Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

SNOWY Vs SUNNY



Edit Distance

Need:
* Strings — Snowy, Sunny
* Cost function - character misalignment = +1

What are the costs of these two different alignments?

S - NOWY - S NOW-Y
S UNN - Y S UN - - NY
cost="7" cost="



Edit Distance

Need:
* Strings — Snowy, Sunny
* Cost function - character misalignment = +1

What are the costs of these two different alignments?

S - NOWY - S NOW-Y
S UNN - Y S UN - - NY
cost=3 cost=5

Edit distance = cheapest possible alighment.



Edit Distance

Need:
* Strings — Snowy, Sunny
* Cost function - character misalignment = +1

What are the costs of these two different alignments?

S - NOWY - S NOW-Y
S UNN - Y S UN - - NY
cost=3 cost=5

Does a brute force solution sound like a good idea?



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]

Dynamic Programming?



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]

E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?

Specifically, how must the optimal alignments end?
(three possibilities).



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?

Optimal alignments end in one of three ways:

Cost: 1 1 0,1



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?
Optimal alignments end in one of three ways:

Xi o xi
— Y Need to align [x4, ..., X;_1]

\_/Wlth [yl, . ,y] 1]

E(l_ 11] o 1)



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?

Optimal alignments end in one of three ways:

Xi o Xi
— Need to align [x4, ..., x;] with

\/[yl,. V1) EGj— 1)



Edit Distance

We want to align two strings, x = [xq, ..., x| and y = [y4, ..., ¥ ]
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and [y, ..., y;]?

Optimal alignments end in one of three ways:

— Vi Y Need to align [x4, ..., X;_1]

™~ __with[yy,..,y;]:EGi— 1))




Edit Distance

E(i,}) = min{ ?



Edit Distance =X

xl
E(i,j) = min I Need to align x4, ..., X;_1]



Edit Distance - x

E(i—1,j) ——1&
E(i,j) = min E(i,j—1)+1

E(i—1,j—1)+diff(i,))

0, x; =Y,

where diff(i,j) = {1 X % .
) [ J



Edit Distance - x

E(i—1,j) ——1&
E(i,j) = min E(i,j—1)+1

E(i—1,j—1)+diff(i,))

e 0, x; =Y,
where diff(i,j) = {1’ X, # Y,
Finding E(n, m) requires finding all the other E’s, which can
be represented in a 2d table with the strings along the axes.
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Edit Distance

< = 0 2w

[ El-1,j)+1

EGi,j—1)+1

2 3 4 5
N
E(i,j) = min{
diff(i, j) = {(1)
o
™
N E(3,4)

EG—1,j— 1) +diff(i, )
x[i] = y[j]

, x[i] # ylj]

Where can we start?
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Edit Distance

< = 0 2w

[ El-1,j)+1

EGi,j—1)+1

3 4 5
N N Y
E(i,j) = min{
diff(i, j) = {(1)
o
™
N E(3,4)

EG—1,j— 1) +diff(i, )
x[i] = y[j]

, x[i] # ylj]

Where can we start?

E(0,1) or E(1,0)
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Edit Distance

< = 0 2w

v =

N

2 W

Z b

< U

(

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, ) = {O' xli] =yl

1, otherwise

E(-1,1) +1
E(0,1) = mins E(0,0)+1 =7
E(-1,0) + 1
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Edit Distance

< = 0 2w

v =

N

2 W

Z b

< U

(

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, ) = {O' xli] =yl

1, otherwise

=
E(0,1) = mins E(0,0)+1 =7

A T
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Edit Distance

< = 0 2w

N

2 W

Z b

< U

R |l»n =

f

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, ) = {O' xli] =yl

1, otherwise

=
E(0,1) = mins E(0,0)+1 =1

A T
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Edit Distance

< = 0 2w

2 W

Z b

< U

(

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, ) = {O' xli] =yl

1, otherwise

E0,1) + 1
E(1,1) = min< E(1,0) + 1 =?
E(0,0) + 0
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Edit Distance

[ E@li-1,)+1

j 3 4 & E(i,j) = min+ E(G,j-1)+1
NN Y kE(l—1,1—1)+dn°f(l,])
oo~ 10, x[i] = y[Jj]
diff(i, j) = {1, otherwise
S
N
0 E0,1)+1
W E(1,1) = min< E(1,0) + 1 =?
v E(0,0)+0

Not calculated yet!
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Edit Distance

< = 0 2w

N

2 W

Z b

< U

R |l»n =

[ EG(-1,)+1

E(i,j—1+1

E(i,j) = min 4
diff(i, /) = {‘1’

EG—1,j— 1) +diff(i, /)
x[i] = y[J]

otherwise

Need upper left hand

corner

filled out before

Wwe Cahn progress.
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Edit Distance

< = 0 2w

2 W

Z b

< U

R |l»n =

NI C N

f

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, j) = {O' xli] =yl

1, otherwise

E(-1,2) + 1
E(0,1)+1 =2
E(-1,1) + 1

E(0,2) = min
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Edit Distance

< = 0 2w

2 W

Z b

< U

o

R |l»n =

NI C N

f

E(i—1j)+1
E(i,j) = min+ E(i,j—1+1
E(i—1,j = 1) +diff(i, /)

diff(i, j) = {O' xli] =yl

1, otherwise

E0,0)+1
E(1,0) =min< E(1,-1)+1=1
E,-1) +1
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Edit Distance

f

E(G—-1,j)+1
j 0 1 2 3 45 E(i,j) = min- EG,j—1)+1
E(i—1,j — 1)+ diff(i,j
S UN N Y E(i—1,j = 1) +diff(i, )
A diff(i. /) = {1, otherwise
S11]0
N
N E(0,1) +1
W E(1;1)=m1n E(l,O)—I—l:O
Y E(0,0)+ 0




Edit Distance

< S 0 2w

[ EG-1,)+1

E(i,j—1)+1

0 1 2 3 4 5 E(i,j) = min
S UN N Y
0/1/2(3|4]5 diff(i, j)={(1)’
1101234 '
211111123 Running Time?
3(2121(2]2]3
413(3[(3[3]3
504 |4|4]|4]3

EG—1,j — 1) + diff(i, /)
x[i] = y[J]

otherwise
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Edit Distance

< = 0 2w

O 1 2 3 4 5

S U N NY
0O/1(2|3]|4|5
110123 |4
2 (1 |11}1}2)3
31212223
4 1313|333
514|144 ,4)3

[ E@li-1,)+1

E(i,j—1+1

E(i,j) = min+
.~ (o
diff(i,j) = {1,

Running Time?

EG—1,j — 1) + diff(i, /)
x[i] = y[J]

otherwise

Fill out nXm table with constant
operations: O(nm)
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Edit Distance

j 0 1 2 3 4 5
S U N N Y
0/1[2[3]4]|5

Ss|1/0[1]2]3|4

N[2[1]1]|1]2]|3

Oo[3|2]2]2]2]3

W|4/3[3[3|3]|3

Y|5[4|4|4]4]3

Edit distance = 3.

How can we recreate the actual
alignments?

Backtracking.

Ask the question: “How did
we get here?”



Edit Distance

1 2 3 4 5
S U N NY
1121345

0

How did we get to E(5,5)?

112|314
11123
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5 Y|5|4|4|4/|4]3




Edit Distance

1 2 3 4 5
S U N NY

0

How did we get to E(5,5)?
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Edit Distance

j 0 1 2 3 4 5
S UN N Y
0/1]2|3|4]|5

s|1|/0|1/2|3]|4

N[2|1|1|1|2]3

o|3|2]22]2]3

W|4[3[3]|3][3]3

Y|5|4]|4)|4]4a<3

How did we get to E(5,5)?
From E(5,4)? — No. Can never
go down in cost.
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Edit Distance

j 0 1 2 3 4 5
S UN N Y
0/1]2|3|4]|5

s|1|/0|1/2|3]|4

N[2|1|1|1|2]3

o|3|2]22]2]3

W|4[3[3]|3][3]3

v|5\4la 4 a3

How did we get to E(5,5)?
From E(5,4)? — No. Can never
go down in cost.

From E(4,5)?
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Edit Distance

j 0 1 2 3 4 5
0l 11213 als From E(5,4)? — No. Can never
go down in cost.
S11/0(|1]2|3 |4
From E(4,5)? — No. Need +1 to
N| 2|1 11|23 : :
move that direction.
O(3|2|2|2|2]|3
Wi 4|3 |3|3]3 |3
A r o
Y|5|4|4|4]|4]3 EG—-1,))+1

E(i,j) = min{ E(i,j—1+1
E(i—1,j = 1) + diff(i, )
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Edit Distance

< = 0 2w

How did we get to E(5,5)?

From E(5,4)? — No. Can never
go down in cost.

From E(4,5)? — No. Need +1 to
move that direction.

From E(4,4)?

Ll ~rIWIN|IFL|O

A T WINFRPO|IRIOBVL =

T WINEFERIEFRINCNDN

AT WINIERINWIZ W

A
WIW ww ol < U

(

W ININ W I>_A 2 &

E(i—1,))+1

EG,j—1+1
E(i—1,j = 1) +diff(i, /)

E(i,j) = min ¥




oo A WO N B O =

Edit Distance

< = 0 2w

How did we get to E(5,5)?

From E(5,4)? — No. Can never

go down in cost.

From E(4,5)? — No. Need +1 to
move that direction.

From E(4,4)? — Yes. Match Y’s.

A

Ll ~rIWIN|IFL|O

A T WINFRPO|IRIOBVL =

T WINEFERIEFRINCNDN

AT WINIERINWIZ W

(

PIWININW| 2 &
WIW ww ol < U

E(i—1,))+1

EG,j—1+1
E(i—1,j = 1) +diff(i, /)

E(i,j) = min+4
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Edit Distance

< = 0 2w

0 1 2 3 4 5
S U NN Y
0l1/2(3|4]5
1 0d1]213]4
N
2171,/1,/2|3
3122121213
4333%3
,R‘\
514lalalal3

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates ?

Vertical move indicates ?

Horizontal move indicates ?

E(i,j) = min 4

[ El-1,j)+1
EG,j—1)+1

E(i—1,j = 1) + diff(i, /)
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Edit Distance

< = 0 2w

0 1 2 3 4 5
S U NN Y
0l1/2(3|4]5
1 0d1]213]4
N
2171,/1,/2|3
3122121213
4333%3
,R‘\
514lalalal3

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates ?

Horizontal move indicates ?

E(i,j) = min 4

[ El-1,j)+1
EG,j—1)+1

E(i = 1,j = 1) + diff(i, /)
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Edit Distance

< = 0 2w

0 1 2 3 4 5
S U NN Y
0l1/2(3|4]5
1 0d1]213]4
N
2171,/1,/2|3
3122121213
4333%3
,R‘\
514lalalal3

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates ?

E(i,j) = min 4

( El-1,j)+1
EG,j—1)+1

E(i—1,j = 1) + diff(i, /)
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Edit Distance

< = 0 2w

0 1 2 3 4 5
S U NN Y
0l1/2(3|4]5
1 0d1]213]4
N
2171,/1,/2|3
3122121213
4333%3
,R‘\
514lalalal3

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates space
inserted in i.

E(i,j) = min 4

[ El-1,j)+1
EG,j—1)+1

E(i = 1,j = 1) + diff(i, /)
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Edit Distance

j 012 3 45 Diagonal move indicates match.

S U N NY

0/1(2|3|4|5 Vertical move indicates space
S| 11011213124 inserted in J.
N| 2|11 2 |3 : T
N_AR Horizontal move indicates space

O|3]2]2)2)/2]3 inserted in i.
W|4|3|3[3|3]3
Y|5|4|4|4]4]3

S - NOWY
S UNN -Y
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Edit Distance

j 0 1 2 3 45

S U N N Y

ol1]/2]3a]s
s|1/o0d1/2|3]4
N|2[1f1]1,2]|3
ol3]2]2[212]3
W4333_'?|3
Y|s5|alalalals

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates space
inserted in i.

Alignment?
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Edit Distance

j 0 1 2 3 45

S U N N Y

ol1]/2]3a]s
s|1/o0d1/2|3]4
N|2[1f1]1,2]|3
ol3]2]2[212]3
W4333_'?|3
Y|s5|alalalals

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates space
inserted in i.

S - NOWY
S UN-NY
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j 0 1 2 3 45
S U NN Y
0/1/2(3]4]|5

S| 1]0g102)|3/|4

N2 [1[1,1,2]3

ol3/2121212]3

4

W|4|3|3/3[3]3

Yis|alalal|als

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates space
inserted in i.

S NOWY
S UNNY



