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1. Are there any m_umonv.ﬁm states?

2. If so, how long does it take to reach them?

3. If not, is the transition matrix primitive (and if so, what is its limiting
distribution)?

We shall now apply these ideas to the study of genetic algorithms.

5.2 Limiting Distribution of the Simple GA

The first step in analysing a genetic algorithm as a stochastic process is
to define the set of possible states that the algorithm can be in. We then
need to confirm that the random sequence of states generated by a run of
the algorithm does indeed form a Markov chain. That is, we need to check
that the probability that the GA is in a particular state at a particular time
depends at most on the state. at the previous time step.

The natural candidate for describing the state of a GA is the population.
At each generation we have a particular population, and the noﬂmﬁm. of s&.a
population depend (stochastically) on the previous generation. With sun
choice of state, we do indeed have a Markov chain. If the size of the search
space is |X| = n, and the population contains N individuals %_.AWE the mmmu%
space (possibly with duplications—remember that in general it is a multiset),
then the number of possible states is:

n+N-1
N

(This can be proven by induction, or by a combinatorial mwmﬁbmim [182]).
To keep things simple, we identify the search space X with the set of integers
{0,1,2,...,n — 1}. Then we can represent populations as vectors:

v = Aco,ef . .ealpv

in which vy is the number of copies of individual ¥ € & in the population.
Clearly

n—1
M v = N.
k=0 :

The states are all the possible non-negative integer vectors with this prop-
erty. As we have remarked in Chapter 2, the fitness function can be thought

LV s
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5.2.1 Effeet of selection

Having defined the states of the GA Markov chain, we can calculate the tran-
sition matrix. It is easiest if we break this down into three stages—selection,
mutation and crossover—so first we consider a GA that only employs selec-
tion. Such an algorithm introduces no new search space elements into the
population. What would we expect to happen in this situation? Assuming
that selection always tends to preserve the better elements of the population,
and throw out the worse, we would expect that eventually the population
would contain only copies of the best individual in the initial population.
We can easily formalise this using the Markov chain framework.

Suppose our current population is # and we apply selection. We need to
calculate the probability distribution over all possible next populations, as a
function of v to give us our transition matrix, If we use fitness-proportional
selection, the probability of any individual ¢ € X being selected is

~—.

where the subscript 1 indicates that we have a one-operator GA. To ob-
tain the next generation, we take N samples of this distribution over .X.-
This is called a multinomial distribution. The probability of generating a
population w in this way is

.E
Priufv] = v ]| Tl

iex it
and this formula gives us our selection-only transition matrix. We want
to know if this Markov chain has any absorbing states. Qur guess was that
uniform populations (those containing IV copies of a single individual) would
be absorbing. To check this, suppose that » is a population containing only
copies of k € X. That means vy = N and v; = 0 for all § # k. Then with
fitness-proportional selection, we have

Prlilv], = [i = &]

and therefore
Priv|v] = 1.

(Note again the use of the indicator function notation [ezpr] as introduced

LN 11 o~ N\
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Now, recall that having a 1 on the diagonal of the transition matrix
corresponds to an absorbing state. This proves that all uniform populations
are absorbing states of the selection-only genetic algorithm. Notice that
the same is true for any selection method for which Prlijv] = [i = k] (i.e,,
where population v contains only copies of individual k). Since no selection
method introduces new individuals into the population, then the conclusion
holds.

5.2.2 Effect of mutation

Mutation involves changing one element of the search space to another, with
a certain probability. Denote the probability that j € X mutates to ¢ by
U;;. This gives usan X n matrix, U. The probability. of generating an
individual i € X after selection, then mutation is

H.H.Ee M Ui, iPrljlvl,
jeX

and therefore the two-operator transition matrix is given by
| H.H.Ee 15

Prlujv] = N1 [ ——+%
14

Now suppose mutation is defined in such a way that U;; > 0 for all 4,5 €
X. This would be the case, for example, with bitwise mutation acting on
fixed-length binary strings. Then it is easy to see that Prfi|v], > 0 for all
i € X, and for any population v. That is, given any population v, there
is a non-zero probability that the next generation will contain ¢ € &, for
any individual ¢. From this observation, we can conclude Fﬁ the two-
operator transition matrix contains no zero terms—and therefore contains
no absorbing states. The matrix is primitive, so that (applying Theorem 5.1)
there is a limiting distribution over the set of possible populations and, in
the long-term, there is a non-zero probability that any given population
might arise. The GA with selection and mutation does not ‘converge’. It
will wander through every possible population. However, some populations
may be much more likely to occur than others, and we shall consider this
possibility later.

5.2.3 Effect of crossover

The ma&ﬁoﬁ of a-crossover operator will not change this conclusion. As long

LR LI 1 10 i e v T bk lnem +ha bmancitinn
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matrix will be primitive. Suppose we denote the probability that ¢ and j

cross to form k by r(1, 7, k). Then the probability of generating individual k
from population v in the three-operator GA is:

Prik|v]; = M (i, j, kYPr[i|v],Prj|v],
tjEX
This probability will be non-zero provided that, for any k € X there exists

at léast one pair i, § such that r(z, 4, k) > 0. For most crossovers this will be
true, since at least lw k,k) > 0 for each k. _The transition matrix is now

given by: e
(__ prtulog = Pl
u;!
ieX

l.l.r-l..l!f
which is therefore primitive. Note that, if we assume crossover takes place
before mutation instead of afterwards, it is easy to verify that we still obtain
a primitive transition matrix.

When we have mutation in & GA (with or without crossover), we know
that the long-term behaviour of the algorithm is described by a limiting
distribution over the possible states. This distribution is a vector q, in
which gy is the probability associated with population w. Hrm mozoa_um :
theorem gives us a formula for q.

T

Theorem &.4 (Davis-Principe [50]) Suppose Q is the primitive transi-
tion matriz for o genetic algorithm with non-zero mutation. Then the 33-
iting distribution is given by

Qv — 1|
2 |Qy — 1

where the matriz Qq, is derived from Q by replacing the uth column of Q
with zeros.

o =

5.2.4 An example

We can illustrate this result by a simple example. Suppose our search space
is {00,01,10,11} which we identify with X = {0,1,2,3} by considering
each string to be a binary number. The fitness function is:

f(00) =1
FO1) = 2
25 = 3

nsa o a
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ulation, and they can represent a probability distribution over individuals
in the search space. We defi _ renal operator

by G(p) = p' where p" 5 the probability distribution that is sampled to
give the next population after p. As described previously, G (p) is sampled
multinomielly so that, if q is any population of size N , the probability that
it is the next generation after p is

G(p);)Nu
NI AEM:_

Thus G(p) describes the probability distribution over all populations for
the next generation. It also has further interpretations, as in the following
theorem. .

Theorem 6.1 (Vose [295]) If the current population is given by the pop-
ulation vector p, then the expected next population is G (p).

Omne interpretation therefore, is that the vector G (p) describes the average
over all possible next generations. Clearly, it is unlikely actually to be the
next generation—it is only the ezpected value of the next population vector.
There will be some variance about the average, and it can be shown that
this variance is inversely proportional to the population size. That is,as N
increases, the variance becomes smaller, and the probability distribution for
the next generation is focused on G(p). Indeed, in the limit as N — oo the
variance shrinks to zero, and the next generation will actually be G(p). In
the infinite population limit, the process becomes deterministic, and follows
the trajectory in the simplex given by p,G(p), G%(p),.... The operator G
can therefore also be interpreted as an infinite population model of a GA,
For finite populations, of course, there will be a stochastic deviation from
this trajectory, which can be viewed as arising from sampling errors.

A study of the dynamics of the genetic algorithm thus comprises an
analysis of the operator g, the trajectory it describes in A, and the effects
of having a finite population creating deviations from this trajectory. This
general theory has been worked out by Michael Vose and co-workers, and
we shall follow their approach [293]. Some important issues will be:

" 1. Deriving equations for G.

2. Relating the structural properties of the genetic operators to these

.
araiatinnag
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. that acts on the simplex then
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3. Studying the dynamics of G. We shall be interested in fixed points,
and the trajectories of populations.

4. Relating the dynamics to the stochastic behaviour of finite popula-
tions.

We shall now look at the equations for G and their associated dynamics
for selection, mutation, and crossover.

6.2 Selection

We have previously seen that if we use proportional selection, the probability
of any individual ¢ € X being gelected is

v; f (4)
2, vif(d)

jex

Prlijv] =

where v is the incidence vector for the population. Dividing the numerator -
and denominator of the fraction by the population size N enables us to
re-write this in terms of the population vector p:

pif (i)
> pif(7)

jex

Prli|p] =

We can write this more compactly if we view the fitness function f as a vector
f € R” given by f; = f(k). Viewing selection as an operator F : A — A

where diag(f) is the diagon entries from vector f along the
diagonal, and f7p is the inner product of vectors f and p.

For example, suppose our search space is X = {0,1,2,3} and the fitness
function is _

o) =
fy =
@) =

LN NY
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2
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Figure 6.5: Probability density function p(z) corresponding to a particular set
of ranking probabilities R = (0.1,0.2,0.3, 0.4) with population size N = 4. The
density function is defined to be p(z) = 4R(|4x]).

For example, suppose that N = 4, and we assign the following probabilities
to ranks _
{1 0o 1 2 3
R(}) 0.1 02 03 04

then the step function b?& is as shown in Figure 6.5.

Given a population vector p, suppose that k € & is the worst E&Sac&
in p, i.e., py, is non-zero and p; = 0 for all j € X such that f(j) < f(k). The
probability that & is selected is given by collecting together the first Npy
steps of the function p, this being the number of copies of k that are in the
population. The probability of selecting the next best individual is found
in a similar way, by collecting together the appropriate number of steps of
p. Notice that this works even if there are no copies of an individual in the
population, as then we simply collect zero steps. In general, then, we can
find the probability of selecting any individual & € A by integrating over p
to collect together the appropriate nmumber of steps:

YL ES NS
F(p) = \ " o(y)dy

ST < S (k)]p;

OoE:EEm é;r zwm meEuHm deBmm we have a search space with four indi-
3 -t PO o 1N - 2OY - £
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table shows how the rank probabilities are calculated:

EYIG) <F®)p ZIFG) S fRps  Flpk

00 1/4 o ply)dy = 0.1

1 1/4 1/4 +1/2 ?s ply)dy =02+ 0.3 =05
2 1/4+1/2 1/4+1/2+0 n: py)dy =0

3 1/4+1/2+0 1/4+1/24+0+1/4 ?%@E[i

This method of defining rank-based selection can be generalised by using
any non-decreasing probability density function p(z) in the integral.

6.3 Mutation

In the previous chapter, the contribution of mutation to the transition ma-
trix was described in terms of a nxn matrix U in which Uj; ; is the probability
that individual § € A mutates to individual i € X'. The same matrix directly
gives the effect of mutation on a population vector. We seek an operator
U : A —= A such that L{(p) is a vector describing the probability distribution
over X, from which the next population is chosen multinomially—reflecting -
the effect of applying mutation to the population vector p. It is simple to
show that _

is the required operator.
The combined effects of applying selection and mutation to a population
A tisnal selection this gives.

!

If our GA comsists only of proportional selection and mutation (i.e. no
crossover) then G = U o F. The fixed points of G in this case are given by

Swmgw b

_ Udisg(f)p
T, -

80 that
Udiag(f)p = (f p)p.

— . " - L T T Y N -

s N .
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associate the search space {00,01,10,11} with the integers {0, 1,2, 3} using
the standard binary representation. r{i, 7, 0) therefore is the probability that
¢ and j cross to form 0 = (00). The following table gives the different values
of r(1,3,0):
|oo 01 10 11

00| 1 1/3 2/3 1/3

01{2/3 0 1/3 0

1013 0 0 o0

11{1/3 0 0 0O

It can be seen that one-point crossover is not symmetric since, for example,

7(00,01,00) 5 r(01,00,00)

However, we can take the matrix My to be symmetric and still obtain the
correct quadratic form for C.

1 1/2 1/2 1/3
1/2 0 1/6 0
1/2 1/6 0 0
1/3 0 0 0

My =

Doing this for each k € X gives us

Gﬁﬁv = GU_HEQNQ. quagu.uuv sy Hgﬂiwﬁv

where each M is symmetric.

It should be noticed that this means that different crossovers might lead
to the same operator C, indicating that they have identical effects on a
population. For example, suppose we have two different forms of one-point
crossover. The first one generates a single offspring from the left-hand end
of one parent and the right-hand end of the other parent. The second one
generates both offspring and selects one of them at random. It can be
checked that both of these crossovers have the same corresponding set of
symmetric matrices My and that therefore their effect on populations is
identical. (A similar effect in the case of permutations is demonstrated by
Whitley and Yoo [309].)

6.4.1 Mixing

If we combine crossover with mutation we obtain the mizing operator

AA P 14
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where mutation is applied to parents before crossover. For a large class
of independent mutation operators (including all the standard ones on bit-
strings), it doesn’t matter whether mutation is applied before crossover or
afterwards [293]). The mixing operator also turns out to be a quadratic

to the structure of the search space X will be described in the following
section.

The full sequence of selection, mutation and crossover gives us the com-
plete operator for the geneti

One of the properties of quadratic operators such as M is that, for any
vector @ and scalar o

M(ax) = o> M(z).

From this it follows that, for proportional selection

M diag(f)p | _ M(disg(f)p)

o (FTp)2

and so we obtain

G(p); = P4 ()U” MU ding(f))p
| (fTpy?
for each k£ € X, which gives us the @ fietic algo-
rithm. Iterating this equation gives us the infinite population trajectory for
the genetic algorithm with proportional selection.

As in the case of selection and mutation, the dynamics of a finite popu-
lation genetic algorithm with crossover are strongly influenced by the fixed
points of the infinite population system [290]. It can be shown empirically
that in many cases the finite population spends most of its time in the vicin-
ity of a fixed point. It eventually escapes and quickly becomes captive to

i1 L2 ' 1 . O S N SO R | |
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i#rﬁrmvmumoHBmwomom.&moarﬂmﬂrmﬂmmmunwmo_.,gmovaﬁcﬁoﬁmooﬁ
function. :

Sumnmarizing briefly, what Wolpert and Macready show is that, aver-
aged over all possible functions, the performance of all search algorithms
that satisfy certain conditions is the same. For example, if these conditions
hold, random search is on average as good as any more sophisticated algo-
rithm such as a GA. However, the idealized search algorithm they describe
is different in some important respects from ‘real’ search algorithms such as
simulated anmealing, tabu search, or genetic algorithms. Nonetheless, it is
frequently claimed that these results are relevant to such algorithms—as for
example,

..., if simulated annealing outperforms genetic algorithms on
some [subJset ¢ [of the set of all functions F|, genetic algorithms
must outperform simulated annealing on F\ ¢. [314]

This is true in terms of what Wolpert and Macready mean by ‘outper-
form’, but as we shall argue below, their interpretation is somewhat id-
iosyncratic, and makes certain assumptions that may not be easily verified
in practice. Firstly, we present the theorem, largely in the notation of EH&
which is slightly different from that used in the rest of this book.

4.2 'The Theorem

Assume we have a discrete search space X, and a function
F: X2 YCHR.

For convenience, the value of f(x) is called the cost of x. The general
problem is to find an o@ﬁﬁ& solution, i.e., a coE& x* € X that minimizes
or maximizes f.

Wolpert and Macready assume a search algorithm A that has mgmum.e&
a set of m distinct points {d%,(¢)}, and associated cost values {d¥, (i)} where
y = f(x) and the index { = 1,...,m implies some ordering (the most obvious
one being with respect to the search chronology). For convenience, the whole
ensemble of points and cost values can be denoted by d,

Thus initially, starting from a point x; with cost y1, we have df(1) = x3
and d}(1) = y;. Subsequent points are generated by A based on dp,; that
is, A is a function

F] E I, R A P LR TR
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The information generated by this sequence 'of points can be encapsu-
lated in a frequency table or ‘histogram’, &, of the cost values {d¥, ()}; the
quality of the algorithm’s performance can be measured in terms of some
characteristic of € such as its minimum, mean, or median. For a given f,
the quantity of interest is thus the conditional probability P[E|f,m, A]. For
this histogram, Wolpert E& Emﬁm@% _prove the following:

e

“heorein 4.1 (No uﬁmm b:ﬁowv For any pair 'of algorithms A, aza Ag)
M .ﬁ?.w_.ﬁ m, \:U_ = Mgd_”m._.\., ﬂ._h.w“_.
f f

here the sum s over all possible functions f.

As originally stated, the theorem also assumes that A is &mmmnﬁmimao.l
which search methods such as GAs and simulated m:hm&Em are definitely
not. However, the definition of A can be extended so that the NFL theorem
also encompasses stochastic algorithms. :

More generally, attention can be shifted to some performance measure
®(E). As a corollary, it is clear that the average of P[®(&) |f,m, Al over all
functions f is independent of A, which provides the justification for such
interpretations of the theorem as those quoted above.

4.2.1 Representations

Although [314] was the first rigorous statement of the ‘No Free Lunch’ con-
cept, it is not the only one, and its proof is certainly not the easiest to follow.
Radcliffe and Surry [206] approached this topic by considering the related
issue of the choice of representation. Earlier (Chapter 2) we described the-
way in which an encoding function ¢ is often used to represent the search
space V indirectly in a representation space X. It is intuitively obvious that
some representations will work better than others in any particular case—
for example, consider the experimental evidence regarding binary or Gray
coding,.

While early work in GAs tended to assume by default that the conven-
tional integer-to-binary code was always appropriate, it does have problems.
For example, suppose that the optimum of a function occurs at a point whose
value is the integer 32, and that we are using a 6-bit chromosome, which
means the binary mapped value is (1.00000). If the function is reasonably
smooth, a good practical approximation to this value is 31, which maps to
the Emﬁﬁm:% Q&,E.mﬁ string 8 H 1 H H 1). Conversely, the (very close) bi-



