sep can be implemented
as “separation by sequence,” which is described
in Section 3.4. Note the similarity between Sep
and Separate. Of the two, the Sep operation is
easier to implement physically and is standard
in molecular computation models. Note, how-
ever, that Separate can simulate Sep in polyno-
mial time with no volume overhead. More im-
portant, it is well known that Sep can simulate
Separate with no time or volume overhead if we
use polynomial-size alphabets (to be specific,
we can represent each binary string b; - - -b,, over
the alphabet X by the sequence (1,by)---(n,b,)
over the alphabet {1,...,m} x ¥ where m is
a suitable bound on the length of any string
generated during the computation). For conve-
nience, our models will all contain the Separate
operation, rather than Sep.

The molecular operation performed at each
step is determined by the input string . Take
the 3-SAT problem for example. In the sim-
plest molecular algorithm, the operations to be
performed are determined by examining each
clause one at a time. The operations corre-
sponding to a particular clause separate out the
strands that do not satisfy that clause. We con-
sider only uniform algorithms, in which the se-
quence of DNA operations to be performed is
a polynomial-time computable function (in the
classical sense) of the input.

Definition 1.

e Let (Q be a set of DNA operations. A @-
molecular algorithm is an algorithm that
only permits operations in ().

e The Time of a molecular algorithm is the
number of operations.

o The Volume of a molecular algorithm is the
number of DNA sequences.

e A molecular algorithm is ¢t(n)-time uniform
if there is a t(n)-time Turing machine T'
such that for any input, operations can be
generated by T'.

e A MOL* computation permits Separate,
Append, and Merge operations. The op-
eration sequences can be generated by
a Turing machine in polynomial steps.
MOL*(¢(n),v(n)) is the class of languages
accepted by such a computation where the
running time is O(t(n)).

e MOL(v(n)) = Upe; MOL*(n* + k,v(n)).

e In the MOL-A(s(n)) model, Tg is initial-
ized to contain a single copy of the empty
string, the Separate, Append, Merge, and
Amplify operations are permitted, and the
total number of strings in all tubes must
be at most s(n) at all times. All tubes
other than Ty are initialized to be empty.
The molecular algorithm accepts if Ty is
nonempty after the last molecular opera-
tion is performed.

6. Lipton’s Algorithm for SAT

Motivated by Adleman’s pioneer work, Lip-
ton designed a simple molecular algorithm for
solving the SAT problem. His algorithms starts
with all assignments in tube Ty. For each
clause, it weeds out assignments that do not
satisfy that clause. We illustrate it via the ex-
ample in Figure 2, which is from [27].

Theorem 2 (Lipton). There
is an {Init,Separate, Merge, Test}-molecular al-
gorithm for SAT that runs in time O(m) and
volume 2™, where n is the number of variables
and m is the length of the formula.

7. Roofl and Wagner’s Character-
ization
Roof} and Wagner characterized the power of
Lipton’s polynomial-time molecular algorithms,
which are allowed the operations Init, Separate,
Merge, and Test. They proved that those algo-
rithms recognize exactly the class PNF.

Definition 3. Let
DNA (Init, Sep, Merge, Test)-P be the class of
languages that can be decided in polynomial-
time with {Init, Sep, Merge, Test}-molecular al-
gorithms.



MOL(4) Algorithm To T1 TQ T3 T4
Initialization 00,01,10,11

Separate(To, 1,1,T7,T5) 10,11 | 00,01
Separate(Ts,1,2,T>,T3) 10,11 | 01 00
Merge(Tl,Tg,Tg) 10, 11,01 00
Separate(T»,0,1,T1,T») 01 10,11 00
Separate(T>,0,2,T>,Ty) 01 10 00 |11
Merge(Th, Ts, To) 01,10 00 | 11

Figure 2: Lipton’s SAT algorithm. In this example, we find all satisfying assignments to the formula

(21 V 22) A (1 V ).

If L € PNP| there is a polynomial time ora-
cle Turing machine M such that MSAT recog-
nizes L. By Lipton’s result, each query to SAT
can be answered in polynomial time by molec-
ular computation. Thus the entire membership
test can be performed in polynomial time by
molecular computation.

Conversely, Rool and Wagner proved that
DNA ({Init, Sep, Merge, Test })-P is contained in

PNP_ Thus the two classes are equal:
Theorem 4 (Roof3, Wagner).
PNP = DNA ({Init, Sep, Merge, Test})-P.

8. Simulation of Circuits and Tur-
ing Machines

One method to develop DNA efficient al-
gorithms is by simulating efficient classical
algorithms. This method also implies relations
among DNA complexity classes and classical
complexity classes. In this section we will dis-
cuss how various researchers have simulated
Boolean circuits and Turing machines.
8.1. Simulation of Boolean Circuits

on Many Inputs in Parallel

Boneh, Dunworth and Lipton [11] showed
how to simulate a Boolean circuit on a large
collection of inputs, thus solving the satisfiabil-
ity problem for Boolean circuits. The following
lemma follows the exposition in [8]. To simu-
late the circuit on a single input, we initialize
one strand to that input, and we simulate one
gate at a time, working towards the output, ap-
pending the result each gate to the strand as we
go. That process can be performed in parallel
on a large collection of inputs.

Lemma 5.
Let 7 be a circuit with m gates. Given a tube

T, a molecular algorithm using only the opera-
tions Separate, Append, and Merge, running in
time O(m), and using only four test tubes can
create tubes Ty and Ty such that Ty contains all
strings z from tube T that satisfy w(z) =0 and
To contains all strings z from tube T that satisfy
w(z) =1.

Proof: Let n’s input gates be ¢1,...,9, and
internal gates be g, 11, - .., gm in topological or-
der; in particular g,, is the output gate. We will
use four tubes T, Ty, T1,T>. For each i, let g;
compute fi(g;(> gr(s)) where j(i) < i, k(i) < i,
and f; is a binary function. We perform the
following algorithm:
fori:=n+1tomdo
Separate(T', 0, j (i), Ty, To)
Separate(T1,0, k(3), T, T2)
Append(T, f;(0,0))
Append(Ts, £;(0, 1))
Merge(T, T>,T1)
Separate(Ty, 0, k(i), T, T2)
Append(T, fi(1,0))
Append(T3, fi(1,1))
Merge(T, T2, To)
Merge(T1, To, T)
Separate(T, 1, m, Ty, Tp)

At completion, T contains all strings that
satisfy = and T contains all strings that do not
satisfy . |

8.2. Faster Simulation of Boolean
Circuits on One Input

Ogihara and Ray [31] designed an algorithm
to simulate deterministic boolean circuit (with
one input), which consists of unbounded fan-
in OR gates, 2-fanin AND gates and 2n input
gates 1,%1,-..,Ln,Tn- Lhey called such a cir-
cuit as semi-unbounded fan-in circuit. They



showed that for a semi-unbounded fan-in cir-
cuit with depth d, size m, and maximum fan-
out F', it can be simulated by DNA computing
in dlog F' + O(d) steps.

In their algorithm, the circuit is simulated
level by level. For each gate g;, choose a DNA
strand d; with length L. For the input level (the
Oth level), pour ¢; if gate g; evaluates to 1.

Suppose we have simulated the i-th level
such that for every gate gy in i-th level, & is in
the solution of tube T if g5 evaluates to 1.

For an OR level, amplify T" so that each DNA
strand has at least Fp copies (where p is a
parameter). For each gate g; at the (i + 1)st
level, pour 4; into the solution. If g; is an input
to gate g;, then a linker is poured. (For g; = uv
and g; = wy, a linker is v7. In their implemen-
tation, they take |u| = |v| and |z| = |y|.) If ¢;
has an input with value 1, the linker can link J;
to ;. Separate all of the DNA strand of length
2L. Cleave the length 2L strands by restriction
enzyme. Thus, Remove all of the §; and get ;.

For an AND level, amplify T so that each
DNA strand has at least F'p copies. For each
gate g; at the (i + 1)st level, pour J; into the
solution. If gate g; has inputs §;, and d;,, pour
linker for d;,,0;, and 6;. Separate all of the
DNA strands with length 3L. Remove d;, and
0i, to get d;.

8.3. Simulation of Turing Machines

Beaver [6] and Rothemund [39] showed how
to simulate a time-bounded Turing machine
(with many inputs). In the following we give
a brief description about Beaver’s simulation.

The configuration of the Turing machine is
encoded as a DNA sequence. The configuration
of a Turing machine is determined by the sym-
bols on its tape, its state and head position. If
the symbol sequence is aj...a,,, the state is ¢
and the head position is ¢. The configuration
can be characterized by a;...a;—19a; - -a,,. This
sequence can be encoded as a DNA strand

(1,a1)---E(i—1,a; 1) E(i,q) E(i,a;)- - -E(m, am,)-

In every step, a Turing machine can move its
head at most one cell and can change at most
one symbol on the tape. The next configuration
is almost the same as the current, except that
a;_1qa; is replaced by another three bits. Thus
the problem of Turing machine reduces to how
to do character substitution in DNA strands.
Let ABCDE be a DNA strand. We would
like to replace C' by F. We create BF'D and let

it anneal ABCDE bonded between B and B,
D and D. Adding E as the start point and
polymerase the molecules. A is created and
link to A. The double chain is created that
is the combination of ABCDE and ABFDE.
Change double strands into single strands and
remove ABCDE. We get ABFDE left. One
more PCR, we can get ABFDE.

The simulation can be adapted to nondeter-
ministic Turing machine. A path of a nonde-
terministic Turing machine can be encoded as
a 0, 1-sequence. The computation of nondeter-
ministic Turing machine is deterministic at a
fixed path.

Reif [35] studied how to use DNA operations
to simulate parallel computation. In his DNA
computing model, it permits operations Merge,
Separate and Test. In addition, it also permits
the operation that provides for the combination
of all pairs of DNA sequences with subsequences
that have a complementary match. Let E(a) be
the encoding of a and let E(a, 3) be the coding
of tuple (a, 8). PA-Match is defined as
itg=p

E(a, B) = E(B',7) = { f(aﬂ) otherwise.

A CREW machine is a parallel machine with
a large shared memory and allows concurrent
reads and exclusive writes. Given a CREW
machine with time bound D, M memory cells,
and P processors, it can be simulated by his
model with O(D + s) PA-Match operations and
O(slogs + D) other operations, where s =
O(log PM).
8.4. Bounded Nondeterminism

NP computation with a limited amount of
nondeterminism was introduced in [26] and
studied further in [14, 16, 33, 13, 22, 42, 23, 9].

Definition 6.

e An NPinit(s(n)) Turing machine is an NP
TM that nondeterministically chooses a
number between 1 and s(n), then proceeds
deterministically.

e An NPpaths(s(n)) Turing machine is an
NP TM with at most s(n) paths on any
length-n input.

e NPinit(s(n)) is the class of languages ac-
cepted by NPinit(s(n)) machines.

e NPpaths(s(n)) is the class of languages ac-
cepted by NPpaths(s(n)) machines.



Definition 7.

e For n > 0, define pad,,(z) : {0,1}=" —
{0,1}?" by

padn(mlmQ. . '-'L'k) = 0-73'101'2- ) _0$k12n72k‘

o A family of circuits {C,}52; is P-uniform
if there is a polynomial time computable
function f such that f(0™) = C,, for all n.

e A function f is P-uniform s(n)-size com-
putable if there is a P-uniform family of
circuits {C,}%2, such that (1) each C), is
of size < s(n); and (2) Cp(pad,,(z)) = f(z)
for all z with length < n.

e L € NPinit(s(n),v(n)) if there is a P-
uniform family of circuits {Cp}52; such
that C,, is of size < v(n) and z € L iff
Clz|(z,1) = 1 for some 1 < i < v(n).

It is easy to see that NPinit(v(n)) =
Ure; NPinit(n* + k,v(n)).

We show how to simulate bounded nonde-
terministic computation via bounded-volume
molecular computation. Results of this type
appear in [7, 38, 39, 46], but they assume mod-
els of molecular computation with more pow-
erful operations, such as Amplify, that may be
harder to implement in practice.

Theorem 8 (Beigel, Fu).
NPinit(s(n),v(n)) € MOL*(s(n),v(n)).

Proof: Let L € NPinit(s(n),v(n)) via a P-
uniform family of circuits {C),}32, of size s(n)
such that each Cy, is of size < s(n), and z € L
iff C\,/(z,i) = 1 for some 1 < i < v(|z]). For
each z, fix circuit Cp(i) = C|;/(z,4). Apply-
ing Lemma 5, we get a molecular algorithm
to determine if there is a 1 < i < v(|z|) with
C! (i) = 1, and the algorithm uses no more than
s(|z|) operations. Since {Cj,}52, is P-uniform,
the molecular operations sequences can be also
computed in polynomial time. |

Corollary 9 (Beigel, Fu).

NPinit(v(n)) € MOL(v(n)).
Furthermore, Fu and Beigel [19] proved
e MOL/(s(n)) = MOL(s(n)) = NPinit(s(n))
e MOL-A(s(n)) = NPpaths(s(n))

Molecular computation suggests an interest-
ing open problem in complexity theory:

NPinit(s(n)) < NPpaths(s(n))

In [19], we constructed an oracle that separates
those classes.

8.4.1. Breaking DES

Boneh, Dunworth, and Lipton [10] proposed
to crack the DES encryption scheme via DNA
computing. Because DES uses 56-bit keys, they
can encode each possible key as a DNA strand
and then try all of them in parallel.

9. Volume-Efficient Algorithms

Although DNA computing has the advan-
tage of huge parallelism, its power is limited by
the volume of DNA that can be manipulated in
the lab. Assuming a maximum volume of 27°,
a brute-force 2"-volume algorithm like Lipton’s
solves only instances of size 70 or less. An n/!
algorithm like Adleman’s solves only instances
of size 22 or less. We have to decrease vol-
ume complexity in order to solve large problem
instances. In this section we survey research on
volume-efficient solutions solving NP-complete
problems.

9.1. Bach et al’s Approach

Bach, Condon, Glaser, and Tanguay [3]
made the first efforts to find nonexhaustive
molecular algorithms for NP-complete prob-
lems.

The 3-coloring problem is to determine if the
vertices of a graph can be colored red, green,
and blue so that no adjacent nodes have the
same color. If exhaustive search is used, 3"
cases would be considered in determining if a
graph is 3-colorable. Bach et al consider the
following nonexhaustive algorithm.

If we are given the set H of all nodes in a
graph G that have one particular color, then we
just need to determine whether G — H can be
colored with the other two colors, i.e, whether
G — H is bipartite, which can be determined in
O(n) time. In fact, it can be determined by a
circuit of size O(n?).

If a graph is 3-colorable, there is a color, say
red, such that the number of nodes colored red
is no more than n/3. The total number of sub-



sets with size n/3 is

n/3

3 (") < 1.89".

=0 M

Their molecular algorithm generates Eyi : (%)
DNA sequences, which encode every set H con-
sisting of at most n/3 vertices. For each se-
quence, the algorithm checks whether the graph
G — H is bipartite. Since we know how to sim-
ulate a circuit, this can be done in n? steps.

Theorem 10 (Bach et al). There is
an n1.89" volume, O(n? + m?2) time molecular
algorithm for the 3-coloring problem.

They also designed a molecular algorithm for
the independent set problem.

Theorem 11 (Bach et al). There is a 1.51"
volume, O(n?*m?) time molecular algorithm for
the independent set problem.

9.2. Ogihara’s Approach

Ogihara [30] designed a breadth-first molec-
ular algorithm for 3-SAT, based on Monien and
Speckenmeyer’s classical algorithm [29]. The 3-
SAT problem is to determine whether a set of
clauses, each consisting of at most three literals,
is satisfiable.

For clarity, we will first present the 3-SAT
algorithm of Monien and Speckenmeyer. Let
f|e denote the formula obtained from f by re-
placing the literal £ by true and the literal £ by
false. A k-clause is a disjunction of exactly k
literals.

The last case in the recursion is ostensi-
bly the worst, yielding two subproblems of size
n — 1, but it only occurs on the first call or
immediately after eliminating a single variable,
which yields a single subproblem of size n — 1;
unrolling the recursion, we see that the last
case gives two subproblems of size n — 2. The
worst case is the second to the last, which yields
subproblems of size n — 1 and n — 2. Thus
the number of leaves in the self-reduction is at
most 2f(n) where f(n) is given by the recur-
rence f(n) = f(n —1) + f(n — 2); in particular
2f(n) <1.62" for almost all n.

Based on Monien and Speckenmeyer’s Algo-
rithm, Ogihara [30] designed a molecular imple-
mentation that uses the Amplify, Merge, Ap-
pend, and Separate operations. His implemen-
tation is essentially a breadth first search. DNA

strands encode the partial assignments. At the
beginning of the computation, tube T contains
only empty assignments. The computation pro-
ceeds in n identical stages, which we describe
below, each taking O(max(m?,n)) steps.

At the beginning of each stage, T' is divided
into 3n tubes pos,...,pos,, negq,...,neg,,
twoy, . . ., tWop,, where pos; (resp. neg;) consists
all strands to be extended with ¢; (resp. f;) and
two; consists of those to be extended both ways.
This partition can be achieved via Separate and
Merge operations. The partial solutions in tube
pos; or neg, can be extended via the Separate,
Merge, and Append operations. The contents
of tube two; are duplicated via the Amplify op-
eration; then its partial solutions can be ex-
tended separately. At the end of each stage, all
tubes are Merged into tube T'.

Theorem 12 (Ogihara). There
18 a {Separate, Amplify, Merge, Append} -
molecular algorithm for 3SAT that runs in
O(nmax(m?2,n)) time and uses 1.62"™ volume,
where n is the number of variables and m is
the number of clauses.

9.3. Implementing Recursion with
Bounded Nondeterminism

In [8], Beigel and Fu took systematic study
for transforming classical algorithms into
molecular algorithms. They derived a general
result that indicates a large class of recursive
algorithms can be transformed into molecular
algorithms.

Schnorr [43], Meyer and Paterson [28] in-
troduced self-reduction. Recursive algorithms
for NP problems often take the form of d-self-
reductions (“d” for disjunctive), which is a spe-
cial case of self-reduction and were defined by
Selman [44].

Definition 13.
(d(n), b(n))-well-founded if

A partial order < is

o yg <<y = d<d(y]); and
o yg < <y1 = |yal <b(|y1])

For technical simplicity we will consider only
languages L containing the empty string, A.

Definition 14.

e A {d(n),b(n), s(n),w(n))-d-self-reduction for
a language L consists of a P-uniform s(n)-size
computable function h(z) = {z1,...,2,} and



function 3SAT(f)

else

return 3SAT(f|,) V 3SAT(flz)

if f is the empty set of clauses then return true
else if f contains an empty clause then return false
else if some variable v appears only in positive literals then return 3SAT(f/|,)
else if some variable v appears only in negative literals then return 3SAT(f|7)
else if f contains a clause C consisting of a single literal £ then return 3SAT(f|,)
else if f contains a clause C consisting of two literals #;, /> then

return 3SAT(fl¢,) V 3SAT(f[7e,)

let v be the first variable to appear in f

Figure 3: Monien and Speckenmeyer’s 3-SAT algorithm

a (d(n), b(n))-well-founded partial order < on
problem instances such that

e A is the only minimal element under <
eforallz 2N, z€L < h(z)NL#D
e for all z, z; € h(z) = z; < =.

e ||h(y)]| € w(|z|) for any node y in H,,
where H, is the least set such that z € H,
and (y € H, = h(y) C Hy).

o A d-self-reduction is a (d(n), b(n), s(n), w(n))-
d-self-reduction  for  some  polynomials
d(n),b(n),s(n),w(n).

Definition 15. Let (h, <) be a
(d(n),b(n), s(n),w(n))-d-self-reduction and let
z be a problem instance.

o Th <(z) is the unordered rooted tree that
satisfies the following rules: (1) the root
is z; (2) for each y, the set of children of y
is h(y).

o |Th,<(x)| is the number of leaves in
Th,<(z).

If (h, <) is a d-self-reduction for L, then the
corresponding recursive algorithm for L runs
in time [T} <(z)|. The analysis of such an al-
gorithm usually provides a bound on [T}, <(z)|
that is suitable for use in constructing a molec-
ular algorithm for L. We formalize this below:

Definition 16.

. A language L belongs to
REC*(d(n),b(n),s(n),w(n),T(x)) if there
exists a (d(n), b(n), s(n), w(n))-d-self-reduction
(h, <) for L such that for all z

(1) |Th,<(x)| <T(z), and

e REC(T(z)) = Uje, REC*(n* + k,n* + £,
n* +k,n* + &k, T(x)).

Lest conditions (1) and (2) above seem re-
strictive, we argue that they are quite natural.
We consider the typical analysis of a recursive
algorithm. One introduces a function 7' and
proves by induction on  that |T <(z)| < T'(x),
which is (1). The inductive hypothesis is that
|Th,<(w)] € T(w) if w < z. Inspection of the
algorithm yields

Th<(=)] =

> Tu<(w:)

z; Eh(x)

z;Eh(z)

IN

by the inductive hypothesis. The last step in
the induction consists of showing that T' satis-
fies 3. en(z) T(2i) < T(x), which is (2).

The function T above depends on problem
instances rather than their size because the
analysis of the algorithm may depend on two
or more parameters. We will need an analo-
gous variant of NPinit().

Definition 17.  NPinit'(s(n), V(z)) consists
of languages L recognized by a P-uniform fam-
ily of circuits {Cp(,7)}52; such that each C,
is of size < s(n), and z € L iff Cj,((x,i) = 1 for
some 1 < i <V(z).

< v(|z]) then

Clearly, if V(x) <
) C NPinit(s(n),v(n)).

NPinit'(s(n), V(x)




Theorem 18 (Beigel, Fu).

If T(x) is P-uniform s'(n)-size computable,
then REC*(d(n),b(n),s(n),w(n),T(zx))
NPinit'(¢'(n), T (x)), where  t'(n)
O(d(n)(s(b(n)) +w(n)s'(b(n)))).

N

Corollary 19. REC(T'(z)) C NPinit(T(z)).

This result indicates that many complicated
recursive algorithms, including Monien and
Speckenmeyer’s Algorithm, for NP-complete
problem can be implemented via molecular
computation.

Theorem 20 (Beigel, Fu). There is
a {Separate,Init, Merge, Append}-molecular al-
gorithm for 3SAT that runs in O(nm) time and
uses 1.62™ wvolume, where n is the number of
variables and m is the number of clauses.

10. Algorithms for #P-complete
Problems
Definition 21.

¢ A function f: ¥* — N is in the class #P
if there is a polynomial-time computable
predicate p(z,y) and a polynomial ¢(n)
such that f(z) = |{y : y € ¥ and
p(z,y) = 1}.

e Language L € PP if there is a polynomial-
time nondeterministic Turing machine M
such that z € L iff the number of accepting
paths of M(z) is more than the number of
rejecting paths of M(x).

#SAT is the function such that #SAT(f) is
the number of assignments satisfying boolean
formula f. #Hamiltonian is the function such
that #Hamiltonian(G, s,t) is the number of
Hamiltonian paths from s to ¢ in graph G. Both
#SAT and #Hamiltonian are #P-complete.

Toda [47] showed that polynomial time hi-
erarchy is polynomial time Turing reducible to
#SAT. Thus, #P is widely believed far above
NP.

Computing #P-hard problem with DNA
computing was studied by Fu, Beigel and
Zhou [21]. A #P language is polynomial-time
Turing reducible to a language in PP. Let’s
consider how to deal with a language in PP with
DNA computing. For a language L in PP and a
string x, there is a polynomial size circuit C'(¢)

such that € L iff |{i : i € (2D and C(i) =
1| > [{i:i € 2PU2D and C(i) = 0].

Suppose tube T contains all sequences in
A = ¥P(zD) | We use the method in Section 8.1
to get two tubes 71 and 75 such that 73 contains
all sequences A with C(i) = 1 and T} contains
all sequences A with C(i) = 0. Clearly, z € L
iff T7 contains more sequences that T5.

We use the following method to compare the
two tubes. The idea can be characterized from
the following simple example. There are two
groups of people. One group consists a large
number of men and the other group consists a
large number of women. We need to determine
which group has more people.

We merge the two groups. Let each man find
a woman randomly as his wife. Separate all of
those couples. We can determine if the num-
ber of men is greater than women from those
persons left.

We use the same idea to compare the number
of DNA sequences in two tubes T7,T5. Append
a DNA sequence s to 17 and the reverse of its
complement 3" to Th. Merge the two tubes. Se-
quences of T; will bind to sequences of T via s
and 3" for the mutual attraction between them.
This looks like a man finding a woman as his
wife randomly. Separate all double sequences.
We know which tube has more sequences from
those sequences left.

Bax [5] gave an O(2")-time algorithm for
computing #Hamiltonian, where n is the num-
ber of vertices in the graph. Let G = (V, E) be
a graph and let s and ¢ be two nodes in G. Let
A denote the adjacency matrix of G, i.e.,

Alu,v) :{ 1 if (u,v) €FE

0 otherwise.
For § C V, let Wg be the number of paths of
length n — 1 that do not enter any node in S
and let Ag be the matrix such that

| Au,v) ifug¢Sanduv ¢S
As(u,v) = { 0 otherwise.

Then Ws = A% '(s,t). By the principal
of inclusion and exclusion, the number of
Hamiltonian paths from s to t is equal to
ngv(_l)‘S‘WS-

In [21], the above formula is evaluated by
computing a polynomial number of #P func-
tions; each time only 2™ DNA strands are used.
Thus they obtained an n®")2" volume molec-
ular algorithm for computing #Hamiltonian.



11. Algorithms for PSPACE-

complete Problems

Roo8 and Wagner [37], and Beaver [7]
showed how to solve a PSPACE-hard problem
with DNA computing in a polynomial num-
ber steps. The following is Rool and Wag-
ner’s algorithm for testing membership in QBF,
which is the set of all true formulas of the form
Az1Vo- - - Qe H(x1,. . .,z,) = 1), where Q is 3
if n is odd, and V otherwise.

We define the operation Rightcut(T) = {z :
za € T'}. Tts biological implementation is simi-
lar to Ogihara and Ray’s Cleave operation (see
Section 8.2). The intersection of two tubes is
the set of DNA strands that are in both tubes.
Its biological implementation is similar to Reif’s
PA-Match (see Section 8.3). Roof and Wag-
ner’s algorithm is described below:

T :={0,1}";

for ¢ :=n downto 1 do
Separate(T, i,0,To, T1);
Rightcut(Tp);
Rightcut(T1);
ifiiseventhen T :=T, N Ty
else Merge(Ty, T1,T);

Test(T);

Intersection operation is impractical. As the
number of DNA strands in a test tube is large,
the chance for a strand to meet another strand
which is the same as it is very small. By the
same reason, PA-Match in section 8.3 is also
impractical.

12. Fault Tolerance

Many kinds of errors can occur in DNA
computing. Even a straightforward operation
like Merge may have errors, because DNA
strands remaining on the walls of tubes may be
lost. Experimental evidence shows that PCR
may result in complex structures involving sev-
eral DNA strands as well as incorrect ligation.
In this section, we will discuss two methods that
deal with misclassification errors in the Sepa-
rate operation.
12.1. Boneh and Lipton’s Method

Boneh and Lipton noted that Adleman’s
Hamiltonian path algorithm and Lipton’s SAT
algorithm start with a space of potential solu-
tions that they winnow down until it contains
only actual solutions. They showed [12] how
to combat computational errors in such algo-
rithms.

A strand is called good if it encodes a so-
lution for the input problem instance. Boneh
and Lipton considered two error probabilities:
the probability P, that some good strand is
in the final test tube, and the probability P,
that at least & of the strands in the final tube
are good. In both Adleman and Lipton’s al-
gorithms, as well as many other molecular al-
gorithms for solving NP-complete problems,
the volume goes down as many DNA strands
are thrown away. Such algorithms are called
volume decreasing. They suggested to trans-
form a volume-decreasing computation into a
constant-volume computation. They augment
the volume-decreasing computation with some
Amplify operations. This decreases the chance
of losing DNA strands. At the end, they re-
peatedly select strands from the final tube to
test if they are solutions. If a large frac-
tion of DNA strands in the final tube are in
fact solutions, their method succeeds with high
probability. The probability that they fail to
find a solution (when one exists) is at most
(1-P,)+P,(1-P,)+P,P.(1-0)™, where
m is the number of strands they select from the
final tube.

A method for determining P, and P,
is described in [12].  For the operation
Sep(T, s,T1,T>), let p be the probability that
a strand containing the subsequence s is
incorrectly placed into T5, and let ¢ be the
probability that a strand without subsequence
s is incorrectly placed into to 7;. In practice,
we typically have p < 0.05 and ¢ < 1076, For a
bad strand z, let M (x) be the number of sepa-
rations for which it does not match sequences
(In many molecular algorithms for solving NP-
complete problems, good strands in 7' always
match s and go to Ty in Separate(T, s, To,T1)
operations).

Assume there are initially 2 DNA strands in
the beginning, the algorithm runs for s steps,
and the volume decreases by a factor 2 every
s/n steps. After every s/n steps, the DNA
solution is amplified. If a good strand sur-
vives after s/n steps, then it becomes 2 good
strands, which increase the chance that some
good strands survive in future. Using branch
process theory [17], the extinction probability
(for good strands) is the root z in the equation
1—r 4 rz2 = z, where r = p¥/™. Therefore,
P,=1—2=2—p 5/,

They showed P, is large by giving some ev-



idence that the ratio of good strands to bad
strands is not too small. Assume there is at
least one good strand. Let Mj be the num-
ber of bad strands that have M(z) = k. The
expected number of bad strands that survive is
e = Myq+Msq?+Msq3+- - -. They claimed that
I = Myq+ Msq® + M3q® determines how long
the final detect step takes. The detect step may
require O(l) steps. In the worst that M (z) =1
for all bad strands x. That makes M; large,
thus [ is large. For many practical problems,
M (z) is usually large, thus [ is small. By re-
peating the Separate operation, we can make
M (z) large.
12.2. Karp et al’s Method

Karp, Kenyon and Waarts [25] show how
to make the Separate operation more robust
via repetition. For simplicity, assume a two-
character alphabet. Now without loss of gen-
erality any call to Separate has the form
Separate(T, 0,4, Ty, T1), which puts all strings
from T whose ith character is 0 into Ty and all
whose ith character is 1 into 77. Assume that
the Separate operation misclassifies each strand
with probability e (Karp et al actually consid-
ered a more general problem where Ty and T}
have different misclassification probabilities).
Here is their algorithm:

county := 0;
H:={T};
for j:=1to 4D do
for each T' € H do
Separate(T",0,1, T3, T7)
countTlf = county + 1
countTé = countyr — 1
Partition {T},T{ : T’ € H} into
H,,...,H, such that all tubes in the
same H; have the same count c;.
for i :=1tom do
T == UT'eH,- T
countyr 1= ¢;;
H ={T/,...,T"};
T = UT’EH,countTr>0 T'
Tp := UT’EH,countTISO T';
Fix a position i and call a strand a 1-strand if
it has a 1 in position i, a 0-strand otherwise. A
1-strand is classified correctly with probability
at least 1 — €. By Chernoff’s bound, the prob-
ability that the count of the tube that contains
the 1-strand is not positive is O(e?) = O(6).
For the general case, let € be the probabil-
ity that a 1-strand is misclassified, and let r be

the probability that a 0-strand is misclassified.
The so-called “d-goal” is to partition all DNA
strands from tube T into two tubes Ty and T}
such that each 1-strand has probability at most
¢ of ending up in Tp, each O-strand has prob-
ability at most ¢ of ending up in 7y. For the
general case, Karp et al proved:

Theorem 22 (Karp, Kenyon, Waarts).
The number of Separate operations required for
the 8-goal is ©(log, dlog, J).

13. Associative Memory

Baum [4] proposed building an associative
memory that is much larger than conventional
storage media. Up to 27° records of the form
(key,data) can be stored, each one represented
by a single DNA strand. Records can be looked
up using the Separate operation.

14. Other Models

Roweis et al [40] proposed a sticker model
that behaves like a random memory. There are
two kinds of DNA strands in the sticker model:
memory strands and sticker strands. Each
memory strand is divided into k regions, each
consisting of m bases. A sticker is the (Watson—
Crick) complement of a memory region. A
memory region bound to a sticker encodes a 1.
A memory region not bound to a sticker en-
codes a 0. They described a biological method
to implement operations like Merge, Separate,
and Set (which turns on a specified bit in every
strand in a tube).

Condon et al [15] proposed another model
based on surface chemistry. They also proved
that their model can simulate circuits as in Sec-
tion 8.1. Therefore many of the algorithms we
described can be implemented in their model.
They estimate that the maximum volume pos-
sible in their model is 10'2.
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