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ABSTRACT

Topological data analysis (TDA) is a relatively new interdisciplinary field that seeks
to represent the shape of data using tools from algebraic topology. The field has developed
several methods with the ability to represent and summarize complex structural information
present in large and high-dimensional datasets. However, methods for analyzing these
representations under non-trivial sampling designs are few and rarely employed in practice.
In this dissertation, we propose methods to conduct estimation and hypothesis testing in
the setting of hierarchical sampling designs for persistence intensity functions, a commonly
used topological descriptor in TDA. In particular, we propose to use mixed-curve models to
model collections of persistence intensity functions as replicated inhomogeneous Poisson point
processes in both the parametric and nonparametric settings. Because of the complex nature
of the topological summaries, we expect the mean intensity functions to be theoretically
nonparametric in nature. Thus, we also investigate adaptive methods for the estimation
of these persistence intensity functions to reduce potential estimation bias. We do this by
applying stochastic search techniques to solving the B-spline knot-selection problem and by
constructing a model building approach for truncated hierarchical B-spline parameterizations
of surfaces. Finally, we investigate the task of classifying persistence intensity functions using
random forest models and compare them to distance-based methods.
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CHAPTER ONE

INTRODUCTION

Topological data analysis (TDA) has received a great deal of attention recently for its
ability to give stable representations of the shape of high dimensional data. One can think
of some of the techniques as providing a general tool for representing the shape of objects
with certain invariance properties embedded into these representations [226, 227|. These
flexible tools allow one to represent many kinds of data that can be challenging to work
with, like graph, image, and pointset data, and to be able to incorporate various invariance
properties into those representations (e.g., rotation and translation invariance) and their
analyses. For this reason, TDA has recently become useful for many applications across a
variety of disciplines. These include biological applications like histopathology [172| and the
characterization of tumor and plant morphology [65, 176], computer vision applications like
texture analysis [193], engineering applications like classification of materials [131, 273, 290],
cosmological applications like arguing against uniformity of the cosmic microwave background
radiation [5, 239, 274, 275, 291|, and more general problems of shape representation and
reconstruction [24, 286]. For general review of TDA and its applications, consider texts
by Kaczynski et al. [154], Edelsbrunner and Harer 84|, Rabadan and Blumberg [242] and
Carlson and Vejdemo-Johansson [51].

Successes of TDA to applications such as these have led to a substantial amount of
research in developing methods for analyzing these representations and incorporating them
into machine learning algorithms [50, 52, 135, 250]. A common approach is to embed
persistence diagrams, the predominant representation in TDA, into a Hilbert space and

subsequently build machine learning models using these functional summaries of the underlying
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topological descriptors (e.g., persistence intensity functions/persistence images, smooth Euler
characteristic transforms, persistence landscapes and persistence silhouettes) [44, 55, 65,
167, 198, 250, 255]. This general approach makes sense, as these functional summaries
can be inherently high dimensional (i.e., a large number of parameters, p) and statistical
learning techniques such as random forests and neural networks are well suited to handle high
dimensional data such as these. Although these models can have great predictive capabilities,
there are important limitations with taking this approach, in particular with hypothesis
testing and the related problem of uncertainty estimation, especially in the setting of where
samples are not independent and identically distributed (iid).

In TDA, limited work has been done in hypothesis testing [256]. The dominant approach
to conducting hypothesis testing in TDA is via a permutation test, either, by using a
distance metric on persistence diagrams, like the bottleneck distance or more generally the
p-Wasserstein distance, or by using a statistic calculated on a functional summary of the
diagram (e.g., Ly or Ly norm between persistence intensity functions). In general, hypothesis
testing is not commonly practiced in the field. Moreover, the hypothesis testing approaches
developed in the field have been limited to relatively simple study designs, like a two-sample
test, a K-sample ANOVA test, or a paired test for differences. Notably, there is a lack of
methodology for estimation and testing of effects in a mixed-model (more complex repeated
measures, see Pinheiro and Bates [232], for example) setting, and this lack of methodology
limits the utility of topological representations away from more complicated experimental
designs and ultimately limits the breadth of questions one can answer with topological data.
Furthermore, predictions using standard methods are rarely accompanied with estimates
of uncertainty and almost never account for lack-of-independence in calculation of these
standard errors. It is for these reasons, we propose to extend prediction and inference
methods for topological data to more general experimental design settings using point process

methodologies.
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Persistence diagrams may be interpreted as an instance (realization) of a point process
in two dimensions [4]. While much of the field of TDA has focused on methods that embed
persistence diagrams into a Hilbert space, we conduct our analysis directly on this point
pattern space, which results in a less ad-hoc modeling approach and allows for more structured
estimates of standard errors of these topological descriptors. In particular, we use mixed-curve
models (see text by Wu and Zhang [305]) for the estimation of replicated inhomogeneous point
process models for modeling the intensity measures of collections of persistence diagrams
arising from different populations. By taking this approach, we can more directly model data
arising from hierarchical sampling designs that might arise from taking repeated measures on
the same subject and/or from multiple places on the same image from the same subject. As
a consequence, this modelling approach allows us to ask more sophisticated questions about
topological data, like “How do the persistence diagrams vary across populations controlled for
subject-to-subject variation?” or “Is there variability associated to the persistence diagrams
sampled from some random population and how large is it?”.

This approach of using replicated inhomogeneous point process models does, however,
present computational challenges. Because the intensity measures of persistence diagrams
are inherently inhomogeneous and nonparametric, and the number of points per diagram
and number of diagrams can be large in practice, we find ourselves in the setting where
both the number of parameters p and the number of observations n can be quite large. One
way we propose to address this issue is to use local polynomial kernel regression estimators
to estimate a mixed-curve model. This approach is “perfectly parallelizable” and locally
requires drastically fewer parameters to estimate. To accomplish hypothesis testing with this
model, we then apply Westfall-Young multiple-comparison corrections to globalize pointwise
hypothesis tests across the entire persistence diagram. This enables us to conduct hypothesis
testing on the persistence diagrams in a way that is more computationally feasible in some

settings and allows us to account for the hierarchical nature of the data. These contributions



are the topic of Chapter 3.

Another challenge that arises in this setting is the problem of estimating the intensity
measures of the persistence diagram point processes assuming spatially inhomogeneous
intensity functions. To reduce bias in the estimation of these intensity functions, we propose
to use adaptive methods for estimating these intensity functions. In particular, we propose the
use of stochastic search techniques to solve the knot selection problem for B-spline estimation
of these intensity functions. We also propose the use of truncated hierarchical B-spline
bases for parameterizing these intensity functions and develop a model building approach for
constructing these bases. In general, the problem of estimating these intensity functions is
important for both hypothesis testing and prediction, as the mean intensity functions are
of interest for hypothesis testing and are also the features used for prediction in machine
learning models. These contributions are the topics of Chapters 5 and 6, respectively.

This research is motivated by a prostate cancer histopathology application where data
are sampled according to a hierarchical sampling design. In particular, region of interest
(ROI) color images are obtained from subdividing whole slide images (WSI) sampled from
male patients from a particular hospital. Each ROI is expert-annotated with a cancer grade
(Gleason score) and we are interested in understanding how the topological structure of
the tissue (as represented by persistence diagrams) varies across cancer grades. However,
obtaining quality data is expensive and time-consuming, as it requires expert annotation.
One way we try to alleviate this burden is to develop a data generating model that can
generate synthetic data similar to our application. With such synthetic data, we can generate
as much data as we want and can use this to study the properties of proposed methods under
controlled simulated experiments. Explanation of this application and the data generating
model, along with a general background on TDA is the topic of Chapter 2.

Finally, we consider the problem of prediction of class labels associated to persistence

diagrams by classifying persistence intensity functions. In particular, we consider the problem
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of predicting cancer grade associated to a persistence intensity function using a random forest
modeling approach. This gives us a way to predict class labels associated to persistence
diagrams while also providing diagnostic tools to understand which regions of the persistence
diagram are most important for prediction. We compare this approach to distance-based
methods, namely with K-nearest neighbors classification. This contribution is the topic of

Chapter 7. Finally, we conclude with a discussion of these contributions and future directions

for research in TDA in Chapter 8.
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CHAPTER TWO

DATA AND BACKGROUND

A main motivation for our work is the analysis of histopathology image data of prostate
cancer tissue. We use persistent homology to give a stable representation of “shape” for these
raw pixel images and wish to conduct statistical inference with these representations suggested
by the sampling design. Because we are developing methods to be able to conduct analysis on
these data, we must also understand how these methods perform in more controlled settings.
Thus, we develop a parameterized data generation process to simulate nuclei location data
with characteristics similar to the real world dataset we wish to analyze. This way, we are able
to investigate the consequences of the assumptions we may make on our real world dataset.
In this chapter, we describe both the real dataset and the synthetic dataset we will consider
throughout this work. Because the primary focus of this work is on the analysis of topological
summaries of data, namely persistence diagrams, persistence intensity functions and the
related persistence image, we also provide necessary background on topological data analysis,
persistence diagrams, persistence intensity functions, and persistence images. Finally, because
the techniques we develop share methodology with techniques used in functional data analysis,

we also provide a brief background on functional data analysis.

2.1 Real Dataset: Histopathology

Through the example of histopathology image data, we illustrate the problem of statistical
inference for topological data. Histopathology is the microscopic study of tissue in order to
determine manifestation of disease present in the tissue. Our specific data corresponds to
tissue sampled from prostate cancer patients that have undergone radical prostatectomy.

The data acquisition process involves taking the removed prostate tissue, staining it with
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Hematoxylin and Eosin (H&E), and then embedding it into a wax paraffin. Then, thin slices
of this stained and embedded tissue are taken and placed on a slide to be inspected visually
under a microscope by a pathologist so that a grade can be assigned to the prostate cancer
tissue. In our case, these “whole slide images” (WSIs) are digitized with high resolution
cameras at 20x magnification to be stored and analyzed computationally. Then individual
512 x 512 pixel “regions of interest” (ROIs) were extracted from these whole slide images and
subsequently graded by a pathologist giving a pure Gleason grade to each ROL.

The prostate is a male reproductive gland located near the base of the bladder, and is
about the size and shape of a walnut. Structurally, a healthy prostate is made up of many
finger-like tubular glands arranged in parallel, radially around the prostate. However, if
prostate cancer is present, the organization and shape of these tubular glands deteriorates as
cancer progresses. When a patient is suspected of having prostate cancer (often from elevated
levels of Prostate-Specific Antigen (PSA) in the blood), the typical course of action is to
take several needle core biopsies of prostate tissue. Cross sections of these biopsies are then
stained with H&E and examined under a microscope by a pathologist to be graded using the
Gleason grading system [74] (or the updated ISUP grading system [92, 93]).

Developed in the 1970’s, the Gleason grading system assigns two numbers to a slide
image on a scale from one to five based on a visual inspection of cancer severity, where the
first and second numbers represent the most prevelant and second most prevalent highest
grade patterns seen, respectively. The sum of these two numbers is referred to as the Gleason
score. See Figure 2.1 for an overview of the Gleason grading system and how cellular structure
changes as Gleason grade increases. It is this score that is the basis for deciding much of
a patient’s treatment recommendations. We refer the reader to [143] for a more thorough
introduction to the Gleason grading system.

Broadly speaking, the pathologist will assign a grade to tissue based on a variety of

visual patterns of the stained tissue. For example, telescoping glands are often graded as
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Figure 2.1: The Gleason grading system with examples of Gleason grades 3, 4 and 5.
Cellular structure goes from being well differentiated, to moderately differentiated, to poorly
differentiated and anaplastic.

Gleason grade 3 while, glomeruloid and cribriform are usually graded as Gleason grades 4 and
cromedonecrosis glands are usually graded as Gleason grade 5 [91]. See Figure 2.2 for some
examples of these visual patterns present in prostate cancer!. In general, as prostate cancer
progresses, tissue becomes less differentiated and more anaplastic (i.e., loses its structure and
becomes more chaotic). It is important to note, however, that there are subtypes of patterns
within Gleason grades, exhibiting a variety of visual patterns (see [143| for a more thorough
discussion of Gleason grading patterns).

In the Gleason grading system, tissue is graded according to two numbers, the most
predominant tissue type and the second most predominant tissue type and is written in order

as a sum (e.g., 3+ 4 or 4 4 3). Differentiating between 3 + 4 and 4 + 3 prostate cancer has

LOnly Gleason grades 3, 4 and 5 are shown since grades 1 and 2 are no longer viewed as clinically
significant [93]



Figure 2.2: Examples of prostate cancer tissue at varying magnification. Top left: normal
prostate cells. Top middle: glomeruloid glands (Gleason grade 4). Top right: cribriform
glands (Gleason grade 4). Bottom left: cribriform glands with necrosis (Gleason grade 5).
Bottom right: Gleason grade 4 (left half) and Gleason grade 5 (right half) cancer cells.

become an important topic in histopathology of prostate cancer as grade 4 4+ 3 has been found
to be much more aggressive than 3+4 [276|, having biochemical recurrence free survival (BFS)
rates (i.e., both survived and had non-clinically significant levels of Prostate Specific Antigen
(PSA) in blood samples) of 69.7 and 88.1 after 5 years, respectively [231]. In addition, 3 + 4
and 4 + 3 Gleason grades have the greatest amount of inter and intra-grader variability [222],
meaning that for these grades, pathologists are more likely to differ in grading and more likely
to change the grading on a later examination. This has prompted efforts to help distinguish
between these two grades more reliably [171].

For our data, the slides are captured digitally with high resolution cameras at 20x
magnification, the same magnification pathologists sometimes need to grade a tissue sample
accurately. For computational purposes and the desire to prevent losing relevant features
at the given resolution, these large images, which we refer to as whole slide images (WSIs),

are partitioned into small 512 x 512 pixel size regions of interest (ROIs). Each of these
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ROIs have been expertly graded by a pathologist as having either Gleason grade 3, 4, or
5. Further, multiple whole slide images are sampled within each patient and while not
occurring in our data, one can easily imagine a scenario where multiple patients are obtained
from different data providers (e.g., hospitals). Such data are referred to as hierarchical
data as we can organize the dependence among samples in a hierarchical fashion [107]. An
important characteristic of hierarchical data such as these is that we should not make the
assumption that each sampled ROI image is independent from one another, nor that each
whole slide image or patient is independent from one another depending on how they relate
in the sampling hierarchy. For example, because staining procedures can vary from hospital
to hospital and nearby population characteristics, we would expect images obtained from
patients at a given hospital to share some characteristics, and also that images sampled from
the same individual are likely to be more similar to one another than images sampled from
different individuals.

Once these images are obtained, we then compute persistence on each of the 512 x 512
images, transforming them into a topological descriptor called a persistence diagram that is
represented by one or more collections of points in the plane. See Figure 2.3 for an example
grayscale ROI image and its two associated persistence diagrams from a height filtration
on the grayscale image. For the purpose of analysis, we consider our raw data to be these
collections of points in the plane (as opposed to the raw image itself) along with any other
covariates associated to each pointset/image.

Importantly, we assume each of these point patterns to be a realization of an
inhomogeneous point process. That is, we think of the underlying objects, filtration, and
sampling procedure as inducing a stochastic process that governs the location of points
in these persistence diagrams. Thus, rather than a collection of images, our primary data
consist of a collection of point patterns whose intensity measures we assume to vary spatially

depending on what level in the hierarchy they exist (i.e., hospital, patient, slide, ROI), what
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Figure 2.3: An example histopathology ROI image and its two associated persistence diagrams
associated with the Oth and 1st homology classes from a height filtration on the grayscale
image.

grade is assigned to the area of prostate cancer tissue (Gleason grade 3, versus Gleason
grade 4) and potentially other covariates (e.g., a treatment variable). Data organized in this
way are known as multilevel /hierarchical data [107] and the lack-of-independence present in
the data is typically modelled using mixed-effects models. As such, we consider modelling
these point patterns with a (nonparametric) mixed-effect model where we account for lack of
independence occurring at each level of the hierarchy. Driving our analysis of these data are

two inferential questions and one predictive question. Our questions are the following:

1. Are the mean intensity measures of persistence diagrams from Gleason grades 3 and 4
images different from one another after accounting for patient-to-patient and sample-

to-sample variability?

2. How much do persistence diagram intensity measures vary from patient-to-patient,
and image-to-image? How much of the total variability in the intensity measures is

attributable to each level of the hierarchy?

3. Can we predict whether a particular image is of Gleason grade 3 or 4 based on the

intensity measure of its persistence diagram?
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Question 1 is a standard inferential question. If we are using persistence diagrams as a
general measure of shape, we want to know if the shape of cancer cells of one tissue type is
different from the shape of another. Question 2 is motivated by the desire to understand how
much variability in persistence diagrams exist at each level of the hierarchy. The purpose is
twofold. First, we wish to determine if there is variation at different levels of the hierarchical
data. Second, we wish to quantify the relative amount of variation in the system at each level
so that we may understand how best to focus future sampling efforts. Question 3 is motivated
by the practical desire to be able to automatically grade prostate cancer tissue. If we can
accurately predict the grade of a tissue sample, we can potentially reduce the workload of
pathologists, reduce the variability in grading between pathologists, and increase the quality
of grading which can lead to downstream effects of more reliable treatment recommendations
for patients. This is particularly important when differentiating between Gleason grade 3 + 4
and 4 + 3 prostate cancer as these two grades have very different prognoses and treatment
recommendations.

From these questions of interest, we are interested in the following tasks with replicated

point process data:

e estimate and test for fixed-effects,
e cstimate and test for random-effects, and

e predict the class of a new point pattern.

We will address the first two items in Chapter 3 and the last in Chapter 6.

2.2 Synthetic Nuclei Data Generation

In this chapter, we also develop a synthetic dataset to be able to assess the reliability

of our methodology on the previously described real dataset. In particular, we develop a
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data generating procedure for the generation of nuclei locations in prostate cancer tissue.
The result of this work is a library glandmaker? which is used to generate synthetic nuclei
locations for prostate cancer tissue. In what follows, we describe the data generation processes

for simulating nuclei locations in prostate cancer tissue.

2.2.1 Background

Our gland generation process involves simulating nuclei locations for individual glands
using a disturbed model based approach (see Stoyan et. al [281]) and then sampling and
packing many individual glands into a region to simulate an entire WSI or ROI. At a high
level, we perturb points on a circle to obtain a rough gland boundary and then simulate
points along the gland boundary according to a Diggle-Gratton [77]| point process. Finally,
we take a collection of simulated glands and pack them into a region to simulate an entire
WSI or ROI. The exact data generating process varies depending on the type of tissue we
wish to simulate.

We begin our description with some definitions. Instrumental in the simulation process

are the use of a Gaussian bridge process and a Diggle-Gratton hard-core point process.

Definition 2.2.1 (Stochastic Process) A stochastic process is a collection of random
variables {Xy}ter, where T is an index set. If the dimension of t is d, then we say that
{X¢} is a d-dimensional stochastic process. If d > 1, it is also common to refer to {X;} as a
random field. A stochastic process is considered strongly stationary if distributional properties
of the process are shift invariant. In particular, if for a cumulative distribution function Fx,

we have

FX(Xt1+h7 v 7th+h) = FX(Xt17 s 7th>7

2The library is written in R [240] and is located at https://www.github.com /jordanschupbach /glandmaker/
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for allh € T, then the stochastic process is strongly stationary. Further, let T = R? and
define the mean function E[X¢] = mx(t) and the autocovariance function Cov(Xy,, Xy,) =
E[(Xt, — mx(t1))(Xe, — mx(t2))]. Then, the stochastic process X; is said to be weakly
(second-order) stationary if the first and second moments of the process are shift invariant.

That is, a continuous stochastic process is weakly stationary if the following hold:
1. E[X¢n] = E[X¢] = 4,
2. Cov(Xg, X¢sn) = C(h), and

3. E[||X.||?] < co.

The above definition shows that a stochastic process is a general model with few
restrictions. A Gaussian process adds the extra requirement that all finite subsets of the

collection of random variables have a Gaussian distribution [247].

Definition 2.2.2 (Gaussian Process) A Gaussian Processes, is a stochastic process
where any finite subset of {Zy} has a Gaussian distribution. That is, a Gaussian process Zi
is a collection (vector) of random variables where for any subset Zy, C Zy with t* C t, we
have Zy« ~ N(w,X). That is, any subset of the collection of random variables is normally
distributed. Moreover, a collection of random variables {Z}ter, indexed by t € T, is said
to be drawn from a Gaussian process with mean function, m(-), and covariance function,

cov(-,-), if for every finite collection of indices, t1,ts,...,t, € T, the random variables,

2y, 2y,,...,2,, have distribution

Z, m(ty) cou(ty,ty) ... cov(ty,ty,)

Z,, m(t,) cov(ty, t,) ... cov(ty,t,)
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We denote this via

Zy ~ GP(m(t), cov(t,t")).

Gaussian processes are completely specified by their mean and covariance functions,
and thus a mean-zero Gaussian process is completely specified by its covariance function.
Several parametric classes of covariance functions exist in the literature including the Matérn,
Gaussian, Exponential, Whittle, and Spherical classes (see e.g., [261]). For our purposes, we

consider the Gaussian (squared exponential) covariance function defined as

C(h; 0) = :{— exp(—h?/63)},

where 6, and 6, are variance and scale parameters, respectively. Figure 2.4 shows examples
of Gaussian processes and the effect of varying scale parameter 8,. We see the function
appears less “wiggly” as the scale parameter increases.

There are many methods for sampling from a Gaussian process. For example, one can use
a Cholesky decomposition of the covariance matrix [247|, a Karhunen-Loeve expansion [108],
spectral representation methods [267, 268], or a circulant embedding method [75, 303]. Our
implementation uses the circulant embedding method described by Wood and Chan [303]. To
perturb the circle, we are ultimately interested in a one-dimensional Gaussian bridge process

so that the endpoints of the process can connect smoothly.

Definition 2.2.3 (Gaussian Bridge) A Gaussian Bridge is a Gaussian process defined
over the interval T = [a,b]. where Z, = Zy. That is, a Gaussian bridge is a Gaussian process

with equal endpoints. Given a mean zero Gaussian process Zy defined over the index set
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8,=0.01 8,=0.04 8,=0.08

Figure 2.4: The scale of the GRF is controlled by #,. As shown above, increasing the scale
parameter has the effect of reducing the overall “wiggliness” of the resulting GRF.

T =1[0,T], we can transform Zy into a Gaussian Bridge via

t
Bt:Zt_TZT

where we have endpoints B = By = 0.

We also make use of the Diggle-Gratton interaction model |77] in order to sample
points (nuclei locations) along a curve. This model is an inhibitory point process model that
specifies the probability of a point being in a given space as a function of its distance to
neighboring points. Pairwise interaction point process models assume that the likelihood of
n points being placed at specific locations, x1,Xos, ..., X,, is proportional to the product of

the pairwise interaction potentials between each pair of points,

[,

1<j

Given parameters 0, p, and 3, the pairwise interaction for a Diggle-Gratton inhibitory
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point process can be described by the pair potential

)
0 fort<§

hit) =\ s, for 6 <t <p

1 fort>p
{

The above expression indicates that a point will be at location ¢ with probability 0 if it is
closer than § to its nearest neighbor, with probability 1 if it is further than p, and with
varying probability if it lies within an annulus of inner and outer radius § and p (of its nearest
neighbor). Methods for generating points using this model such as thinning or MCMC-based
approaches are discussed in Chui et al. [57]. In our approach, we start with a large number
of candidate points along a curve sequentially placing points with probability determined by
the above pairwise interaction function. The process is continued until a maximum number
of attempted placements is reached or until no more points can be placed. The result is a
collection of points along the curve that satisfy the conditions of a Diggle-Gratton inhibitory

point process.

2.2.2 Single Gland Simulation Process

When generating large numbers of simulated tubular gland cross-sections and to ensure
the simulation reflects natural variations of real-world data, it is necessary to incorporate
various stochastic mechanisms into the process. The individual gland simulation process
is as follows. We begin with a dense regular sample of n points, X; = {x1,...,%,}, over
a circle, C, with radius, r, centered at (0,0), where the curve, C, is parameterized by
v(t) = (rcos(t), rsin(t)) for ¢t € [0,27]. We then “disturb” the circle by pointwise multiplying
the radius of the circle by a realization of a mean one Gaussian bridge process sampled over

the same series as X;. That is, we generate a Gaussian bridge process {By}c[o,2-] Where
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E[B;] = 1 and define a disturbed curve as the pointwise product of the circle and the Gaussian
bridge process, namely that C = B:® Xy B O Xy g where B, is an n x 1 vector and
X, is an n x 2 matrix giving the sample coordinates of the circle, ® is the Hadamard product?,
and Xy 1) and Xy o are the first and second columns of X; respectively. The result is a
disturbed curve that roughly follows the shape of a circle but has natural variation in its
shape.

To give the disturbed curve more natural variation, we impose further restrictions
on the Gaussian bridge process. In particular, we bound the ratio of the derivative of
the Gaussian bridge process at the endpoints. That is, we impose the restrictions that
IB,/BY, — 1| < deriv_tol and sign(B,) = —sign(B)_). This has the effect of making the
endpoints of the Gaussian bridge where connected in the disturbed curve have similar slopes
so that the endpoints connect smoothly as it wraps around the circle. We also bound the
maximum and minimum values of the Gaussian bridge process so that the disturbed curve does
not vary too extremely. That is, the Gaussian Bridge is constrained by 0 < B! < B, < B*
for all ¢ € [0,27]), so that the disturbed circle, C is constrained to be within the annulus
defined by inner and outer radii r - B! and r - B%, respectively. These two properties are
achieved by repeatedly simulating a Gaussian bridge process and then numerically estimating
the derivatives at the endpoints until the above criteria are met.

We then further disturb the resulting curve by applying STRETCH, SHEER, ROTATE and
SCALE linear transformations. These transformations are defined as

10 1o a 0 cos(¢) —sin(¢)

TSTRETCH = y TSHEER = ) TSCALE = ) and TROTATE =

0 01 0 a sin(@)  cos(9)

where 7 € [0,00) is the stretch parameter, ¢ € [0,00) is the sheer parameter, a > 0 is the

3See glossary for definition.
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Figure 2.5: Flowchart of the process to generate a synthetic gland.

scale parameter, and ¢ € [0, 27) is the rotation parameter. Applying these transformations to
the disturbed curve, C, results in more natural variation in the shape of the gland boundary
and results in an updated disturbed curve, C* = TROTATETSHEERTSTRETCHTSCALEC~ . We then
add random noise to the sample points along the resulting curve to further increase natural
variation resulting in a point pattern over the space following along the disturbed curve C*.
Finally, we thin the point pattern according to a Diggle-Gratton inhibitory point process.
This is done by starting with a large number of candidate points along the disturbed curve and
sequentially placing points with probability determined by the pairwise interaction function
of the Diggle-Gratton process. This results in a collection of points along the disturbed curve
representing nuclei locations for an individual gland. See Figure 2.5 for a flowchart of this
process resulting in a single gland.

This general disturbance process provides a flexible mechanism for generating a variety
of gland shapes by varying the parameters of the circle, the Gaussian bridge process (e.g.,
scale and variance parameters of the covariance function), the restrictions placed on the
Gaussian bridge process, the amount of noise added to the sample points along the disturbed
curve and the parameters of the Diggle-Gratton point process used later in the simulation.
As we will describe later, we set these parameter’s distributions to provide variability across

a whole slide or ROI.
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Figure 2.6: Examples of simulated glomeruloid patterns.

2.2.3 Simulating Telescoping and Glomeruloid Patterns

While the above process provides a general mechanism for simulating individual glands,
for various patterns we need to modify the process. For example, to simulate Gleason grade
3 telescoping glands and Gleason grade 4 glomeruloid patterns, we take a two-stage approach
where we first simulate a gland using the above process and then subsequently simulate
secondary structures within the gland. The glomeruloid growth pattern features enlarged
malignant glands with intraluminal cribriform extensions that adhere to one side of the
gland wall, resembling a renal glomerulus [93]. Less technically, glomeruloid patterns are
characterized by small secondary circular structures within a larger gland structure (see
Figure 2.2 for an example). Telescoping glands mimic this shape, but are are sometimes just
an artifact and are not surrounded by other nearby glomeruloid and/or cribriform patterns.

To simulate these structures, we first simulate a large gland using the above process.
Then, we randomly select a proportion of the radius for a smaller secondary gland within
the larger gland and a random location so that the inner gland is fully contained within the
larger gland. We then simulate the secondary gland within the larger gland using the same
process as above, but allow the sample points to lie within the disc defined by the smaller
gland boundary. We sample nuclei locations within this disc according to a Diggle-Gratton

point process. See Figure 2.6 for some examples of simulated glomeruloid patterns.
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2.2.4 Whole Slide Simulation

To simulate an entire WSI or ROI, we first generate a collection of individual glands
according to the processes described above and then pack them together into a region with a
packing algorithm. To give variation across glands in a WSI or ROI, we specify distributions
for some of the parameters involved in the gland generation process. For example, we may
specify that the radius of each gland is drawn from a truncated normal or gamma distribution
with shape and scale parameters chosen to reflect the desired average gland size and variability.
Similarly, we may specify that the scale and variance parameters of the Gaussian bridge
process are drawn from certain distributions to reflect the desired variability in the gland
boundary shapes. By sampling from these parameter distributions for each gland, we can
generate a diverse collection of glands that mimic the natural variability observed in real
histopathology images. Distributions and/or values for each of the parameters involved in
the gland generation process are summarized in Table 2.1 along with their default values
(provided for a Gleason grade 3 gland).

Once the values and distributions for each parameter are specified, we sample from these
distributions and generate a gland using the process described above. We repeat this process
many times to obtain a collection of individual glands. Finally, we pack these glands together
using circle packing techniques to generate a whole slide or region-of-interest. In particular, we
use the circleProgressiveLayout function from the packcircles R package [21] to pack
the glands together. This function implements an efficient space-filling approach described
in [298] that packs circles together by iteratively adding circles along the boundary of the
existing packing according to a layout algorithm. The result is a collection of packed circles
representing the glands in a WSI or ROL.

In Figure 2.7 we provide an example ROI for three tissue types from nuclei extractions
of real data along with realizations of their associated simulation model. Because these

simulation models are fully generative and parametric, we can investigate the performance
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Parameter Description Default
n # of potential nuclei 1000
r Radius of gland ~ N(2,0.2)
0, scale of GB; affects wigglyness of GB ~ N(2,0.1)
0, variance of GB; affects amplitude of GB ~ (0.1,0.01)
deriv_tol tolerance for derivatives of GB endpoints 0.1
) lower bound for distance in Diggle-Gratton process 0.25
upper bound for distance in Diggle-Gratton process 0.35
B inhibition parameter in Diggle-Gratton process 2
max number of Diggle-Gratton attempts to place nuclei 500
i Stretch parameter 0
P Sheer parameter 0
« Scale parameter 1
¢ Rotation parameter ~ unif(0,2m)

Table 2.1: Parameters involved in the gland generation process along with their descriptions
and default values.

of our statistical models on these synthetic datasets to understand the limitations of our

developed models.

2.2.5 Future Work

While this simulation model provides a flexible mechanism for generating a variety
of gland shapes and tissue types, there are several avenues for future work to improve the
realism of the generated data. First, the current model does not account for the presence

of stromal tissue and other non-glandular structures that are present in real histopathology
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Figure 2.7: Examples of real histopathology images along with extracted nuclei locations and
a simulated version. Column A shows a Gleason grade type 3, Column B shows Glomeruloid
patterns of Gleason grade 4, and Column C shows Gleason grade pattern 5. Row A shows
raw images, row B shows extracted nuclei for the raw images and row C shows a realization
of nuclei locations under the generative simulation model.

images. Future work could involve incorporating additional structures into the simulation
model to better mimic the complexity of real tissue. Second, the current model assumes that
glands are independent of one another. However, in real tissue, glands may interact with one
another and exhibit spatial dependencies. Future work could involve incorporating spatial

dependencies between glands into the simulation model. Additionally, the current model does
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not account for the presence of noise and artifacts that are present in real histopathology
images. Future work could involve incorporating noise and artifacts into the simulation model
to better mimic the challenges of real-world data analysis.

Another important avenue for future work is to improve the packing algorithm used to
generate whole slides and ROIs. The current packing algorithm may result in unrealistic gland
arrangements and overlaps. Future work could involve developing more sophisticated packing
algorithms that better mimic the spatial organization of glands in real tissue. In particular,
polygonal packing algorithms (e.g., [11]) could be explored to better mimic the shapes of
glands in real tissue. Finally, specific patterns like the healthy gland tissue shown in Figure 2.2
are not well captured by the current model. Future work could involve developing specialized
models for simulating healthy gland tissue to better capture the unique characteristics of
this tissue type. In particular, healthy gland tissue sometimes exhibit branching structures
(e.g. see Figure 2.2 top-left) that are not well modeled by the current approach. A simple
extension could involve simulating a graph structure to represent the branching glands and
then simulating nuclei locations an average distance from the graph edges.

An additional direction for future work is to model progression of disease. The current
model simulates static snapshots of tissue at a given point in time. However, in real tissue,
disease progression can lead to changes in gland morphology and spatial organization over
time. Future work could involve developing dynamic simulation models that can capture the
progression of disease over time. This could involve incorporating temporal dependencies into
the simulation model and simulating changes in gland morphology and spatial organization
over time. This has the additional benefit of generating synthetic data that can be used to
study disease progression and evaluate the performance of statistical models for predicting
disease outcomes over time. Overall, while the current simulation model provides a useful
starting point for generating synthetic histopathology data, there are many opportunities for

future work to improve the realism and complexity of the generated data.
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2.3 Topological Data Analysis Background

Topological Data Analysis (TDA) is a field of applied mathematics that emerged from
the fields of algebraic topology and computational geometry in the early 1990s through
the early 2000s after seminal works by Frosini [103], Robins [254], Edelsbrunner [86], and
Carlson and Zomorodian [317|. The basic premise of TDA is that geometric and topological
information of a space (e.g., connectivity of a space) can give a robust qualitative and
quantitative representation of the shape and structure of an object or dataset. One main
tool of TDA is persistent homology, which is a method from algebraic topology to compute
topological features at different spatial resolutions using topological invariants. In this section,
we give an overview of the background needed to understand homology, persistent homology,
and persistence diagrams. For a more thorough introduction to TDA, see textbooks by

Edelsbrunner [84|, Chazal et al. [54] and Kaczynski et al. [154].

2.3.1 Complexes

Before giving our description of homology and persistent homology, we describe some

building blocks to our description, namely simplicial and cubical complexes.

Simplices A A-simplex, denoted A, is the set of all points x of R™ such that

T = Zn:tivi, where Zn:ti =1landt >0.

=0 =0

The points v; are the vertices of the simplex and we can denote an n-simplex as A = [vg, . . ., V]
and the standard n-simplex as A" = {(t,...,t,) € R* | > .t; = L and t; > 0 for all ¢}
where vertices correspond to unit vectors along the coordinate axes. An n-simplex can be
intuitively thought of as an n-dimensional generalization of a triangle. That is, a zero-simplex

is a point, a one-simplex a line, a two simplex a triangle, a three-simplex a tetrahedron, and
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Figure 2.8: Examples of (from left to right) 0, 1, 2, and 3-simplices.

so on. We visualize these in Figure 2.8. Note that our choice in the ordering of the vertices
induces orientation of the simplex and its faces which is important to keep track of when
computing the homology of a simplicial complex.

Note that the boundary of an n-simplex, denoted 9(A), is comprised of (n+1) simplices
of one order lower (i.e. (n— 1)-simplices). A face o of a simplex A is a subset of the simplex
that is also a simplex. The interior of an n-simplex, denoted int(A), is the simplex without

its boundary and is also called an “open” simplex.

Simplicial Complexes A simplicial complex X is a set of simplices such that every face
of the simplices in X are also in X and the intersection of any two simplices in X is either
empty or a face of both. Intuitively, a simplicial complex is a collection of simplices that can
be glued along the faces of the simplices that comprise the collection. A subcomplex is a
subset of the collection of simplices in a simplicial complex that contains all of the faces of
its elements. For example, consider the simplicial complex in Figure 2.9 which contains 3, 2,

1 and O-simplices as subcomplexes of the whole.

Cubical Complex A Cubical complex is a type of complex that naturally arises with
image data as vertices are arranged on an integer lattice. For an extensive treatment of

cubical complexes, see the text by Kaczynski, Mischaikow, and Mrozek [154|. For some [ € Z,
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. I
Figure 2.9: An example of a simplicial complex containing 0, 1, 2 and 3-dimensional simplices.

an elementary interval is a closed interval of the form
I=[,l+1]orI=][I.

An elementary cube @ is a finite product of elementary intervals
Q=1 x---xI;CR

A set X C R? is cubical if it can be written as a finite union of elementary cubes. Note that
as with simplicial complexes, boundaries (faces) of a an elementary cube are comprised of
elementary cubes of a lower dimension. An example of a cubical complex is in Figure 2.10

which contains elementary cubes in 0, 1 and 2 dimensions.

Vietoris-Rips Complex A Vietoris-Rips (VR) complex is a simplicial complex constructed
by connecting vertices when vertices are less than or equal to distance r of one another.
In particular, let S be a finite set of points. The diameter of a subset ¢ C S is defined as
diam(o) = max, ye, d(x,y) where d is a distance function. Then, the VR-complex of S and

r is the collection of all subsets of diameter at most 27:

VR(r) = {o C S|diam(o) < 2r}.
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Figure 2.10: An example of a cubical complex containing 0, 1, and 2 dimensional elementary
cubes.

Notice that the VR-complex written in this way is a collection of collections of points. Each
collection of points in this set can be substituted with its simplex representation and thus
this collection of simplices comprises a simplicial complex. Figure 2.11 contains an example
of the simplices and simplicial complexes that can be constructed in this way and shows how
to construct a 1, 2 and 3-simplex as well as a simplicial complex starting from a pointset. It

is this construction we use when working with nuclei locations in histopathology image data.

2.3.2 Homology

Now with some introduction to and equipped with some examples of complexes, we are
prepared to discuss homology. Here, we give a brief background and for a more thorough
introduction, see the introductory texts by Edellsbrunner [84], Hatcher [130] or Munkres
[211]. Homology is a tool from algebraic topology that allows one to characterize a topological
space through calculation of invariants of those topological spaces, namely how many d-
dimensional holes are in each dimension d. As an example, consider the difference between

two manifolds (a topological space that looks locally Euclidean), a circle and a disk. A circle
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Figure 2.11: Simplices and Complex from a Vietoris-Rips filtration. (a) A 1-simplex (edge)
is formed between two vertices when they are within a distance r of one another. (b) A
2-simplex (triangle) is formed between three vertices when all three vertices are pairwise
within a distance r of one another. (c¢) A 3-simplex (tetrahedron) is formed between four
vertices when all four vertices are pairwise within a distance r of one another. (d) A simplicial
complex is formed by connecting all vertices that are pairwise within a distance r of one
another.

has a hole in it, while the disk does not. A cycle of our manifold* is a closed submanifold® of
our manifold of interest, a boundary is a cycle which is also the boundary of a submanifold.
The homology of our manifold, which represents holes, is given by the equivalence class
of cycles modulo boundaries. In this way, a homology class is represented as a cycle of a
manifold which is not the boundary of any submanifold. More intuitively, we can think
of it as the hypothetical manifold whose boundary would be a cycle but is not actually a
submanifold.

A common question for topology is to determine if two spaces are topologically equivalent.
It answers this question through calculation of homology and determining homological
equivalence. Here, we focus on the easier question of whether two spaces are homologically
equivalent (as opposed to homotopic equivalence). A typical simplifying assumption for
computing homology is to restrict to computing homology with coefficients in the integers

modulo two, denoted Z/27Z, and the space of simplicial complexes, for which we give a

4See glossary for definition
5See glossary for definition
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description here. Note however that homology can be described in other settings.

Simplicial Homology Homology groups can be defined for simplical complexes in the
following way. Let X be a A-complex and let C,(X) be the free abelian group® with basis
set containing the open ¢-simplices of X. Here, the elements of C,(X) are called ¢g-chains
and can be written as the formal sum ¢ = )7 | a;0; for a set of simplices {oy,...,0,} where
we let a; be elements of a fixed abelian group” G. It is typical in computation of homology
to let a; € G = Z /27 which allows one to ignore orientation. An equivalent definition of a

g-chain on X in this setting is a function ¢ from the set of oriented g-simplices of A to the

integers such that

a. c(o) = —c(0’) if o and ¢’ are opposite orientations of the same simplex and

b. ¢(o) = 0 for all but finitely many oriented g-simplices o.

Note that in this setting C, forms a group® under addition and also forms a vector space
with coefficients in Z/27Z. Given a g-chain C,, the homomorphism® defined by

0y : Cy(A) = Cy1(A)

is called the boundary operator. If o = [vy, ..., v,] is an oriented ¢-simplex, then

q

0,0 = Oglvo, - vg) =D _(=1)'[vo, ., i, .., v]]

i=0
where [vg, ..., 0, ..., v, is the simplex with vertex i removed. For example, we have O[vy, v1] =
[v1] — [vo] and O[vg, v1, v2] = [v1,Va] — [vo, V2] + [vo, v1]. That is, we have the boundary of the

6See glossary for definition
"See glossary for definition
8See glossary for definition
9See glossary for definition



31

l-simplex associated to vertices vy and vy is the O-simplices [v] and [v;] and the boundary of
the 2-simplex are the 1-simplices [vy, v2], [vg, V2] and [vg, v1]. In general, J,(X) consists of the
(n — 1)-dimensional simplices associated to the removal of the ith vertex. In the sum above,
the signs inserted are for taking orientation into account.

Additionally, we see that the boundary of a g-simplex ¢ = [uy, ..., u,] of dimension ¢ is
the sum (or unions depending on context) of its (¢ — 1)-dimensional faces of o. Note that the
boundary homomorphism maps a g-chain to a (¢ — 1)-chain. The kernel of the boundary
map, 0, : C; = Cy_1(A), denoted Ker(d,), is called the group of g-cycles and is denoted
Z,. That is, a g-cycle is a g-chain with an empty boundary (i.e. the kernel of the boundary
mapping 0, Ker(9,)). Because 0 commutes under addition, a g-cycle forms a group. Note
that a g-cycle is a subgroup of Cj,.

The image of 0,41 : Cyr1(A) — C,, denoted Im(0,), is called the group of ¢ -
boundaries and is denoted B,. That is, a g-boundary is a g-chain that is the boundary of a
(¢ + 1)-chain (i.e. the image of the boundary map Im(9,41). The quotient group formed
as the ¢g-cycle group modulo the g-boundary group forms the homology group H, (i.e.
Hy,=Z,/B,))

Note that H, also forms a vector space with coeflicients in Z/2Z in the case where field
coefficients are in Z/2Z. Intuitively, we can think of the rank of H, as measuring the number
of elements in a ¢g-dimensional topological subspace that have no boundary and are not a
boundary of a (¢ + 1)-dimensional subspace. This rank is referred to as the (¢ — 1)** Betti
number. Another way to think about this is that the (¢ — 1)** Betti number corresponds to
the number of generating ¢-dimensional homological features in a topological space.

A one-dimensional connected component corresponds to zero-dimensional topological
feature, a two-dimensional cycle corresponds to a one-dimensional feature, a three-dimensional
void corresponds to a two-dimensional feature, continuing in this fashion for ¢ dimensions.

The (¢ — 1)** Betti number of a complex serves as a measure describing H,,. In the context of
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a black and white image, the connected components corresponds to disjoint groups of black
pixels and a cycle components corresponds to a loop formed with the pixels (e.g. the ring

formed by a gland).

2.3.3 Persistent Homology

Persistent Homology (PH) provides a means of measuring the scale of topological features
by tracking changes in homology through a nested sequence of simplicial complexes, known
as a filtration that evolves with respect to a size parameter t € T C R. Given a topological
space X, a filtration, denoted F'ilt(X), is a (possibly infinite) sequence, Xqg C X; C ..., of
subspaces such that their union equals the entire space X. Given an index ¢, a filtration
function f : X — R, provides a filtration, and persistent homology studies the topological
changes of the sublevel sets, X; = f~'(—o0,t]. That is, it is primarily concerned with how
(and “when”) topological changes occur throughout the filtration.

For a simplicial complex K, let f : K — T be a monotonic function in the sense that
for a < b, where K, is a subcomplex of K and K, is a subcomplex of K,, K, C K, C K. By
varying our “size” parameter ¢t € T, we induce an ordered sequence of simplicial complexes,
which we denote Filt(K). In persistent homology, we track changes in the homology of our
topological space throughout a given filtration by tracking changes in the rank of the homology
group, H,, throughout the filtration. From an intuitive perspective, the gth homology group,
H,(X), describes the number of (¢ + 1)-dimensional holes in a given topological space X.
As such, we refer to elements from the Oth homology group as “connected components”,
elements from the 1st homology group as “loop components”, and elements from 2 and greater
homology groups as “void components”. In persistent homology, we track when and how these
holes appear or disappear throughout the filtration. It may be easier to see this through

illustration, so we now provide three examples of filtered topological spaces.

Example: Height Filtration
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Figure 2.12: An example of a elements of a height filtration on a function of 2 variables. Here
we give elements My o5, Mg 25, My 45, and M 7 of the filtration.

Our first example of a filtration is using a height function. Consider a two-dimensional
manifold, M, embedded in R3. Now, let the filtration function be the height function
f = fu: M — R in direction u defined by f(x) = (z,u). That is, f gives the height of a
plane passing through M in direction u. Then, given a threshold ¢ € R, the sublevel set
consists of all the points in M with height less than ¢ (in direction u), which we can write as
M; = f~!(—o0,t]. For example, consider in direction z, the height filtration on the surface

defined by the function

2 2

3exp(y/(10z — 3)2 + (10y — 3)2) " 3exp(y/(10z + 3)2 + (10y + 3)2) "
2

3exp(1/(102)2 + (10y)2)

z(z,y) =

The height filtration consists of the sublevel-sets of this function, four of which are depicted
in Figure 2.12. Throughout the filtration, critical changes in the topology of M; occur. First,

a single hole appears, then that hole is split into three holes which eventually get filled in.

Example: Vietoris-Rips Filtration

With a Vietoris-Rips (VR) filtration, for a pointset S, grow a t radius ball around
each point s € S to construct the resulting VR complex. Every radius t > 0 produces a
VR complex and the filtration consists of all possible VR complexes we can create from
the pointset. Thus, changes occuring in our VR filtration occur for every unique distance

between points s € S. Consider as a concrete example of a pointset, the location of nuclei
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Figure 2.13: An example pointset obtained by extracting nuclei locations of a histopathology
image of prostate cancer tissue. The raw image is given in the top-left, the extracted pointset
of nuclei locations is given in the top-middle, and the remaining show a few of the elements
of the Cech filtration.

in a histopathology image given in Figure 2.13. Throughout the filtration, disconnected
components connect and may eventually form cycles (one-dimensional holes) that eventually

get filled in.

Example: Filtration on Grayscale Images

For a two-dimensional digital image, there are two common ways (though others exist)
for constructing a filtration. We represent each image as either a simplicial complex generated
by a triangulation over the image pixel intensities or as a cubical complex. With an 8-bit
grayscale image, we have pixel intensities occurring at 256 equally-spaced levels, and thus

we have a finite filtration set, Fiilt(X) = {X, ..., Xa55}. One can visualize what is occurring
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Figure 2.14: Sequence of binary masks applied to a grayscale histopathology image.

throughout this filtration as a sequence of images with varying levels of a binary mask being
applied, an example of which is given in Figure 2.14. Notice that as the threshold for the
binary mask increases, new connected components are born and eventually are absorbed into
other connected components. Similarly, cycles are born and eventually are absorbed by other

cycles.

2.3.4 Persistence Diagrams

Persistence diagrams, first introduced by Edelsbrunner et al. [86], give a representation
of persistent homology that spurred a great deal of subsequent research in the field of TDA.
A persistence diagram summarizes the “birth” and “death” times of topological features
throughout a filtration of a topological space. For a simplicial complex, this may be when

an edge gets connected to a vertex (a connected component) or when a cycle is born (a
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loop component). An example of the persistence diagrams from a height filtration of a
triangulated 1-D function is given in Figure 2.15. Since the function is one-dimensional, only
the 0-dimensional homological groups (connected components) exist. The heights of critical
points of the function correspond to the “times”, t € T, where the topology of M; changes
throughout the filtration. Persistence diagrams give a pairing of these times.

It is important to note that the filtration function respects what is known as the “elder
rule” [84] - topological features with earlier birth times absorb features that are born later.
For example, in Figure 2.15, connected components are “born” at times —20.1, —11.9, and
—7.7. These are critical points where new topological components appear in the filtration.
The point in the sublevel set born at time —11.9 merges with the space in the sublevel
set born at time —7.7 at a time of 1.4. At this time, a “death” event occurs, whereby the
component which appeared at time —11.9 merges with the other born at —7.7 and persists as
the representative component. Thus, we are left with a birth-death pair of (b, d) = (—7.7,1.4)
in the persistence diagram. Similarly, this representative component then gets absorbed into
the component born at time —20.1 at a time of 6.7, leaving us with another birth-death pair
of (b,d) = (—11.9,6.7). Finally, the component born at a time of —20.1 never dies, and we
are left with the birth-death pair (b, d) = (—20.1, 00). The lifetime of a particular topological
feature is d — b and topological features with longer lifetimes tend to be considered as more
important features of the topological space as short-lived topological features can be born
from random variation (see e.g. [96]).

Unfortunately, persistence diagrams are not amenable to statistical analysis. As an
example, a unique Fréchet mean of a diagram need not exist [285]. For this reason, it is
typical for diagrams to be summarized by a functional summary measure such as persistence
landscapes [44], persistence intensity functions (PIFs) [56], or persistence images [3]. Our
focus in this work is on the statistical estimation and modeling of persistence intensity

functions, and classification of the related persistence images.
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Figure 2.15: An example of a persistence diagram generated from the height filtration of a
triangulation of a 1-d function.

2.3.5 Persistence Intensity Functions

Persistence intensity functions (PIFs), or persistence surfaces, were first described by
Edelsbrunner et al. in 2012 [85] and further developed by Chen et al. in 2015 [56] and
Adams et al. in 2017 [3]. PIFs give a functional representation of persistence diagrams as a
2D function. More specifically, the PIF is a weighted intensity measure of the persistence
diagram. That is, it is a weighted measure of intensity for the presence of a topological
feature for some birth-death combination. We can construct an estimate of the PIF in the
same way as given in Chen et al. [56] by using a nonparametric kernel estimator of density
(with a Gaussian kernel). A weighting function is then applied to this estimated function.

Consider a random sample of objects, {1, ..., Xy}, from population distribution, P,
which are then given a topological representation such as simplicial or cubical complexes.
This results in a collection of random topological spaces, {X1,..., Xy }. This random sample

of topological spaces then induces a set of random functions, (f1,. .., fx), which are the result
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of applying a filtration to our sample of topological spaces from population distribution,
P. Calculating persistent homology using these functions results in a random sample of
persistence diagrams, D;(f) = {(b;,d;) : j=1,...,n} fori=1,... N, one associated to each
object.

The persistence intensity function for each diagram is then constructed as follows.
Define the random measure ®(x) = Z?Zl w0y, (x), where dx (x) is a point mass at x = (b, d)

t10, B, of R?, the persistence intensity

and w; > 0 is a weight. Then, for each Borel se
measure is defined as Rp(B) = Ep(® E( [, ®(x,y)dxdy) where expectation is with

respect to population distribution P. The persistence intensity function is then defined as

Rp(B((zy

p . Chen et al. [56] suggest using a weight function in ® equal to

kp(x,y) = lim, o
lifetime (d; — b;) or some power of lifetime to avoid boundary bias in their estimate of the
PIF.

We do not know the distribution P, and hence kp(x,y) must be estimated. Following
Chen et al., for a given PD, D = {(b;,d;)}}_,, the PIF can be estimated via a weighted 2D
kernel density estimator

)= > we) H K (H] 2 — x,) 2.1)

3

where x is a birth-death pair (b,d), w(x) is a weight function, Kg(x) is a 2D symmetric
kernel function, and H is a 2 x 2 positive definite symmetric bandwidth (smoothing) matrix.
An example estimate of the persistence image is in Figure 2.16 with weight equal to 1. We can
estimate expectations on the population as averages of the estimated PIFs for each sample

from the population

1~
z,y) = EZHH@'("E»Q),
i=1

10Gee glossary for definition.
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where A (2, y) is the kernel density estimator of the diagram from the i-th dataset in
our random sample. That is, it is the pointwise sample average over the individual kernel
density estimates in our sample. Chen et al. [56] showed that this estimated PIF is pointwise
asymptotically normal and an unbiased estimator of the persistence intensity measure. In
addition, they constructed a two-sample permutation test for differences based on L1 distances
between the mean PIFs of two samples.

The persistence image (PI) [3| is a related representation that is constructed by
discretizing the persistence intensity function into a grid of point and gives a practical
vectorized representation for conducting machine learning tasks like classification and
clustering. Notably, Adams et al. showed that this representation is stable with respect to
bottleneck distance [3].

Persistence Intensity Functions (PIFs) and the related Persistence Images (PIs) are the
central focus of this work. In the next chapter, we will relax the assumption of independence
made by Chen et al. [56] in the estimation of PIFs and give a method for estimation of PIFs
in the case of dependent, hierarchically structured data. We will also give a method for
testing for differences across groups in the ANOVA setting, accounting for this hierarchical
dependence structure of the data. Chen et al. [56] also assume a fixed bandwidth matrix H in
the kernel density estimator of the PIF. However, it is well-known that adaptive estimation of
density and intensity functions can lead to improved estimation [2, 40, 42, 235, 293|. Hence,
we will give a method for adaptive estimation of PIFs in Chapters 4 and 5 using B-spline
and Truncated Hierarchical B-spline bases functional representations. Finally, in Chapter 6,
we apply Pls and random forests for classification of prostate cancer histopathology images
and compare to distance based kNN classification using L1 distance on Pls. Before we get to
these methods, we will first give background on functional data analysis in the next section,
which heavily relates to the methods developed in this work for estimation and modeling of

PIFs.
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Figure 2.16: An example PIF constructed from a persistence diagram arising from the height
filtration of a grayscale image. The top row gives the 0-dimensional (connected components)
persistence and the bottom row gives the 1-dimensional (loop components) persistence

2.4 Functional Data Analysis Background

Functional Data Analysis (FDA) is a field of statistics that emerged in the mid-to-late
twentieth century with the pioneering work of Grenander [119]|, Karhunen [155], Kleffe [161],
Ramsay [245], and Ramsay and Silverman [246], and has since developed into a rich area of
research [297] with a wide variety of applications [288]. It focuses on the statistical analysis
where a datum, or “unit of analysis”, is not a scalar or a point, but rather an entire smooth

object, such as a function, curve, or shape. FDA treats each observation as a whole curve,
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then asks how to summarize, compare, model, and infer from collections of curves. For
example, in FDA | we might analyze growth curves of children, heart rate trajectories, or
yearly temperature curves.

Consider a sample of curve data, X;(t), Xa(t), ..., X,,(t), observed over the interval
T = [a,b] C R, where t € T is a continuous variable, such as time. Assume each trajectory,
X;(t), is a smooth nonparametric (i.e., infinite-dimensional) functional. It is common to
assume that X;(t) belongs to the Hilbert space of square-integrable functions, denoted L2
We then assume our sample of curves to be independent and identically distributed (i.i.d.)
from a population distribution of curves with mean function u(t) = E[X(¢)] and covariance
function cov(s,t) = cov(X(s), X (t)), for any s,t € T

We treat each trajectory (curve), X;(t), as a realization of a stochastic process that we
observe discretely and with noise. As such, smoothing or function estimation is typically
the first steps in FDA to recover the underlying smooth function from the noisy, discretely
observed over t observations, where the goal is to estimate the mean and covariance functions.
We often make some assumptions about the underlying stochastic process, such as assuming
it is a Gaussian process, or has some basis representation.

In general, FDA encompasses a wide range of methods with analogues to its scalar
counterpart, but adapted to the infinite-dimensional setting of functional data. Common
tasks/analyses in FDA include smoothing and function estimation, exploratory analysis,
regression and prediction, classification and clustering, hypothesis testing, registration and
alignment (i.e., removing phase variation due to shifts in time or event alignment), and
dimension reduction (i.e., summarizing infinite-dimensional objects using a small number
of components). Various methods for smoothing and function estimation exist, such as
kernel [25], spline [124], and wavelet smoothing [81]. Regression methods extend to functional
data with function-on-function regression, scalar-on-function regression, and function-on-scalar

regression [205]. Dimensionality reduction methods such as functional principal component
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analysis (FPCA) [70, 119] are commonly used to summarize the dominant modes of variation
among curves. Clustering [133] and classification [32] methods have been developed for
functional data, such as hierarchical clustering [97| and functional logistic regression [147].
Hypothesis testing methods have been developed for comparing mean functions (i.e.,
ANOVA). In particular, given a sample of curves from K groups, the functional ANOVA
(FANOVA) [315] tests the null hypothesis that the mean functions of the groups are equal

everywhere on the domain 7"

Hy:pm(t)=---=puk(t) forallteT,

H, : pi(t) # pj(t) for some i # j and some t € T

Functional data analysis shares similarities to a common approach in topological data
analysis, where we first summarize persistence diagrams by estimating a functional summary,
such as a persistence intensity function, and then conduct statistical analysis on these
functional summaries. We can think of estimation of persistence intensity functions from
persistence diagrams as being directly analogous to the smoothing or function estimation
task in FDA. Once estimates of the functional summaries are obtained, we are then able to
directly apply FDA methods to these functional summaries, such as clustering, classification,
regression, and hypothesis testing.

Our focus in this dissertation is on estimation of persistence intensity functions,
conducting hypothesis testing for differences in mean persistence intensity functions, and
classification of persistence intensity functions. In the next chapter, we will develop a method
for conducting a functional ANOVA in the case of dependent, hierarchically structured data,
which we then apply to persistence diagrams of Gleason grade prostate cancer histopathology

images in Chapter 4. In Chapters 5 and 6, we will give a method for adaptive estimation of
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PIFs using B-spline and Truncated Hierarchical B-spline bases for functional representations.
Finally, in Chapter 6, we will classify PIFs of prostate cancer histopathology images using
random forests and compare to distance based kNN classification using 1.1 distance between

PIFs across various choices of filtration functions.
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CHAPTER THREE

MIXED CURVE MODELS FOR HIERARCHICAL DATA

In the field of topological data analysis, hypothesis testing remains a challenging
problem with limited solutions. Most current methods rely on the assumption of independent
data [44, 56, 256|, which is often violated in practice. In this chapter, we employ a local
mixed-curve modelling approach paired with multiple comparison adjusted p-value surfaces to
expand hypothesis testing to the setting of hierarchical topological data. This local approach
provides a more computationally scalable solution compared to existing global mixed-effect

model approaches.

3.1 Introduction

Topological data analysis (TDA) is an interdisciplinary field that is useful for extracting
shape features from datasets. It has been successfully applied to a variety of scientific
domains, including biology [306], neuroscience [277], cosmology [310], material science [273]
and computer vision [193]. Hypothesis testing is a common task of statistical analysis, and
is important in TDA for both understanding the importance of the topological features
extracted from datasets and testing for differences between groups of topological data.
However, hypothesis testing in TDA is an active area of research, and most available methods
are limited by their assumption of independent observations. For example, Robinson and
Turner [256| reviewed the state of hypothesis testing in the TDA literature and proposed the
use of distance-based permutation tests for testing the null hypothesis that two sets of point
clouds (i.e., persistence diagrams) are drawn from the same distribution. This is the two-
sample setting. Similarly, extensions to the ANOVA setting have been developed [53]. These

methods, however, rely on the assumption that each topological descriptor is independent
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from another, which is often not the case in real world data, such as when topological
descriptors are obtained from the same subject multiple times (i.e., a repeated measures
design). In this work, we propose a methodology for topological data analysis that relaxes
the assumption of independence of observations through hierarchical modelling of topological
functional summaries.

In our work, we apply generalized nonparametic mixed-effect (GNPME) models,
sometimes referred to as (generalized) mixed-curve (MC) models [49, 304, 305], to the
analysis of topological data, in particular, for the estimation of persistence intensity functions.
We estimate these models locally using generalized local polynomial kernel mixed-effect
(LPKME) estimators [304] and globally using a B-spline basis expansion approach. For
inference, we use multiple comparison procedures to globalize the local hypothesis tests in
the former and parametric likelihood ratio testing for the latter. We begin with a brief
introduction to the GNPME model and provide a more extensive review in the methods
section.

Let

{(yw,t”)]zl,,nz,lzl,,n} (3]_)

be a collection of (possibly discrete) observations y;; on individual ¢ measured longitudinally
at time t;;'. Then, conditional on subject 7, the expected value and variance of the response

value y;; at time t;; is given by

Elyi;|ti;] = i and  Varly;|ti;] = dw'V (uig), (3.2)

where ¢ is a scale/dispersion parameter, w;; is the weight for the jth observation from the

Tt is common to refer to 1D functional data as longitudinal data and the domain as time, even though
the domain may not actually refer to time, but some other continuous covariate. We denote this with a bold
symbol to also indicate that this may be a higher dimensional index set.
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ith individual, and V' : R — R™" is a known variance function. We assume that, conditional
on time t;;, the response, y;;, follows a distribution from the exponential family with mean,
fij, and variance, gbwigl‘/(uij). Locally, this is the traditional generalized linear model
(GLM) [192]. Examples of such distributions include the Gaussian, binomial, and Poisson
distributions where V'(+) is constant, nu(1 — p), and pu, respectively.

In the GNPME model, the subject specific mean f;; := m;(t;;) at time, t;;, is assumed to
be related to time t;; via a known differentiable link function, ¢(-), with inverse h(-) = g~*(-),

and unknown smooth mean function, m;(+), such that

9(pig) = g(mi(tiz)) = altyy) + vi(ti;) = ni(tiy) = mij, (3.3)

where a(-) is the population (fixed-effect) mean surface of the process and v;(-) is the (random-
effect) deviation of the ith individual away from the population mean surface. It is typical to
assume each v;(+) are independent smooth processes with mean zero and covariance function,
v, (s,t), that describes within-subject variation.

Adding random and fixed effect terms to the model allows for additional dependency
assumptions and population differences. For example, consider the following extension of the

model in Equation 3.3:

9(pije) = aaltije) + aay (bin) I(Giy = B) + aac (biji) I (Giy = C) + vi(tin) + Gij(tij) (3.4)

= ;5 (ijk) = Nijis (3.5)

where v;(+) is the subject-level random-intercept effect assumed to be an independent mean
zero smooth process with covariance function 7, (s, t) that describes within-subject variation,
and (;(+) is the sample-level random-intercept effect assumed to be independent mean zero

smooth processes with covariance function ~.(s, t) that describes within-sample variation.
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The fixed-effect population mean surfaces are given by a4(-) for group A (baseline level of
factor), ap(-) = aa(-) + aa, () for group B, and ac(-) = aa(-) + aa. () for group C, where
anp () and aa,(+) are the difference surfaces between groups B and C' compared to group A.
Which group an observation belongs to is determined by the observed categorical variable,
G, and is encoded in the model via the indicator functions I(G;; = B) and I(G;; = C).
With this model, we are capable of addressing various hypotheses of interest. For
example, the hypothesis that the population mean surfaces are equal across groups after

accounting for deviations that are due to the random effects is given by

Hy: as(t) = ap(t) = ac(t) for all t (3.6)

Hy @ a;(t) # a;(t) for some i, j,t,

or equivalently,

Hy: aay(t) =aa.(t) =0 for all t (3.7)

Hy @ «a;(t) # 0 for some i € {Ap,Ac}, and some t.

We may also ask if there is evidence of sample to sample differences conditional on accounting

for individual and population level deviations:

HO : C’L](t> =0 for all i,j,t (38)

Hy: (;(t) # 0 for some 1, j, t.
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Similarly, we might be interested in evidence of individual-level differences:

Hy: vi(t) =0 for all 4,t (3.9)

Hy @ y;(t) # 0 for some i, t.

It is these capabilities that make mixed-curve models a useful tool for analyzing functional
data that have a hierarchical structure. In this work, to test these hypotheses in the local
estimation case, we apply multiple comparison adjustments to collections of p-values obtained
from pointwise tests of these hypotheses across the functional domain. In particular, for
the LPKME model approach, we apply likelihood ratio tests at each point in the domain
and then apply multiple comparison adjustments to the resulting collection of p-values using
the Westfall-Young [301| permutation-based approach. We then take the minimum over the
adjusted p-value surfaces to test the global null hypothesis (e.g., the hypotheses discussed
in Equations 3.6-3.9). This approach has the additional benefit of identifying regions of
significance that have large enough observed mean differences locally to reject the global
null hypothesis while controlling for the family-wise error rate across the tests. For the
B-spline basis expansion approach, we use parametric likelihood ratio tests on collections
of parameters associated to B-spline basis functions to test these hypotheses. That is, each
function in Equation 3.4 is represented as a linear combination of B-spline basis functions,
and the parameters associated with these basis functions are tested by fitting a full and
reduced model and comparing the likelihoods of these models via a likelihood ratio test (see
5.4.3 of Wu and Zhang’s textbook [315] for more details on this approach).

Several TDA methods produce functional data as shape signatures (e.g., persistence
intensity functions [56|, persistence landscapes [44], persitence silhouettes [55], smooth Euler
characteristic curves [65], etc.), and the sampling procedure may determine whether (and

how) we can consider the collection of curves to be independent (or not). Thus, the use of
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generalized mixed-curve modelling is a natural extension of the current methods used in TDA,
as it is more broadly applicable to functional data. Our work, however, primarily focuses
on estimating collections of persistence intensity functions (PIFs) [56], which we achieve by
applying a fine pixel approximation [14] to persistence diagrams and estimating the intensity
functions using a log-linear Poisson mixed-curve model. The local methods we consider in
this chapter provide both a novel approach to estimating intensity functions for replicated
inhomogeneous Poisson processes and a novel approach to hypothesis testing in the context

of functional data analysis (FDA) and TDA.

3.2 Related Works

The use of hypothesis testing in topological data analysis (TDA) is a relatively under-
explored area of research. We first review the literature on hypothesis testing in TDA, then
we review the literature on hypothesis testing in the context of functional data analysis

(FDA). Finally, we review literature on hypothesis testing for point processes.

3.2.1 Hypothesis Testing in TDA

Three main approaches to hypothesis testing currently used in TDA are a nonparametric
randomization test based on permutation or resampling of the data, a test built off of a
central limit theorem of a topological descriptor, or a nonparametric kernel based hypothesis
test. In the randomization-based approach, a test statistic is computed on the observed
data and on collections of permuted data, and the p-value is computed as the proportion of
permuted test statistics that are as or more extreme as the observed test statistic. Many of
the approaches in TDA take such a resampling or permutation based approach. Robinson et
al. [256] reviewed the state of hypothesis testing for persistence diagrams. In this work, they
summarized how to conduct randomization tests for persistence diagrams and illustrate this

using summary statistics based on distances between persistence diagrams. In particular, they



20

cover randomized methods for null hypothesis testing and provide randomization tests that
are based on the statistic of average distance between populations of diagrams. This allows
them to conduct hypothesis testing in the two-sample and one-way ANOVA settings. The
extension to the ANOVA setting was also considered by Cericola et al. [53] who developed a
permutation test for the one-way ANOVA setting.

In work on persistence intensity functions, Chen et al. [56] used a randomization test
for testing whether the PIF is different for two groups by using the test statistic of the
integrated absolute deviation of the estimated intensity functions for two populations. That
is, they construct a randomization two-sample test for differences based on the integrated
absolute differences of two estimated mean intensity functions. This test statistic is compared
to the randomization distribution of this test statistic constructed by randomly permuting
which population a given persistence diagram comes from and then computing the test
statistic. Similarly Berry et al. [30] used a permutation two-sample test based on pairwise
distances of functional summaries. Blumberg et al. [34] describes an approach to conducting
a two-sample test for persistence barcodes (a representation of persistence equivalent to
persistence diagrams) based on constructing an empirical distribution via simulation and
comparing that to a binomial distribution. Finally, Cisewski-Kehe et al. [58] compared a
permutation paired two-sample test for differences with the independent two-sample test
over a large collection of test statistics. The p-values tended to be smaller for the paired test
compared to the independent test, indicating that accounting for dependence between paired
diagrams may increased power of the test. With the exception of the work by Cisewski-Kehe
et al., these approaches all assume independence between the topological descriptors being
compared.

These approaches are all examples of randomization tests such as the permutation test
originally developed by Dwass [83]. There is another type of randomization test that has not

been considered in TDA, but is applicable because of the various distance metrics that can be
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defined on topological descriptors, which is the perMANOVA permutation-based procedure
developed by Anderson [8]. This approach is an extension of the traditional ANOVA test to
the case where a distance metric can be defined on the data, and is based on a test statistic
that is a multivariate analogue to Fisher’s F-ratio. This approach can generally be used
in TDA for hypothesis testing in the two-sample and one-way ANOVA settings by using
W,-Wasserstein distance between diagrams (though this has yet to be done in the TDA
literature). However, this approach does not have extensions to the hierarchical mixed-effect
setting, which is our primary interest in this work.

One major drawback to randomization approaches is that they can be computationally
expensive as they require the computation of a test statistic on a large number of permutations
(or resamples) of the data. This can be problematic when computing the test statistic is
expensive. We similarly take a permuation-based approach, however our approach is generally
applicable to functional data and more easily extends to the mixed-effect setting. We note
that it is possible to extend some of the above permutation-based tests to the mixed-effect
setting, however the relevant test statistic is not as clear as in the case of the two-sample test
and ANOVA test. For example, several approaches to hypothesis testing in the mixed-effect
model setting have been developed in the nonparametric functional data analysis and point
process settings (see sections below). In contrast, because our method relies on pointwise
likelihood ratio tests, the test statistic and method of finding the p-value using it is clear and
the extension to the mixed-effect setting is straightforward.

Various approaches to hypothesis testing in the two-sample setting have been constructed
after providing central limit theorems for topological descriptors. For example, Bubenik
et al. [44] constructed a two-sample Z-test for comparing populations of persistence
landscapes [45]. Biscio et al. [33| constructed a central limit theorem for persistence diagrams,
persistence Betti numbers, and the accumulated persistence functional; they subsequently used

them for constructing a test for complete spatial randomness of point processes. In another
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example, Meng et al. constructed a two-sample test for the smooth Euler characteristic
transform based on a central limit theorem for this topological descriptor [194]. Finally,
Hiraoka et al. [132]| constructed a central limit theorem for persistence Betti numbers of
stationary point processes. In general, these approaches have also not been extended to more
complicated sampling designs.

Within TDA, there is also work on hypothesis testing with kernel-based methods.
These methods rely on hypothesis testing procedures like those developed by Gretton et
al. [120, 121] that use the maximum mean discrepancy as a test statistic. This approach
has been used or extended in many recent works. For example, Kwitt et al. [168] use this
approach for conducting two-sample hypothesis tests with the universal persistence scale-space
kernel. Similarly, Kusano [166] applied this approach to the persistence weighted Gaussian
kernel. Although this a promising line of research because of the prevalence of theoretically
sound kernel-based methods in TDA, this kernel-based methodology for hypothesis testing
in sampling designs more complicated than the two-sample test remain absent from the
literature. Our local approach is also kernel-based, however the approach we take is more
easily extended to the hierarchical setting.

Finally, there are approaches for hypothesis testing in the context of a single persistence
diagram. These aim to test whether particular topological features (points) in a persistence
diagram are topologically significant, as features with short lifetimes may just be due to
noise. For example, Fasy et al. |96] used a resampling approach to construct confidence
bands across the birth-death plane on the diagrams indicating whether individual points
in the persistence diagram are due to noise or not. Additionally, Adler et al. [5] model
a persistence diagram as a Gibbs process to create resamples of a persistence diagram, a
procedure they called replicating statistical topology (RST). These replicates can then be
used to simulate distributions of test statistics constructed from functional representations

of the persistence diagrams for performing a hypothesis test. Performing hypothesis testing
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on a single persistence diagram using these approaches allows one to determine if particular
features in the diagram are real or spuriously due to noise. This is useful in practice for
filtering out noise from the persistence diagram or determining outliers. Our work, however, is
separate from this line of research as we are primarily interested in the analysis of collections
persistence diagrams whereas these works are primarily interested in the analysis of a single
persistence diagram.

In general, the approach we take is of a somewhat different flavor than the above
approaches. We take a functional data analysis perspective to the analysis of collections
of topological descriptors. This allows us to use well established functional data analysis
methods and extend them to the TDA setting. In particular, we use generalized nonparametric
mixed-effect models to model collections of functional topological descriptors locally, and use
multiple comparison adjusted p-value surfaces for constructing global hypothesis tests based
on pointwise tests or test statistics. This approach is more generally applicable to functional

data and more easily extends to the mixed-effect setting compared to the above approaches.

3.2.2 Hypothesis Testing in FDA

Hypothesis testing in the context of functional data analysis (FDA), like TDA, primarily
focuses on the two-sample and one-way ANOVA settings. One key feature of FDA is that
the individual observations are functions (see Ramsay and Silverman’s textbook [246] for an
introduction to FDA). As a consequence, the hypothesis tests are conducted on collections
of curves and are concerned with testing for differences between groups of curves (i.e. the
so-called functional ANOVA). This is a well studied area of research with a large body
of literature. As an example, the fanova.tests function in the fdANOVA package [118] in
R [241] currently returns (as of version 0.1.2) twelve different test statistics for conducting
the functional ANOVA (fANOVA) hypothesis test. We refer the reader to the text by

Zhang [315] for a review of the fANOVA literature. All of these approaches can be used to
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conduct hypothesis testing in the context of functional data, and hence in the TDA setting
with functional topological descriptors. However, they also only handle the two-sample and
one-way ANOVA settings and do not extend to the mixed-effect setting.

In this work, we are primarily interested in hypothesis testing of functional data in
the nested (or hierarchical) mixed-effect model setting. While this is a less studied area
of research, there are a few notable exceptions. For example, Guo [123| developed a basis-
expansion approach to the functional linear mixed model for functional data with a nested
structure. The model is estimated via a standard mixed model and inference is carried out via
likelihood ratio tests. This testing was also considered by Wu and Zhang [305| in their work
on mixed-curve models. We use this approach to compare to our local mixed-curve approach
that uses family-wise error rate (FWER) adjusted p-value surfaces for hypothesis testing. Wu
and Zhang did not consider hypothesis testing in the case where estimation is conducted via
local polynomial kernel estimation (LPKE), nor did Cai and Wu [49] in their original work,
though a need for these methods was noted in the text by Wu and Zhang [315]. We fill this
gap in the literature by using FWER adjusted p-value surfaces for global hypothesis testing
in this setting. To obtain the global test, we take the minimum over the adjusted p-value
surfaces. Local procedures such as this are of interest as they pair well the local polynomial
kernel estimation approach to estimating mixed-curve models.

Cox and Lee [62] used the Westfall-Young [301| permutation-based approach for FWER
control in the context of local testing of functional data. However, this was seen more as a
post hoc analysis for detecting regions of significance (or domain selection), also referred to
as local testing, rather than providing a global hypothesis test [296]. However, we construct
the global hypothesis test by taking the minimum over the adjusted p-value surface to test
the global null hypothesis, which corresponds to a discretized version of the global test given
in Equation 3.6.

Local hypothesis testing has been developed recently in the FDA setting, is an active
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area of research, and there are many recent approaches applicable to the TDA setting that
could be used for local testing. For example, interval-wise testing [233, 296|, threshold-wise
testing [209], multiple comparison adjustment [62, 309], and envelope [207] approaches have
all been considered for local testing [208|. Vsevolozhskaya et al. [296] used an interval-based
approach based off of the closure principal [189] to construct a coherent local/global testing
procedure using a finite partition of the domain. Vsevolozhskaya et al. [294] later extended
this approach to allow for pairwise comparisons between groups in the one-way ANOVA
setting. Pini and Vantini [233] similarly developed interval-based approach based on a
permutation procedure by Hall and Tajvidi [128] and an L, distance between restricted
sample means. Their approach provides both pointwise adjusted p-values and interval-wise
adjusted p-values, does not depend on a partition of the domain, but also does not allow for
pairwise comparisons.

Mrkvicka et al. constructed a graphical test as an extension to a global rank envelope-
test for spatial data [212]. This approach allows for both global and local testing based on
extreme rank lengths. Mrkvicka et al. later compared this method to several other local
testing approaches [207]. Abramowicz et al. [1] developed a threshold-based approach that
considers sublevel and superlevel sets of the pointwise p-value curves. They developed tests
for both the global null hypothesis and for local testing. Nichols and Holmes [217] developed
an approach based on pointwise permutations of a maximum statistic. Pantazis et al. [223]
took a similar approach based on the minimum p-value over a large number of permutations.
Xu and Reiss [309] developed step-down based and extreme rank length adjustment methods
to construct more powerful global envelope tests.

Finally, there are combining function approaches based on combining p-values (e.g.,
Fisher’s method) which can also be used for global hypothesis testing. For example,
Vsevolozhskaya et al. [295] used a combination of resampling, combination functions, and

the closure principle to construct a coherent global and local hypothesis testing procedure.
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This is an interesting approach as there are many possible combining functions that could
similarly be used. Recent approaches to combining dependent p-values include works by
Poole et al. [236], Zhang and Wu [314], and Dai et al. [68].

None of these approaches have been applied to the TDA setting, nor have they been
applied to the mixed-effect model setting. In this work, we fill this gap in the literature by
applying the Westfall-Young permutation-based approach for multiple comparison adjustment
to collections of p-values obtained from pointwise likelihood ratio tests in the context of
generalized nonparametric mixed-effect models estimated via LPKME modelling. We then
take the minimum over the adjusted p-value surface to test the global null hypothesis, applied

to the TDA descriptor setting.

3.2.3 Point Processes

In our work, we analyze collections of persistence diagrams as a replicated inhomogeneous
Poisson point process. Point process literature typically focuses on the analysis of a single
point pattern, concentrating on the estimation of the intensity function of the point process
or some other functional representation, such as the K-function [253] or the related L-
function [31], which describe how regular, clustered, or random, a point pattern is at different
spatial scales. This is a well studied area of research with many approaches. Typically, this
analysis is done via a basis-expansion approach (e.g., B-Spline bases [219]), nonparametric
kernel estimation [76], or with Bayesian approaches such as the log Gaussian Cox process
(LGCP) model [203]. In this single point-pattern setting, hypothesis testing is typically
concerned with testing whether a point pattern is spatially homogeneous (i.e., complete
spatial randomness) or spatially related to some covariate, or for testing for the presence of
clustering or inhibition in the point pattern.

Although replicated point pattern data are becoming increasingly prevalent, research

within this area remains limited. Replicated point processes were considered from a general
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and theoretical perspective in a book by Karr [156]. From a more applied perspective, early
work by Howard et al. [139] conducted an analysis of replicated point patterns (though
not formally developed) where an ANOVA was conducted on a discretized nonparametric
estimator of density. Later, Diggle et al. [78] conducted an ANOVA of the distribution of
pyrimidal neurons via nonparametric estimates of the reduced second moment measure (i.e.,
Ripley’s K-function) and a bootstrap testing procedure. This approach has been extended
many times over the years. For example, Baddeley et al. [15] extended the method for
3-D point patterns using second-order summary measures (i.e., K, G, and L-functions). It
was extended to another ANOVA test statistic by Wilson et al. [302] and to the bivariate
interaction case by Landau et al. [170]. Finally, it was extended to the mixed-effect modeling
case by Landau et al. [169] and to a two-way ANOVA case by Ramon et al. [244]. More
recently, Xu et al. [308] took a similar nonparametric approach to the estimation of the pair
correlation function for replicated inhomogeneous Poisson point pattern data.

From a parametric paradigm, replicated point patterns were discussed by Baddeley
and Turner in their paper on approximating the pseudolikelihood [17]|. This approach was
subsequently applied to a single-factor design by Mateu [191] where hypothesis testing was
conducted via Monte-Carlo simulation of the likelihood ratio statistic. Both the nonparametric
K-function approach and the parametric pseudolikelihood approaches were compared by
Diggle et al. [79]. Finally, this maximum pseudolikelihood approach was extended to the
mixed-model setting case by Bell and Grunwald |22, 23| and later redeveloped by Illian et
al. [144]. King et al. [159] extended this approach to a Bayesian MCMC estimation approach,
allowing for the estimation of credible intervals of model parameters.

A separate line of research involves modeling replicated point patterns in a Bayesian
setting. Most of this research is conducted under the log Gaussian Cox (or doubly stochastic)
point process model. Historically, these models were estimated via MCMC sampling [203].

More recently, a stochastic partial differential equation (SPDE) approach to estimation
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using INLA has been developed [145, 260]. Illian et al. extended the LGCP model to the
mixed-effect setting and used INLA for estimation of a point process with temporally varying

effects [146].

3.3 Background

We begin the description of our methods by providing an overview of the necessary
background material in splines, point processes, multiple comparison procedures, and multi-
level mixed-effect models. In particular, we introduce B-splines and tensor product B-splines,
and how to use them to represent functions in one and two (and greater) dimensions. While
not the focus of this chapter, we use spline-based approaches as a direct competitor to the
local polynomial kernel estimation approach taken in this work. We will also consider the
spline-based approach for adaptive estimation of PIFs in Chapters 4 and 5. Next, because
our modelling assumptions for persistence diagrams include spatial inhomogeneity and local
independence (in birth-death space) of points, we introduce Poisson point processes and the
fine-pixel approximation for estimating the intensity function of an inhomogeneous Poisson
point process parametrically. The fine-pixel approximation allows us to use a log-linear Poisson
regression model to estimate the intensity functions of an inhomogeneous Poisson point process
and reduce the problem of estimating the intensity function to a generalized linear regression
problem. We then introduce replicated inhomogeneous Poisson point processes and how to
estimate their associated intensity functions. Next, we review multiple comparison adjustment
procedures for hypothesis testing with collections of p-values. Finally, we review multi-level
mixed-effect models that we use pointwise in our local polynomial kernel estimation approach

to estimate the intensity functions of replicated inhomogeneous Poisson point processes.
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3.3.1 Splines
Splines provide a flexible way to represent functions. There are many types of splines
including B-splines, M-splines [67], I-splines [67], P-splines [88|, natural splines, etc. In this

work, we focus on B-splines (basis splines) and tensor product B-splines.

B-Splines B-splines are a flexible way to define a curve as a linear combination of polynomial
basis functions of a given order [263]. B-spline basis functions can be defined by the Cox-de

Boor [63, 71] recursive formulation in the following way.

Definition 3.3.1 (B-spline Basis Functions) Let U = {uy,...,uy} be a non-decreasing
sequence with u € R. We call each u; a knot and U the knot vector. The i** B-spline

basis function of degree p (and order p+ 1), denoted by N;,(u), is defined as

1 oafu, <u <

Ni,()(u) = and
0 else
U — Uy Uitpt1 — U
N;,(u) = —N,; ,_1(u) + —————N; 1 ,—1(u). 3.10
) = N ) £ N () (3.10)

To visualize this recursive definition, consider the first few basis functions of order 0,
1, and 2 for unit-spaced knot locations given in Figure 3.1. The process begins with step
functions which get turned into piecewise linear functions by the recursive formulation given
in Equation 3.10. These are then turned into piecewise quadratic functions by the same
formulation. Each step of the recursive formula increases the degree of the polynomial using
two lower-order basis functions.

It is common to use a knot vector that is “nonperiodic” or “clamped” to generate a

B-spine basis, which means that we replicate the end points an additional p + 1 times, giving
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Order 1 Order 2 Order 3
1.0 1.04 1.04
0.5 0.5 0.5
0.0 T T 0.0 Y T 0.0
0 2 4 0 2 4 0 2 4
1.04 1.04 1.04
0.5 0.5 0.5
0.0 T 0.0 T T 0.0
0 2 4 0 2 4 0 2 4
1.01 1.01 1.04
0.5 0.5 0.5
0.0 T 0.0 f Y 0.0 T T
0 2 4 0 2 4 0 2 4

Figure 3.1: Examples of B-spline basis functions. Left to right gives basis functions of order
one, two and three. From top to bottom gives the first, second and third basis functions
under a knot vector with unit-spaced interior knot points.

a knot vector of the form

U=A{a,...,a,upi1,... ,um+p+1,u}.
p+1 p+1
For example, consider the B-spline basis function set of degree 3 defined over the knot vector
U =1{0,0,0,0,1,2,3,4,4,4,4} given in Figure 3.2. Notice that the addition of these knot
points changes the first and last p functions from the standard basis functions depicted in
Figure 3.1. These types of B-spline bases exhibit the partition-of-unity property over the
entire domain [a, b], meaning that the sum of the basis functions equals one at any point in

the entire domain.
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1.0+

0.81

0.6 1

0.4 1

0.2

0.0 1

0 1 2 3 4

Figure 3.2: An example B-spline basis of degree 3 over clamped knot vector U =
{0,0,0,0,1,2,3,4,4,4,4}.

Definition 3.3.2 (B-spline Curve) A p-th degree B-spline curve is the curve defined by
C(u) = ZNi,p(U)Pi a<u<b (3.11)

where {P;}5_| are control points and {N;,}¥ | are the p-th degree B-spline basis functions

defined on a nonperiodic (and possibly non-uniform) knot vector

U= {a,...,a,upﬂ,uerQ,...,um,p,l,b,...,b}.

That is, a B-spline curve is defined by taking the linear combination of k B-spline basis
functions with the set of control points. Note that a function space V is induced by the basis
set, and a particular function from that function space is given by the choice of control points.

We can induce a distribution of functions over that function space by giving a distribution
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300 random samples from induced function distribution

Figure 3.3: Set of 300 random B-spline curves induced by the basis set given in Figure 3.2

and with equally spaced control points (P, = {0, %, %, 2, %%, 4}) in the X-coordinate and

sampled from a normal distribution along the y = z line with a standard deviation of 1 (i.e.
Pyﬂ' ~ N(Pzﬂ', 1))

on the control points. For example, suppose we consider the B-spline basis set given in
Figure 3.2 and control points equally spaced across the domain. Suppose the y-coordinates
of the control points follow a normal distribution with mean given by the z-coordinate and
a standard deviation of 1. We show 300 random samples from this function distribution in

Figure 3.3.

Tensor Product B-splines There are several way to construct splines in two or more

dimensions. One common way is to take the tensor product of one-dimensional B-spline basis
functions (see Sec. 3.4 of the NURBS book [230]). We obtain two-dimensional B-spline basis
functions by taking the tensor product of two one-dimensional B-spline basis splines That is,
given two basis function sets B4 = { N/ (u)}i~, and B = {N(v)}'_, the tensor product
basis set is given by

BA®B — BA o BB = {NZA(U)NJB(U)}Z&FO'
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Figure 3.4: An example tensor product B-spline basis function formed by taking the tensor
product of the 5th (in direction ) and 2nd (in direction v) order 2 B-spline basis functions
from Figure 3.2.

For example, a tensor product basis formed by taking the tensor product of the the 2nd and
5th order-2 B-spline basis functions from the basis set given in Figure 3.2 is visualized in
Figure 3.4. In practice, we can construct a two-dimensional B-spline model matrix given two
one-dimensional B-spline model matrices, B4 and Bg, as Bagp = (B4 ® 1,,) ©® (1,, ® Bp)
where ® is the hadamard product, ® is the Kronecker product, and 1,, is a row-vector of
length n.

For (2d) B-spline surfaces, we obtain a similar construction as before with B-spline

curves.
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Definition 3.3.3 (Tensor Product B-spline Surface) Given knot vectors

U= {aua ooy Gy Upy 1, Upt2y - - -y Um—p—1, bu7 s 7bu}

and

V= {am oy Qyy Ugt1, Ugt2s - - - 7Unqulabv7 R bv}a

the p, q-th degree tensor product B-spline surface is defined by

S(u,v) = ZZNZ‘7P(U)NM(U)P1"]' ay, <u<b, a, <v<b, (3.12)

i=0 j=0

where {P, ;} are the control points and {N;,} and {N;,} are the i and j-th, p and q-th degree

B-spline basis functions respectively.

Similar constructions are made for B-spline surfaces in three or more dimensions by taking
further tensor products of one-dimensional B-spline basis functions. However, the surfaces
we consider in this work, persistence intensity functions, are at most two-dimensional and so

we focus on the two-dimensional case.

3.3.2 Point Processes

In this section, we give a general introduction to Poisson point processes. We then
introduce the likelihood model, log-linear models for intensity function representation, and
the maximum-likelihood method for estimation. Finally, we introduce replicated mixed-effect

point process models under the log-linear formulation.

Point Processes A point process is a type of stochastic process used to model the occurrence

of events at the locations of points s = {s;}"_; across a (possibly spatial) domain W. It is
typical to consider a continuous spatial domain, W C R¢. In this work, we will denote a

point pattern, a realization of a point process, by s.
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Definition 3.3.4 (Poisson Point Process) A Poisson point process is a point process
where the number of points in any given region B C W follows a Poisson distribution. In
particular, let the number of points in space B, denoted N(B), be Poisson distributed with

mean p(B), i.e.,

In this formulation, the mean number of points in any region B C W is related to an intensity
measure A(u) by u(B) = [, A(u)du. A homogeneous Poisson point process is an important
special case where A\(u) = A\ < oo (i.e., where intensity A is constant over W.) As a result,
the expected number of points to fall within a given radius around a particular point in a
homogenous Poisson point process is constant across the spatial domain. Homogeneous point
processes are important as they give a baseline comparison for hypothesis testing. That is, we
are often interested in testing whether a given point pattern is completely spatially random

(CSR) and various hypothesis testing methods exist for testing this.

Point Process Models There are many ways of constructing models for point processes. Our

focus will be on the log-linear Poisson point process model (see [12] and Chapter 9 of [16]).
Log-linear models consist of a flexible class of models that represent the intensity function of
a point process as a log-linear function of some covariates. These models are popular because
they parameterize the log of the intensity function A(u) linearly through its parameters. In

particular, they give models of the form

log A(u) = B(u) + 0" X(u)

or, equivalently,

Au) = exp(B(u) + 0 X(u)),
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where B(u) is a known “offset” (or “log baseline”) function, 8 = (64, ...,0,) is a vector of
parameters and X' (u) = (x1(u),...,z,(u)) is a vector of covariate functions that may
depend on spatial location u. This representation is linear only in the parameters and consists

of a large and flexible class of functions, including the spline functions previously described.

Model Estimation Now that we have a model for representing point processes, we introduce

estimation of this model via maximum likelihood. In general, computing likelihoods for point
processes are intractable and so working with conditional intensity functions is required (see
Chapter 7. of [69]). Here, the density of our point pattern, an unordered set of points,
s = {s1,...,8,}, is given by the probability of observing points at these locations and no
other locations, restricted to some finite space W. This is referred to as the local Janossy
density [148], denoted j,(s1,-..,s,|WW), for a point process restricted to W. That is, the

local Janossy density is defined as
Jn(S1, ..., 8,|W) = P{exactly n points in W at locations sy, ...,s, € W}.

For the inhomogeneous Poisson process whose intensity belongs to the parametric family

{Me(u) : @ € ©}, the likelihood function is

L(6:s) = (H Ae<sz->> exp (— /| Ae<u>du) |

giving log-likelihood

0(0;s) = (Z log()\g(si))> - /W)\g(u)du.

Daley and Vere-Jones [69] give a derivation of this likelihood. This function is important as it

shows up in both likelihood and Bayesian estimation methods. Also, note that this likelihood
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equation is convex for linear and log-linear models, providing guarantees for convergence to

the global optimum in estimation.

Likelihood and MLEs for log-linear models Based on the previous definition of the model for

the intensity function and the Poisson likelihood, the log-likelihood for the log-linear model is

0(0;s) = (Z B(Si)) + <0T ZX(S,)) - /Wexp (B(u) +6"X(u)) du. (3.13)

If the data are such that ). X;(s;) # 0 for all j, then the maximum likelihood estimator
(MLE) exists and is unique. The MLE, which we denote 9, is found the usual way by setting
the score function equal to zero and solving for the parameters. Here, the score function is

given by §
Vi(0:s) — (ZX(Si)) _ /W X (1) Ag () du. (3.14)

Note that the score is a vector-valued function with components

(VH(B:)}; = Y- Xy(0 — [ X (wo(w)dn

for 7 = 1,...,p. The integral on the right-hand side of Equations 3.13 and 3.14 is the
Laplace-transform of X and is not always tractable in point process models, and so often the
score cannot be solved analytically. As a consequence, estimation is typically done via an
approximation method. This is not the case for Poisson processes; however, approximations
are still used for computational purposes. As an MLE, @ is consistent (i.e., converges in
probability to the true 8), asymptotically efficient (i.e., attains the Cramer-Rao lower bound
(CRLB) for 6), and asymptotically normal (with mean 0 and variance attaining the CRLB).
In particular, Rathbun and Cressie [248] showed asymptotic consistency, normality, and

efficiency as n — oo and as W — R%.
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Fine Pixel Approximation One quadrature strategy (see Sec 9.9 of [16] and [14]) for

approximating the Poisson process likelihood is to divide the window W into m small
pixels (cells) of area, a, and to count the number of points that fall in cell w;, which we
denote n;. Then, the integral given in Equation 3.13 is approximated by its Riemann sum

with midpoint rule:
m

/W Ao(u)du & Y ~ady(c;), (3.15)

j=1
where c; is the center location of the cell, w;. Next, we discard the exact location of the data

points, s, and move each point to the center of its residing cell, w;, yielding the approximation

Zlog (s Zn] log Ag(c;). (3.16)

Combining Equations 3.15 and 3.16 shows the log-likelihood is approximated by
J

log L(6 Z njlog M(c;) — ada(c))] = Y _(n;log Ae(c;) — ae(c;)). (3.17)

J=1

Notice that the right-hand side of Equation 3.17 is the same form as the log-likelihood of
independent random Poisson random variables with mean a)g(u;). For a log-linear Poisson

point process, we now have the following form for the intensity function:
Mo(c;) = exp(B(c)) + 0 X(c))) = exp(B(c;) + 8 X(c;)).

Thus, the right-hand side of Equation 3.17 is the log-likelihood of independent Poisson
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Algorithm 3.1 FinePixelDataset(s, V, W, a)

Input:
s Point pattern in R?
W Domain (window) of A(u)
V Basis function set
a Area of cells in division of W
Output:
Y Vector of counts for cells in Fine-pixel approximation
X Fixed-effect model matrix

1: C=A{Cy,...,Cn} < partitionWindow(a, W) > Split window into n = |[W|/a cells
2: for eachie1,...,ndo

3 Y, < [sNC > Count number of points in cell
4: for each j€1,...,|V|do

5 D, ; < V,(centroid(C;)) > Evaluate basis functions at centroids
6: return Y, X

random variables with means
aXg(c;) = exp(loga + B(c;) + OTX<C]')) = exp(o; + HTX(C]-)),

where we have an offset term o; = loga + B(c;).
Equipped with this knowledge, we can use the following procedure for fitting a log-linear

Poisson point process model.

1. Divide window W into n¢ cells, {w;};<;, of area a.
2. Count the number, n;, of data points falling into each cell, w;.
3. For each cell w;, evaluate each covariate function, X;(c;), at their centroid, denoted c;.

4. Use standard statistical software to estimate a log-linear Poisson regression model with

responses y = {n;}¢, and covariates X = (X(c1),...,X(cp.))-



70

Algorithm 3.2 ReplicatedFinePixelDataset WGroups(S, g, V, W, a)

Input:
S Collection of Point patterns {si,...,sg} in R?
g Vector of group labels g; €0,...,G
V Basis function set
W Domain (window) of A
a Area of cells in division of W

Output:

Y Vector of counts for cells in Fine-pixel approximation
X  Fixed-effect model matrix

1: C={Cy,...,Ch} < partitionWindow(a, W) > Split window into n = |[W|/a cells
2: Y+ 0

3 X+ 0

4: for each r€1,..., R do

5: Y+~ 0,

6: X" +— 0n,|V|

7 for eachie1,...,ndo

8: Y! « |p- NG > Count number of points in p, in cell
9: for each j € 1,...,|V|do
10: X gox vl < Vilcentroid(C;)) > Evaluate basis functions at centroids

1 Y« [y vy
122 X+ [X X'

13: return Y, X

5. Approximate the maximum likelihood estimates for the log-linear Poisson point process

model using the fitted coefficients, 8, from the log-linear Poisson regression model.

6. Use estimated coefficients and basis functions to construct the estimated intensity

measure, A(u).

This process is summarized in further detail in Algorithm 3.3. The process of constructing
the design matrix X and response vector Y for the log-linear Poisson regression model is
given in Algorithms 3.1 and 3.2 for the single and replicated cases, respectively. Essentially,

we construct a design matrix X by evaluating the basis functions at the centroids of the cells



71

Algorithm 3.3 LogLinearModelEstimation(s, V, W, a, u)

Input:

s Point pattern in R?

V Basis function set

W Domain (window) of A

a Area of cells in division of W

u Test point to evaluate intensity function

Output:
S\(u) Estimaged Intensity at test points u

1: X,Y ¢ FinePixelDataset(s, W,V a) > See Algorithms 3.1 and 3.2

2: 0 +— GLM(Y,X) > Estimate coefficients w/ log-linear Poisson model
< T

3: A(u) < exp (0 V(u)) X @ > Backtransform coefficients to evaluate intensity

4: return \(u)

in the fine-pixel approximation and construct a response vector Y by counting the number of

points that fall in each cell.

Mixed-Effect Replicated Point Processes Models Mixed-effect models [232] are a class of

models that are used to model data with various dependency structures, such as repeated
measures data, longitudinal data, and hierarchical data. They allow us to model point process
data with multiple replicates, where each replicate is an independent realization of a point
process. In particular, we can model the logs of the intensity measures for the replicated
point process data via a mixed-effect model, and estimate parameters through maximization
of the pseudolikelihood. In the mixed-effect model setting, the logs of the intensity measures
for the replicated point process data are modeled via a mixed-effect model and parameters are
estimated through maximization of the pseudolikelihood.? In particular, a quadrature scheme

is used to estimate local intensities as in the Poisson log-linear model described in the previous

2Typically, the pseudolikelihood is more tractable than the likelihood, however, in the case of an
inhomogeneous Poisson point process, the pseudolikelihood is the same as the likelihood as given by the
Janossey product density
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section. We briefly summarize this construction of the mixed-effect model for point patterns
developed by Grunwald and Bell [23] who used a Berman-Turner approximation to the
pseudolikelihood to fit the model. Note that in our work we use the fine-pixel approximation
instead of the Berman-Turner approximation, but the two approaches are similar in nature.

Consider a set of R point patterns, S = {si,...,sg}. Each individual point pattern, s,
(replicate r € 1,... R), consists of a set of locations {s,1,...,S,nx,)}, Where n(s,) are the
number of points in point pattern s,. Before considering the replicated case, let us briefly

recall the likelihood approach for a single replicate. The likelihood is defined as

n(sr)
L(6;s,) = H Ao (sri;x,) | exp (—/W)\g(u;sr)du) , (3.18)
i=1

where A\g(u;;s,) is the conditional intensity [224| surface of the point process for replicate s,
parameterized by vector 8 and evaluated at point u.
In the log-linear model, we model the log of the intensity surface as a linear function of

parameters 6 at point u via
Noluss,) = exp (07X (uss,))

where X' (u;s,) is a vector of (possibly spatially varying) covariates for any point u € W
for replicate s,. Taking a maximum-likelihood based approach, we can estimate parameter

vector @ by maximizing the likelihood [17]. That is, we have
6 = argmax L(0]s,).
0

Similar to the fine-pixel approximation, Berman and Turner 29| developed an approximation
to the likelihood that converts the problem into a generalized Poisson log-linear model.

The integral in Equation 3.18 can be approximated via numerical quadrature. The pattern
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window, W, is discretized into a k x k& grid with dummy points, w;, being placed at the

center of each grid. We then have

/ Ao(u;s,) E Ao (uy; s, )wj,
w

where {uy,...,u,,} is the set of points containing our data s,, and the k x k dummy points in
W (i.e., m =k x k+n(s,)). The log of the likelihood in Equation 3.18 is then approximated
by

m

log L(6;s,) ~ Z(yj log Ag(u;;s,) — Aa(uy;s,))wy,

j=1
which is the log-likelihood for a weighted log-linear Poisson regression model.

Now, reconsider our set of point patterns, S = {sy,...,sg}, and let A\g(u;s,) be the
conditional intensity for replicate s, at location u. We model this intensity log-linearly as the
mixed effect model

log(Ao~(uss,)) = 0" X(u;s,) + v Z(u;s,),

where X is a fixed-effect model vector, Z is the random-effect model vector, and - is a vector
of random-effect parameters. We make the assumption that v" ~ N(0,G). Now, we write

the log-likelihood over all replicates as

R (S’!‘)
log L(6,T;S) Z [ Z XT(SW;ST)O—I- ZT(sm«;sr)'y

=1

- / exp (X' (u;s,)0 + Z" (u;s,)v) du/,
W

where I' contains the parameters associated with G. Finally, after considering the Berman-
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Turner approximation, we obtain

M
log L(0,T;8) ~ > _(y;10g Aor(y5s) — Aoy (uy;s))w, (3.19)

j=1
where M = 25:1 my is the total number of quadrature points over all point processes. Here,
notice that Equation 3.19 is the weighted log-likelihood for a Poisson log-linear mixed effect
model and thus our parameters in 8 can be estimated using standard software for Generalized
Linear Mixed Model (GLMM) modeling (e.g., using a Penalized Quasi-Likelihood (PQL)
based approach [41]).

Estimation of the replicated point pattern Poisson log-linear model using a fine-pixel
approximation and B-spline parameterization is essentially no different than the fixed-effect
case described in Section 3.3.2. We first discretize the spatial window, W, into a grid of
cells and count the number of points in each cell for each replicate. We parameterize the
surface A(u) by choosing knot vector, U (or multiple knot vectors depending on dimension of
surface), that spans the window and evaluate the basis functions, B(u), at the centroids of
each cell in C to construct model matrix, X. Additionally, we form the count vector, Y, by
counting the number of points in each cell. We then use standard GLMM software, such as
the 1med package [19] in R, to estimate the parameters, 8, and backtransform the coefficients
to obtain the estimated intensity surfaces. We will compare this approach experimentally
to the nonparametric hierarchical mixed-curve model presented in the next section. This
estimation procedure is also used in the local setting we describe in the upcoming methods
section. However, in that case, we use a low-order polynomial to parameterize the intensity

surface locally instead of B-splines globally.
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3.3.3 Multiple Testing

In our method, we compute point estimates of the intensity functions over a grid of
points in the spatial domain along with pointwise p-values for testing the null hypothesis of
no difference in intensity between groups at each point. However, since we are performing
multiple hypothesis tests across the spatial domain, we need to account for the inflation of
Type I error due to the multiple comparisons being made by controlling the family-wise error
rate (FWER) of our testing procedure. To do this, we will use multiple testing corrections. In
this section, we briefly review several multiple testing correction procedures that we consider
in our experiments. The main approach we consider is the Westfall-Young procedure [301] as
adapted to the functional data setting by Cox and Lee [62]. We also consider the Romano-Wolf
procedure [258] as another resampling-based approach to controlling the family-wise error

rate (FWER) in multiple hypothesis testing.

Bonferroni correction A good starting point for multiple testing correction is the Bonferroni

correction [35], a method that controls for the family-wise error rate (FWER) in multiple
hypothesis testing. Let Hy,..., H,, be a collection of m hypothesis tests with corresponding
p-values p1,ps, ..., pm. The FWER is defined as the probability of making one or more Type

[ errors (rejecting a true null hypothesis) among the m tests:

FWER = P (U{Reject Hj|H; is true}) .

j=1
To control the FWER at level «, the Bonferroni correction adjusts the significance level for
each individual test to be a/m. Equivalently, we can adjust the p-values by multiplying them
by m and then compare the adjusted p-values, p; = min(mp;, 1), to a. That is, if p; < a, we

reject hypothesis H;. It can be shown that the Bonferroni correction bounds the FWER by
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using Boole’s inequality:

«
— = Q.
m

FWER=P (U{Reject H;|H; is true}) < ZP(Reject H;|H; is true) < m -

J=1 7j=1

The Bonferroni correction is simple and easy to implement. However, it is also known to be
conservative, especially when the tests are highly correlated [138], as it is derived assuming

all tests are independent.

Holm-Bonferroni procedure An improvement over the Bonferroni correction is the Holm-

Bonferroni procedure [137]. The Holm-Bonferroni procedure is a step-wise approach to
controlling FWER. We begin by obtaining the m p-values for the m hypothesis tests and
then sort them in increasing order: pny < pe) < -+ < pem), so that (i) gives the rank in
Pi1s--.,Dm- We then compare each p-value to a sequentially adjusted significance level. In
particular, we compare p(1y to ao/m, p(2) to a/(m — 1), and so on, until we reach p,, which
is compared to . We reject all hypotheses Hj) for which p¢;) < o/(m — j + 1). In this way,
the Holm-Bonferroni procedure is considered to be a step-down version of the Bonferroni
correction, starting with the same adjusted smallest p-value, but applying a slightly smaller

penalty to other p-values, which results in more power than the Bonferroni correction.

Hochberg procedure The Hochberg procedure [134] is a FWER adjustment closely related to

the Holm-Bonferroni procedure providing a step-up version of the Bonferroni method. As with
the Holm-Bonferroni procedure, we begin by obtaining the m p-values for the m hypothesis
tests and then sort them in increasing order: pay < pey < -+ < pimy- If pamy < @, we reject
all hypotheses Hpy), ..., H(y). Otherwise, we find the largest & such that pg) < a/(m—k+1)

and reject all hypotheses Hyy, ..., Hgy.
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Reject Hy | Do not Reject H, | Total

Hy True V U mo
H, False S T m—my
Total R m—R m

Table 3.1: Multiple Hypothesis Testing Contingency Table.

Hommel procedure The Hommel procedure [138] is a step-wise approach to controlling the

family-wise error rate (FWER) in multiple hypothesis testing. In the Hommel procedure, we
begin by obtaining the m p-values for the m hypothesis tests and then sort them in increasing
order: piy < p) < -+ < pam). We then compare each p-value to a sequentially adjusted
significance level. That is, we compare p(;) to a/k for each j = 1,2,...,m, where k is the
largest integer j such that p(,—x1j;) > jo/k for all j =1,2,... k. We reject all hypotheses

Hy;) for which p¢;y < a/k.

Benjamini-Hochberg procedure The Benjamini-Hochberg procedure [26] is a widely used

approach to controlling the false discovery rate (FDR) in multiple hypothesis testing. The
false discovery rate is defined as the expected proportion of false positives among all rejected
hypotheses. In particular, consider Table 3.1 which summarizes the outcomes of multiple
hypothesis tests. V is the number of false positives (Type I errors), S is the number of true
positives, U is the number of true negatives, and 7" is the number of false negatives (Type II

errors). The false discovery rate (FDR) is defined as

FDR =E[Q] = E[V/(V + S)]| = E[V/R]

where we define Q@ = V/Rif R > 0 and @ = 0 if R = 0. Let ¢ be a prespecified level

upper-bound for the FDR (often 0.05). As with the previous FWER methods, we begin by
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obtaining the m p-values for the m hypothesis tests and then sorting them in increasing order:
Py < pe) < - < pemy- We then compare each p-value to a sequentially adjusted significance
level. That is, we compare p(;) to (j/m)q for each j =1,2,...,m. We reject all hypotheses
H;y for which pgy < (j/m)q. The procedure controls the FDR at level ¢ - my/m under

independent or positively dependent tests, where mg is the number of true null hypotheses.

Benjamini-Yekutieli procedure The Benjamini-Yekutieli procedure [27] is a two-stage adaptive

extension of the Benjamini-Hochberg procedure that controls the false discovery rate (FDR).
We again begin by obtaining the m p-values for the m hypothesis tests and then sorting them
in increasing order: py < pey < -+ < pamy. Next, we compute the constant k as the largest
integer j such that pg;) < (j/m)(q/>_1", 1/i). If no such j exists, we reject no hypotheses.
Otherwise, we reject hypotheses Hyy, ..., H(;). The procedure controls the FDR at level
q - mo/m under arbitrary dependence among the tests, where mq is the number of true null

hypotheses.

Westfall-Young procedure Cox and Lee [62] proposed using the Westfall-Young procedure to

adjust p-values for multiple hypothesis testing in the context of functional data. The Westfall-
Young procedure [301] is a step-wise resampling approach to controlling the family-wise error
rate (FWER) in multiple hypothesis testing. In the functional data analysis setting, we may
observe a function, y(x), over some finite collection of points q = {qi,q2,...,dm} C W.
We can obtain locally valid p-values for each of the m locations, so that we can then use
a step-wise approach to control the FWER of that collection of p-values. As described in
Algorithm 3.4, we begin by obtaining the m p-values for the m locations and then sort
them in increasing order: p) < p2) < -+ < P Let 7 be the permutation of the indices
1,2,...,m such that p(y = pr(j). That is, 7 is the permutation of the indices that sorts the
p-values in increasing order.

Next, randomly permute the data in a subset pivotal way, resulting in a new collection
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of p-values p*. Note that a distribution P has the subset pivotality property if the joint
distribution of the subvector P : i € I is identical under the restrictions Nier Ho; and HS', the
complete null hypothesis, for all subsets I of {iy,4s,...,7;} of true null hypotheses [301]. In
other words, the distribution of the test statistics for any subset of true null hypotheses is the
same under the global null and the subset null. This assumption allows us to use resampling
under the complete null hypothesis H§ as opposed to the partial hypothesis H{S.

Now, place the p*-values in the same order as the original p-values, i.e., p’(“j) = p;‘r( i) We
repeat this process B times and collect all of the randomization p-values into a 2d array p*. We
then transform the p* values into another 2d array of q*-values by computing the minimum
of the p* values that are greater than p(;) for each j. That is, A(jy0 = min{pz‘s)’g s> j} for
each j and /. Finally, we compute the p-values for each of the m locations by computing the

proportion of the B randomization p-values that are less than the original p-values. That is,

we compute
1oL
ro) =5 2 1l < py),
=1

which provide the m adjusted p-values.

The Westfall-Young procedure is a step-wise approach to controlling the family-wise
error rate (FWER) in the multiple hypothesis testing being performed. In other words, with
the Westfall-Young approach, we compute p-values at each of the m locations and then adjust

them to control the FWER.

Romano-Wolf procedure Romano and Wolf [258] proposed a step-down method similar to

the Westfall-Young procedure that relaxes the subset pivotality assumption in favor of a
randomization hypothesis. Here, we let G be a group of transformations acting on the data
X and we assume that the distribution of X is invariant under the transformations in G (i.e.,
X £ gX for all g € G). This has the advantage of allowing for more general hypothesis tests

to be performed based on the bootstrap, permutation, or other resampling techniques. Our
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Algorithm 3.4 Westfall-Young for Functional Data (Cox and Lee, 2008)

Input:
D Data

p Sorted p-values for each location
7 Indices

Output:

r  Adjusted p-values for each location

: for /in 1 to N do
D* « Subset Pivotal Permutation(D)
p* < Compute PV als(D*)

Pijye < p{m()}
:for jinl...m do
for /inl...B do
Ay ¢ min{p?sw cs> g}
TGy < Nt 25:1 I (qikj),é < p(]’))
return r

P T R

description here follows the approach of Romano and Wolf [258|. Rather than ordering the
p-values, the Romano-Wolf procedure focuses on ordering test statistics. Let T, To, ..., T,,
be a collection of m test statistics corresponding to m hypothesis tests Hy, Hs, ..., H,,. Note
that one can use T; = 1 —p; as the test statistic for hypothesis H; if p; is the p-value for that
test. We begin by sorting the test statistics in decreasing order: Ty > T(g) > -+ > T().
Similar to the Westfall-Young procedure, let m be the permutation of the indices 1,2,...,m
such that T(;) = Tr(;). That is, 7 is the permutation of the indices that sorts the test
statistics in decreasing order.

In the step-down procedure, we are interested in testing the intersection hypothesis
Hi = NjexHj for K1 = {n(1),7(2),...,m(m)}, Ky = {m(2),7(3),...,7(m)}, and so on.

Randomly sample B samples of the data by applying B transformations from G to the data,
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resulting in B collections of test statistics T. Let

. 1 B-1
Pr; =5 |1+ ; I (T, (9:X) > T, (X))

Then, at stage j, we test the intersection hypothesis Hg, and reject if px;, < o for K; =
{(G), G+1),...,(m)}

The Romano-Wolf procedure is similar to the Westfall-Young approach in that it provides
FWER control using a randomization approach, but differs in the level where the adjustment is
developed (i.e., test statistic vs. p-value) and the assumptions made (i.e., subset pivotality vs.
randomization hypothesis). This provides some advantages for the Romano-Wolf procedure in
terms of allowing for more general hypothesis tests to be performed based on the bootstrap,
permutation, or other resampling techniques. However, the Romano-Wolf procedure has not
proven to control FWER in the functional data setting, while the Westfall-Young procedure
has. Nonetheless, we will also see the Romano-Wolf procedure performs fairly well in most
settings along with some of the other multiple comparison procedures reviewed above, but it
also performs poorly in some settings.

Now that we have introduced each of the multiple testing correction procedures, we
will use them to analyze the pointwise p-values obtained from our local mixed-curve models
described in the methods section. Locally, we will be fitting a multi-level mixed-effect model
and obtaining pointwise p-values for testing the null hypothesis of no difference between
groups at each point. Thus, our final description of background material for our method will
be to review the multi-level modeling tools we will use to analyze the fitted local mixed-curve

models.

3.3.4 Multi-level Modelling

Because the local mixed-curve models represent curves hierarchically, we end up

estimating a multi-level model pointwise across the domain. Consequently, we also use
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some tools from hierarchical /multi-level modeling to analyze the fitted models pointwise. In
particular, we use the intra-class correlation coefficients (ICCs) to assess locally how similar
the curves are within the same group compared to curves in different levels of the hierarchical
model. We also use pointwise hypothesis tests to test if the there are population level
differences and group level differences locally in the fitted models. We briefly review these
concepts here but refer the reader to texts by Gelman and Hill [107], Snijders and Bosker [271]
and Goldstein [116] for more detailed reviews of hierarchical /multi-level modeling.
Multilevel models, also known as hierarchical linear models, use mixed-effect models to
decompose the variance of a response variable attributable to different levels of a sampling
hierarchy. For example, in a simple two-level model, we may have observations nested within
groups, and we may be interested in understanding how much of the variance in the response
variable is attributable to differences between groups versus differences within groups. In a
more complex three-level model, we may have observations nested within groups, which are in
turn nested within higher-level units, and we may be interested in understanding how much of
the variance in the response variable is attributable to differences between groups, differences
between higher-level units, and differences within groups. A classic example of a three-level
model is students nested within classrooms, which are in turn nested within schools. In this
example, we may be interested in understanding how much of the variance in student test
scores is attributable to differences between students, differences between classrooms, and
differences between schools. We might be interested in understanding how similar students
are within the same classroom compared to students in different classrooms, which is captured
by the intra-class correlation coefficient (ICC). Further, we may be interested in estimation
of a treatment effect, say some new learning method that is being introduced at some level
of the hierarchy (student, classroom, or school). We may then want to test the significance
of that treatment effect while accounting for the variability structured by the hierarchical

structure of the data.
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We will build up a multi-level model to illustrate these concepts as they will also apply
to our local mixed-curve model. First, consider a two-level model with observations ;;
nested within groups 7 for ¢ = 1,...,m and j = 1,...,n; . We have a single covariate x;;
and we want to model the relationship between y;; and x;; while accounting for the fact
that observations are nested within groups and allowing the relationship between y;; and
x;; to vary across groups. We will model the relationship between y;; and z;; using a linear
mixed-effect model with a random intercept and a random slope for z;; across groups.

We can write the model as

Yij = Bo + 511’1']' + ug; + U14€45

Up; 0'2 010041
7 w0 w0V u
where we assume ~ N (0,G;) where G; = and €;; ~ N(0,0?). Here,
2
U1; Ou00ul Ol

Bo is the overall (population-level) intercept, f; is the overall (population-level) slope relating
x;j 10 Yij, ug; is the additional (i.e., difference away from population-level) random intercept

for group i, uy; is the additional random slope relating z;; to y;; for group ¢, and ¢;; is the
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residual error. In matrix form, we can write the model as

y=XB+Zy+e

1 T11 1 T11 0 0 ... 0 0
1 T12 1 T12 0 0 ... 0 0
1 T1ing 1 T1ng 0 0 ... 0 0 Up1
1 T21 0 0 1 T21 ... 0 0 U1 r .
€11
1 T29 0 0 1 T29 ... 0 0 Up2
N S o €12
= |: : T : g | T
b
1 Tong |~~~ 0 0 1 Long -+ - 0 0
B . . . . . . . Emnp,
Uom, —_———
1 x, 0 0 0 0 ... 1 zmm Ui
L _
1 Zypn, 0 0 0 0 1 2y,
L _ L - >
X Z

where y is the vector of observations, X is the fixed-effect model matrix, 3 is the vector of
fixed-effect parameters, Z is the random-effect model matrix, « is the vector of random-effect
parameters (where we assume v ~ N(0,G)), and € is the vector of residual errors (where
we assume € ~ N(0,02I)). Here, G is the covariance matrix of the random effects, which in
this case would be a block diagonal matrix with elements equal to the individual covariance
matrices G; for each group . That is, we have G = &, G;.

Johnson [150] showed that the variability attributable to differences between groups

(level w) in this more complicated setting that includes both random intercepts and random



85

slopes is captured by the mean observation-specific random effect aiij

= var(ug; + u1%;;)
for sample in group ¢ and observation j. The random effect variance in this setting is

;g 2

. . . —92 _ 1 m . .
then mean of the individual variances o;; = > /", > %" 03, ;;, which is also computed as

62 = Tr(ZGZ")/n. Thus, in this case we can compute the intra-class corrleation coefficient

(ICC) for the model as

which in this case can be interpreted as how similar observations are within the same group
compared to observations in different groups. A higher ICC indicates that observations within
the same group are more similar to each other than to observations in different groups.

Estimation of the model parameters is carried out via maximum likelihood or restricted
(or residual) maximum likelihood (REML) estimation depending on if we are interested in
the estimation of fixed effects or random effects, respectively. This can be carried out using a
variety of methods; for example, iterative generalized least squares (IGLS) can be used [115],
as can Fischer scoring [184], the EM algorithm [180], profile likelihood methods [20], and
MCMC sampling [43]. We can test the significance of the fixed effects by comparing the
likelihood of a full model with the fixed effect to a reduced model without the fixed effect using
a likelihood ratio test on parameters estimated using maximum likelihood estimation. We can
also test the significance of the random effects ug; or uq; to determine if there are significant
differences between groups. This can be done using a likelihood ratio test comparing the full
model with the random effect to a reduced model without the random effect estimated using
restricted maximum likelihood estimation.

Now, we can consider a more complex three-level model with observations y;;, nested
within groups j, which are in turn nested within higher-level units 7. We can write the model
as

Yijk = Bo + b1k + toi + uriTijr + voij + V1ijTijk + Eij-
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Grouping all observations from nested group j together, we can write the model in matrix

form as
yij = Po + Bixij + uoi + u1iXi; + voi; + v145Xi5 + €5
. 0 2
Uo; 0.0 0u00ul
Here, we assume that ~ N , ,
2
U4 0 Ou00ul Oy
Voij 0 02 Ow00u1 )
~ N s and EijkNN<O,O'€).
2
U1ij 0 Tw00v1 Oy

Collecting all of the random effects into a single vector v and all of the fixed effects into

a single vector 3, we can write the full model across all data in matrix form as

y=XB+Zy+e

where Z = |7z 7| gives design matrices for the random effects for level [, and level [,,
(@) a0

~v ~ N(0,G) with v = and G = . In this model, the fixed effects f,
~©) 0 QW

and [ represent the overall (population-level) intercept and slope for ;;;, while the random
effects ug; and uy; represent the deviations of the intercept and slope for group ¢ from the
overall intercept and slope, respectively, and the random effects vy;; and vy,; represent the
deviations of the intercept and slope for nested group j within group ¢ from the intercept
and slope for group i, respectively.

For this model, we then have two levels of variability attributable to differences between
groups: the variability attributable to differences between groups i (level [,,) and the variability
attributable to differences between groups j nested within groups i (level ). The variability
attributable to differences between groups ¢ is captured by the mean observation-specific

random effect o2

ik = var(ug; + uyrig,) for observation k in group j nested within group 7.

The variability attributable to differences between nested groups j within groups i is captured
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by the mean observation-specific random effect o2 ijk = = var(vy;; + v14;%i;) for sample k in
group j nested within group 1.

The random effect variance for level [, is then the mean of the individual variances
gl=21%" Dy DI x> Which is computed as &) = Tr(ZWGWZWT) /n where Z™
is the portion of the random-effect model matrix corresponding to the random effects for
level I, and G is the portion of the covariance matrix of the random effects corresponding
to the random effects for level {,. The random effect variance for level [, is then the mean
of the individual variances o7, = + > 37" 7Y 0} ., which is similarly computed as
o} = Tr(ZWGMZMT) /n where Z™ is the portion of the random-effect model matrix
corresponding to the random effects for level I, and G is the portion of the covariance

matrix of the random effects corresponding to the random effects for level [,. Thus, in this

case we can compute the ICC for level [, as

1cC, = —— b
+ 0} +o?
and the ICC for level [, as
1CC, = 612“ +612“

o} + 0} + o2

where IC'C, can be interpreted as how similar observations are within the same group 1
compared to observations in different groups ¢, and IC'C), can be interpreted as the how similar
observations are within the same nested group 7 within group ¢ compared to observations
in different nested groups j within group ¢. We can also test the significance of the fixed
effects and random effects in this model using likelihood ratio tests as described above for

the two-level model.
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3.4 Methods

In this section, we describe a local kernel-based methodology for the analysis of non-
independent persistent diagram (replicated point pattern) data under a mixed-curve model.
Essentially, instead of globally parameterizing the intensity functions with basis functions,
we give a local polynomial parameterization to intensity functions. Our description follows a
simple repeated measures design with a single categorical covariate, but the described method
can be extended to more complex designs.

Essentially, we apply the Generalized Random Curve (GRC) (also referred to as
Generalized Non-Parametric Mixed-Effect (GNPME)) model of Cai and Wu [49] to estimate
the intensity functions of a replicated Poisson point process using a fine-pixel approximation.
We apply this method to persistence diagram point pattern data, treating the data as coming
from a replicated inhomegeneous Poisson process. This method involves fitting local models
for each query point of interest. Thus, we obtain pointwise estimates of the intensity function
along with associated p-values of interest and other parameter estimates for each query
point. We then use these pointwise p-values and a multiple testing adjustment procedure
to construct local and global hypothesis tests for mixed curve models. Finally, we obtain
further information about the model by estimating pointwise mean, variance and intra-class
correlation coefficient (ICC) surfaces for the fitted model.

Z n;

We begin with a collection of persistence diagrams {D;;}."

i1, where D;; is the persistence

diagram of the jth replicate of the ith individual, resulting in a total of N = [[}_, n; = [{D;; }|
diagrams. Each diagram D;; is a finite collection of points in the plane {Szak}£(;]1 C R? with
the kth point in diagram D;; denoted as s, = (bjjx, d;jx), where b;j; is the birth time and
d;;x is the death time of the kth topological feature in the diagram. Associated to each

diagram is an observed categorical covariate, G;;, whose value is one of L levels. Further,
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restrict® all of the diagrams to a common region, W C R2.

n,n;
ij=1

We then model the collection of persistence diagrams, {D;;} as a replicated
inhomogeneous Poisson point process with conditional intensity function, X;;(s|Gi; = gij)-
For notational convenience, we represent birth and death times as a single point in R? as
s = (b,d) and drop the condition on G;; to simply write \;;(s) for the intensity function.
We estimate the intensity functions );;(s) using a generalized nonparametric mixed-curve
model and a fine-pixel approximation (see Section 3.3.2), which provide the smooth intensity

function estimates for each observation j diagram on subject 7.

3.4.1 Nonparametric Mixed-Curve Model

To extend this to the nonparametric setting, we follow an approach due to Cai and
Wu [49], presenting it in the multidimensional case with a categorical predictor variable and an

additional level of nesting in how observations are obtained. Using a fine-pixel approximation,

n,n;
h,j=11

we bin our diagrams, {D;;} over W into m equally sized bins, {b;;;}i,, with volumes
a, centroids at {c;j;}7",, and counts of {y;;x}7~,. This provides us with spatially (and
hierarchically) indexed data (y;;x, cijx) (along with associated covariate G;;) for each individual
i, replicate j, and location c;;;. Conditional on subject ¢ and replicate j, the marginal mean
and variance are Elyqji|ciji|/a = Nij(ciyr) = e and Var[ye|cije] = ¢wi_j,1€V(uijk), where
¢ is a scale parameter, w;;;, are weights, and V() = ;i 1s the known variance function
for the Poisson distribution.

Consider a generic point u € W. We are ultimately interested in estimating and

conducting inference on the following nonparametric model:

Nigk = log (A (W) = a1 () + Y an, (W)(gy; = 1) + vi(u) + G (w). (3.20)

3This is not technically necessary, but is done for notational convenience. Mathematically, we would need
to adjust the likelihood by integrating over the union of regions.
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Here, we model the log of the intensity function associated with the diagram of the ¢th
individual and the jth replicate as a sum of three component functions. The first component
is comprised of the population-level functions o;(u) that can vary across the [ = 1,... L
levels of the categorical variable G;;, which are constructed from the population function for
group 1, ay(u), and the deviation functions for groups 2 through L, aa,(u). The second and
third components are the individual deviation away from the population-level, denoted v;(u),
that vary across individuals, and the replicate deviation from the individual level surface,
Gij(u), that vary across replicates.

Assume that locally at each point we can approximate each of the surfaces in Equation
3.20 via Taylor expansion. Let f(u) be a scalar valued function of the m x 1 dimensional

vector u and denote the partial derivatives of f(u) evaluated at u = uy by

Of(u)
(1) — \
=]
f(z) _ 9 f(u)
W du’ @ Ou u:uo,
f(:s) _ 9 f(u)
Y ouT ®ou’ ®@oul
f(p) _ P f(u)
uo @uT Q- ® au—': ®ou u:uo'
p—lﬂgmes

where ® denotes the Kronecker product. For p > 2, the dimension of f& is m x mr~1.

I
Denote the powers of (u —ug) as (u — uy)® = ® (u—ug). Then, by Taylor’s theorem, for u
i=1

in neighborhood of ugy, we have

r—1

f() & f(ug) + (u—ug) ") + Z %(u — o) P (u —up)*

p=2
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Then, in a neighborhood about a query point q*, we approximate each of our model functions

according to their Taylor series expansion. For the first component of the population model,

we have
r—1
7 * 17 1 1 17 * —
( (jk)) . al(q )+ (u( k) (1) + ZH (i5k) q*) (ozl)gi)(u(Jk) —q )®p 1
p=2
_ T;;k,@(l),
1 (a1)(q")
(W’ — qf) (1)
where Tj, = (u(”k) q:,) and [3(1) = ((al)gl*))m . Note, here, that
ijk ijk . 2
(" — qp) (uf"™ - q5) (1)
ijk ijk . 2
(" — qp) (uf"™ - q5) ((01)§)

we made a notf_xtional switch where we are considering a pa;ticular po_int u@* (from our
spatially and hierarchically indexed data) in the neighborhood of q* and approximating the
function at that point. It is still generic, but is now written this way to provide concrete
matrices that we will build up into the entire design matrix. We do the same for each of the

deviation surfaces resulting in

(aa) (M) = an (q*) + (T — g T (an,)

+ Z u(zyk )T(O‘Al)gi) (u(ijk) . q*)®p—1

zgk:/B for [ € {2,,L}
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where analogousl ,8(” = ax )W . Combining these equations results in
gously ((aa,)g? )m

where
~T
Tijk
and B8 = [BY.
distinction.

a(u) ~ Tz’jk5>

)
[Tiji | O¢r—1)xi] gi; =1

[Tz’jk ‘ Tiji ‘ 0(L—1)x|5<l)|] gij =2

[Tiji | Oq—1yxi) | Tiji | Op—qsryyxiay] 85 =01€1{2,...,L -1}

k [Tiji | Oz—1yx i | Tija] 8ij =L

.. B, Note here that [|-] is just denoting matrix augmentation for visual

Then, we approximate the individual deviation surfaces and the rep deviation surfaces
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in the same way. We have:

r—1
ij * ij * 1 1 ij * ij * —
l/i(u( ]k)) ~ Vz‘(q ) + (u(jk) —q )T(Vi)il*) + Z H(u( Jk) _ q )T<Vi)$‘)<u(]k) —q )®p 1
p=2""
= szbl(l) and
r—1
Gy () ~ Gj(a) + (P — ) TG + D H(u( M —q) (G (P — gy
p=2""

_ 2
This results in the overall approximation

. ~ 1 2
g(ll’ijk) = log (/\ij(q ) ~ Tz‘TjkB + Tz‘jkbg ) + Tijkbz('j)

a(q*) vi(q*) Cij(a*)
=TLB+Z\b" + 20

=T/B+ Ziib,

VARV

where Zl(]ll)C = Tijk: ZEJQI)f = Tijk: X (I[GEI)), Zijk = i @ s bSQ) = [bﬁ) .. b7(12¢21] and
0 Z;:
ijk

b=[b"b®] = b by ... by by ... by,,]. Here, we assume b®) ~ N(0,D;) and

D(l) 0

b® ~ N(0,D()) so that b ~ N(0,D), where D = (i.e. b 1 b®). Note

0 Dy

that Fan and Gijbels [94] recommend using only a first-order approximation (i.e., r = 1),
and in our estimations we often only use the Oth order (i.e., r = 0) which is essentially the
Nadaraya-Watson estimator in the mixed model setting. There is a general assessment that
is often made in these sorts of models that bandwidth selection is more important than the
order of the local polynomial for these models.

We can then stack the data across individuals and replicates to form the full model
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matrices:
n=gp) =XB+2Zb < p=g ' (XB+Zb)
where X = [T],;. TZMK]T and Z = [Z],...Z],]" (or stacked in any other suitable

ordering). To estimate a generalized linear mixed-model (GLMM) model, Breslow and
Clayton [41] proposed maximizing the penalized quasi-loglikelihood with respect to 3 and 8,

which has the form

N 1

- — ~b'D! 21
pql(B,0) { ;:1 d(}’hﬂz)] 5P b (3.21)

where @ includes all parameters in b and D and where the deviance measure-of-fit function is

d(y,p) = =2 /M jv;(uu)du.

Cai and Wu [49]| combined this with the local quasi-likelihood approach of Fan and Gijbels,
to obtain the Penalized Local Polynomial Quasi-Likelihood (PLPQL),

1
pipal(3.6) = [Zm o= Dty )| - 5D, 322

where Kj(-) = K(-/h)/h is a kernel function with bandwidth h, q* is the query point of
interest, and for mixed-effect Poisson log-linear regression, V(u) = u, u; = exp(X;3 + Z;b),
and X; and Z; are the [th rows of the model matrices, X and Z, respectively.

Differentiating Equation 3.22 with respect to 8 and 6 provides the score equations

Xi(yr— )
ZKh llee=al) owiV ()9 (1) =0 (3.23)
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and

ZKh o= |t D, (3.24)

Define the following working response:

yi=9(fy) + 9" () (y1 — ). (3.25)

Then, solution to the PLPLQ equation can be obtained via Fisher scoring by repeatedly
solving the following linear system:
XTQ,X XQ,7Z 3 XTQ,y

) - =7 . (3.26)
ZTQhX ZTQhZ—{—Dil b ZTQhS’

where ), = @{ilfllh with €y, = Kp(c; — q*)t; and 1; = ¢ow;V (@) [¢'(11,)]?. Equivalently, we

repeatedly fit the model
K)*y = K}/*X3 + K,*Zb,

where K, = &Y Kj,(¢; — q*), and then update y until convergence.

This approach is summarized in Algorithm 3.5. In the algorithm, we first initialize the
set of parameters B and b and then iteratively update the parameters until convergence.
At each step, we compute the working response y, the working means g, and the weighted
working covariance €. The algorithm then solves the mixed model equations (MME) to
obtain new working estimates 3 and b to recompute & with. The algorithm continues until
the deviance between the current and previous estimates is less than some threshold, 7. This
procedure can be simplified further by using a box kernel, filtering the data to be within a
neighborhood of q*, and then fitting a standard GLMM with polynomial basis to the filtered

data. This is computationally more efficient as it greatly reduces the sample size and hence
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Algorithm 3.5 Local IRWLS /Fisher Scoring for GLMM (Cai and Wu (2002))

[
—_

—
N

13:

14:
15:
16:
17:

H
T2

Input:
M Model
y Response

c Centroids
q" Query Points
Output:
@ Estimated Fixed-effect parameters
b Estimated Random-effect parameters

o Estimated Variance components
¢ Estimated log-likelihood

[X, Z] < constructModelMatrices(M, ¢, q*) > Construct model matrices
K, «+ Kn(s—q")In > Compute the kernel weights
[3,b] « initParameters(y, X, Z) > Initialize estimates
i+ g ' (XB + Zb) > compute the working mean
Doew(y; 1) = >,;(d;)? > compute the deviance current model
Da(y; ) = maxDouble
while ((Dyjg — Dpew)/Doig > 7 do > IRLS steps
Doia(y; 1) = Dinew (¥ 12) > update deviance
o g*I(XB + Zf)) > compute the working mean
y— Kyn+d )y — iv)] > compute the weighted working response
Q, «— [N, Kn(c; — a*)ow,V ()] In > compute weighted covariance matrix
7 TA T TS
[g] + solve ({)Z(Tg:;( }ZCngg] [ﬁ] , [)Z(TIIZZ;’]) > Solve Mixed Model Eqns.
Doew(y; 1) = >,(d;)? > compute the deviance current model
13,4,9] + [3,b,9Q] > Set final parameter estimates
0 < logLik(X,Z, 8.4, Q) > Compute log-likelihood
[0, 010), Op»)] = varianceComponents(Z, fl) > Extract variance components

return [3,b,5,5,0), 0p2, (]

the size of the model matrices used for all of the matrix computations in each iteration of

the algorithm. It also simplifies implementation considerably, as standard GLMM software

can be used to fit the local model. For these reasons, this is the approach we take in our

experiments and analysis.

This approach gives a pointwise model to apply to a collection of query points q =

{qi,...,qm}. For each query point q;, we can estimate the local models, A\(q;), and store
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parameters 3;, b;, along with relevant standard errors and likelihoods for full and reduced
models. With these likelihoods, we can then use pointwise likelihoods to carry out pointwise
likelihood ratio tests and estimated standard errors to compute pointwise intraclass correlation
coefficients. This results in unadjusted p-value surfaces and ICC surfaces. This is summarized
in Algorithm 3.6.

At the end of the estimation algorithm, we obtain a set of estimated parameters
that we can use to reconstruct the estimated surfaces of a(q), 2(q), and ((q), whose
exponentiated sum gives the scaled estimated intensity surface, ;\(q) /a. Additionally, we
have pointwise estimates of the likelihoods, which we can compare to an estimated likelihood

for a reduced model to carry out likelihood ratio tests, resulting in p-value curves. We also

o 52
) .. ) ) - bicet

have the pointwise intraclass correlation coefficients, JCCgupject = e — subjee 5

) ) subject rep(in subject) error

— 62 462
_ subject rep(in subject) ~2 ~2 ~2
and ICCLop oct) = T : where 62 .. .. 0% . . and & are the
rep(ln SUbJeCt) USUbjSCtJ'_O—?eP(in smlbject)+agrror subject’ rep(m SUbJeCt)’ error

estimated variances of the subject, replicate within subject and random error deviation
respectively. Finally, to carry out the global hypothesis test, we use a Westfall-Young
permutation procedure to adjust the pointwise p-values and then take the minimum over the
adjusted p-value surface as our global p-value.

Note that there is clear reasoning for using of the minimum adjusted p-value as the
global p-value. As stated by Xu and Reiss, “Clearly, the global hypothesis ... is just the
intersection of all of the pointwise hypotheses” [309]. That is, if there is any point in the
domain where we can reject the null hypothesis, then we must reject the global null hypothesis
that there are no differences anywhere in the domain. More explicitly, the null-hypothesis for

the global test in the functional setting corresponds to

Hy: f(s)=0 VseS,

for a function f defined over a domain §. This is equivalent to a family of pointwise null
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hypotheses,
{Ho(s) : s € S}.

Thus, if the collection of adjusted p-values is dense enough over the domain, then rejecting
the global null hypothesis when the minimum adjusted p-value is less than the significance
level o approximates and is asymptotically equivalent to rejecting the global null hypothesis
at level . This is essentially the same reasoning used by Olsen et al. [220] to prove that the
Benjamini-Hochberg procedure controlls FDR, in the functional setting. In our view, one
only needs an appropriate, trustworthy, multiple testing adjustment procedure that controls
the FWER over the collection of pointwise tests being carried out. Cox and Lee showed
that Holm’s [137| procedure is not an adequate approach for controlling the FWER in this
setting, as the Type I error rates converge to one as the number of pointwise tests increases
to infinity. In contrast, they showed that the Westfall-Young permutation-based approach
controls the FWER in this setting. Our experience with this approach shows that it can
maintain sufficient power to be useful in higher dimensional testing situations.

We end this chapter with an illustrative example of fitting the model to a simulated

dataset. We simulate one-dimensional hierarchical mixed curve data according to the model:
mi(tige| Gy = 1) = ti(1 = tign) ™" + biltign) + by (tin) + e

where bgl)(t) follows a Brownian motion model bgl)(t) ~ BM (0,1/0.008), bg) ~ GP(0,c(h)),
€ijk S N(0,0.008), t;;x S Uniform(0,1) and [ € {1,...,3}. Here, we use c(h) =
exp(—|h|/0.0008) (i.e. a Gaussian covariance function with scale, 1, and variance 0.0008).
We simulate I = 10 individuals with n; = 10 replicates each and observe data at 30 uniformly
distributed time points in [0, 1]. A plot of the simulated data is provided in Figure 3.5. In

this plot, each curve corresponds to a replicate curve for an individual colored by the group

level of the categorical variable. The true underlying population curves are shown in bold.
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Algorithm 3.6 Estimation Pipeline

Input:
{D;;} Persistence Diagrams
W Window
dr  Cell size
[Q}, Queries
M; Reduced Model

M  Full Model
Output:
A Estimated PIFs
6 Variance Components
p P-value Curves

I/CE ICC Curves

1 {yijr}, {sijr}] < bin(D;;, W, dx) > Bin the diagrams
2: (X, Z] < constructModelMatrices(s, s) > Construct model matrices
3: for Q, =Q1,...,Q,, do > Estimate for each query point
4: [/817 bla é—ea &subjecta 6rep(in subject) s El]u — [RWLS(ML {Yijk}> {Sijk}a Qu) > Fit full
o: [IBOa bOa 5-57 &subjecty a-rep(in subject)» g()]u — ]RWLS(M07 {Yijk:}a {Sijk‘}7 Qu) > Fit reduced
6: pi < pchisq(2 - (61 — 4y), df; — dfy) > Compute p-value
T é—s?ub‘ec
7: ICCU’SubjeCt “ 63\1bject+&r2ep(injsutbject)+&grr0r
. I/CE a-szubject+6’r2ep(in subject) C ICC

5 R U,I‘ep(il’l SubjECt) %Aa—gubject_‘:&?ep(in subject)+&grror > Ompute S
9: Ay < (1/dz)exp(XB; + Zby) > Reconstruct estimated intensity surfaces at @,
10: return [5\, 62, é'gubj, G 4P ICCyj, ICCiyd]

We fit the model according to the approach described above using a Nadaraya-Watson
estimator (i.e., r = 0) with a box kernel with bandwidth of h = 0.08. The estimated
population-level intensity surfaces are provided in Figure 3.6 along with raw and adjusted
p-value curves. From the pointwise estimated models on a fine grid of points in ¢, we
obtain pointwise estimates of fixed-effects, random-effects, variances, as well as likelihood
ratio test statistics. Using those, we construct the estimated population curves, individual
curves, standard deviation curves, and pointwise p-values. Note, we use a Kenward-Roger

approximation [158] to compute the pointwise p-values for the fixed-effect curves, as it is
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Generated Data From Hierarchical Mixed-curve ANOVA Model
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Figure 3.5: Simulated data from the example mixed-curve model. We have 10 individuals with
10 replicates, resulting in 100 total curves. Which categorical level each curve is associated to
(i.e. the group label) is determined by the group label G;;, which is sampled uniformly across
the 3 groups for each replicate curve. Each curve is observed at 30 uniformly distributed time
points in [0, 1]. The true underlying population curves are shown in bold and raw curves for
each replicate curve colored by group label G;;.

well-known that likelihood ratio tests can be anti-conservative in mixed-effect models.

While there is some evidence that there may be some benefit of using Kenward-Roger
approximations in the GLMM setting [283], there are no anyaltical results that we are aware
of that show that this is appropriate. Thus, we use the Kenward-Roger approximation for the
fixed-effect tests in the LMM setting, but we just use likelihood ratio tests for the GLMM
setting. For the random-effect tests, we use a 50:50 mixture of chi-squared distributions,
which was shown by Self and Liang [266] to be a more appropriate null distribution for testing
variance components. Note that parametric bootstrap approaches are also commonly used,
but we use the simpler adjustments here for computational efficiency.

Repeating the procedure over a large number of subset pivotal permutations (we used

200 here) of the group labels allows us to compute adjusted p-values for the fixed-effect curves
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using the Westfall-Young procedure. For this case, we permute the group label corresponding
to each replicate curve across all individuals and replicates while preserving the individual
and replicate structure of the data (i.e., we permute labels within individuals). Then, for
the individual random-effect tests the subset pivotal permutations involve permuting which
individual each replicate curve belongs to across all individuals and replicates. Finally, for the
replicate random-effect, a subset pivotal permutation involves permuting the replicate labels
within each individual across all samples within an individual, while preserving the replicate
group labels and the spatial index. That is, we shuffle which samples are associated to which
replicate within each individual and time point, but only across replicates of the same label.
These subset pivotal permutations ensure that the distribution of the test statistic under the
null hypothesis is preserved across permutations.

For illustrative purposes, we also provide adjusted p-value curves according to the Holm,
Hochberg, Hommel, Benjamini-Hochberg, Benjamini-Yekutieli, and Romano-Wolf procedures.
Note however, that we can only recommend the Westfall-Young procedure for controlling the
FWER in this setting based on the analytical results of Cox and Lee [62]. In this example
(see Figure 3.6 (c), (e), and (f)), it does appear though that all of the adjusted p-value curves
are fairly similar. However, to the best of our knowledge, the Westfall-Young procedure is
the only one that has been shown to have theoretical guarantees for controlling the FWER
in the local-test setting. We do suspect that the Romano-Wolf procedure may also control
the FWER in this setting, as it is also a test based on resampling and step-down procedures
similar to Westfall-Young. There are analytical results in the literature that show that the
Benjamini-Hochberg procedure over a dense sequence across the domain approximates a FDR
in the functional data setting, thus implying that local testing should be appropriate with
Benjamini-Hochberg adjustments (see [220]). However, for the global test (i.e., by taking
the minimum of the adjusted p-value curves), we can only recommend the FWER controlling

procedures as we would expect FDR methods to have inflated Type I error rates for the
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global test.

Comparing Figures 3.6 (a) to 3.5, we see that the mixed-curve model is able to recover
the underlying population curves quite well and that the Westfall-Young adjusted p-value
surface is able to identify the regions of the domain accurately where there are clear differences
between the population mean curves (Figure 3.6 (c)) and where there are not (i.e., where the
curves cross and the edges of the domain), and where there are individual and replicate-level
variations (Figures 3.6 (e) and (f)). The estimated variance curves (Figure 3.6 (b)) show
the increasing variability of the individual effects which stems from the Brownian motion
model used to simulate the individual effects. In contrast, the random error and replicate
variation are relatively constant across the domain. This has the effect of increasing intraclass
correlation coefficient curves (Figure 3.6 (d)) as a function of ¢ since the individual variation

is in the numerator of the calculation for both ICC curves.

3.5 Discussion

In this work, we made use of local hierarchical mixed-effect modelling to model collections
of persistence diagrams in a hierarchical design setting, treating persistence diagrams as
Poisson point processes. This approach allows us to model and conduct inference for
persistence diagrams under more complicated sampling and experimental designs than
previously considered in the literature. Notably, the methods could be applied beyond the
persistence diagram data and are more broadly applicable to repeated measures designs for
functional data and point pattern data. Additionally, we have constructed a hypothesis testing
procedure based on pointwise likelihood ratio tests and multiple comparison adjustment
procedures to globally test for differences in the population-level intensity function across
different levels of a categorical covariate after accounting for subject-level and replicate-level
variability. Because this is based off of local-testing, this also allows us to detect regions of

the domain where there are differences in the persistence diagrams between different levels of
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Figure 3.6: Estimated population intensity curves, variance curves, ICC curves and p-value
curves for a simulated data set with 10 subjects, 10 curves per subject, observed with noise
over 30 uniformly sampled points along the curve, from three groups of true mean curves.
(a) Estimated population curves for each group and estimated subject curves. (b) Estimated
variance curves for errors, rep and subject random effects. (c) p-value curves for the fixed-
effect test. (d) ICC curves for the subject and replicate random effects. (e) p-value curves for
the subject random-effect test. (f) p-value curves for the replicate random-effect test.
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the covariate.

3.6 Future Work

There are several avenues for future work. The first involves the use of other dependence
structures in the random effects. For example, we may wish to consider spatial or temporal
dependence structures in the random effects to model persistence diagrams changing across
space or time. In the Gleason grade application, this would allow us to model disease
progression over time or spatially over a tissue sample. In general, this would allow us to
model data collected over time or space and be able to account for the lack of independence
between observations due to these more complex dependence structures.

The methods could incorporate more than one predictor or continuous covariates in
the fixed-effects portion of the model, which would allow us to model the population-level
intensity function as a function of continuous covariates such as age or biomarker levels,
and explore group differences controlled for demographics of subjects. This would allow us
to better understand the relationship between the persistence diagrams and these types of
covariates.

In this work, we have only considered the case of a single global hypothesis test for
differences in the population-level intensity function across two levels of a categorical covariate,
though our method handles more than two levels of a categorical covariate as well. However,
because the fANOVA test considers multiple groups, it is important to be able to carry
out follow-up pairwise comparisons between multiple groups to better characterize which
groups differ from each other (and where in ¢ this occurs). As stated here, our method
does not directly allow for pairwise comparisons between multiple groups, though it could
be adapted to do so by carrying out pairwise comparisons between groups and applying a
multiple comparison adjustment procedure to control for the FWER. Future work could

involve developing these methods for carrying out pairwise comparisons between multiple
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groups while controlling for the FWER over ¢.

Another avenue for future work involves the use of Bayesian methods for estimating
the population-level intensity function and conducting inference. This would allow us to
incorporate prior information about the intensity function to obtain more accurate estimates
of the intensity function in settings with limited data and obtain model estimates when the
pointwise MLEs are not well-defined.

Finally, it would be worth investigating more complex point pattern models for modelling
the persistence diagrams. For example, we could consider Cox processes to model more
complex sources of variability or Gibbs processes to model dependence between points within
a persistence diagram. Gibbs processes were considered by Adler et al. [5] in the context of
modelling persistence diagrams, but not in the context of mixed-effect models or hypothesis
testing. This would allow us, for example, to model interactions between points in the
persistence diagrams and better understand the dependencies between topological features
within a persistence diagram. Additionally, we could consider marked point processes to
model the collection of persistence diagrams (i.e., multiple homological dimensions) in a
single model. In our modelling approach, we have treated each homological dimension
independently, but there is most likely a strong dependence between homological dimensions

that may be possible to model using marked point processes.
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CHAPTER FOUR

MIXED CURVE MODEL EXPERIMENTS AND GLEASON ANALYSIS

Now that we have introduced the mixed-curve modelling framework for estimating
and testing for differences in functional data, we carry out several experiments to evaluate
the Type I error rates and power of this method in various settings. We conduct several
simulation studies to evaluate the performance of the method in functional ANOVA settings
with different error models and noise levels, as well as in a point process intensity function
setting and a repeated measures functional ANOVA setting. Finally, we apply the method
to a dataset of 2D histopathology images of prostate cancer tissue graded according to the
Gleason grading system to identify differences in the topological features of the tissue between

the two grades.

4.1 Simulation Experiments

We carry out several experiments on simulated data inspired by a power analysis for
the functional ANOVA test originally carried out by Cuevas et al. [66] and expanded on
by Mrkvicka et al. [209]. Their experiments are conducted on a collection of 1D functions,
which we add an additional benchmark (Mb5) to, based on a scaled beta distribution, where
the local effect-size is greatest in the center of the domain where the edge-effect bias of the
mixed-curve estimator is smallest. The collection of benchmark functions for the means of

each of the 3 groups are as follows:
o M1:mg(t)=t(1—1t)forl=1,2,3 tel01],
o M2:mg(t)=t(1—-¢)°%"forl=1,2,3, ¢t€]0,1],

o M3:mg(t)=t">(1—1)*"°for 1 =1,2,3, te€][0,1],
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Function m1 Function m2 Function m3

m3()

Function m4 Function m5

Figure 4.1: 1D functions used in in our power analysis.

o M4 :my(t)=1+1/50"forl=1,2,3, tel0,1], and

o M5 :mg)(t) = (I = Dyt (1= )5 for 1 = 1,2,3, t€[0,1].

We provide illustrations of each function in Figure 4.1.

In the original Cuevas et al. [66] experiments, they considered experimental factors of
noise level and error model (white noise and Brownian motion). Levels of noise considered were
oBM =10.2,1.0,1.8,2.6,3.4,4.2,5.0} and """ = ¢BM /25 for the Brownian motion and white
noise cases respectively. We replicate these two experiments using an implementation in the
fdANOVA R package [209] and expand noise levels to also include o € {10, 15, 20, 25,50, 100}.
For each replicate curve in the 1D fANOVA experiments, we sample 25 points (¢, ..., to5)
over a fixed grid in the domain [0, 1] and sample n = 10 replicates (curves) for each function

m;(t). We compare the homogeneous and inhomogeneous versions of the Cuevas et al. overall
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F-test to our method of pointwise hypothesis testing with a Westfall-Young adjustment and
taking the minimum of the adjusted p-values. We also include other FWER adjustment
methods including Romano-Wolf, Hochberg, Hommel, Holm, and also the FDR adjustment
methods Benjamini-Hochberg and Benjamini-Yekutieli. With the functional ANOVA design,

we fit a reduced version of the model introduced in Equation 3.4:
mija)(tielGij = 1) = aaltije) + aay (i) [(GFP = 2) + aac (L) I(GF = 3) + vi(tijn) + €ij-

Notice the removal of the replicate-level random-effect term, ¢;;(-). For an additional baseline
comparison, we also include a likelihood ratio test using B-spline parameterizations of the
curves of order 2 with five equally spaced knot points across the interval [0, 1]. Note that,
for each experiment, we replicate the experiment 500 times and average the results across
replicates to estimate power and Type I error rates as a function of noise level and error
model.

Because we are interested in using the mixed-curve model for 1D and 2D point process
intensity functions, we consider other simulations not present in Cuevas et al. [66] that are
more directly relevant to this setting. In particular, we expand upon their experiments to
also include a 1D point process intensity function setting, a 2D functional ANOVA setting,
and a 1D hierarchical mixed-curve (repeated measures functional ANOVA) setting.

For the point process intensity function setting, we consider a scaled and shifted version
of the 1D intensity function defined. We first consider the max and min values of the three
functions (m;(t, 1), m;(t,2), and m;(t, 3)), denoted as d = max m;(t,l) and ¢ = Irll}:n m;(t,1).
Then, we scale all of them together by that range, (d — ¢), and transform the new min and
max to be between 0.3 and 0.6 respectively. Finally, the transformed functions are scaled by

BM

10000 and then 2000, and Gaussian process noise with variance o”" * 1M and scale 1 are

added. This ensures that the intensity functions are positive and have a reasonably large
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Figure 4.2: Example dataset of point patterns sampled from the inhomogeneous Poisson
process. Figure (a)-(c) give fine-pixel counts via a histogram with 50 cells for a single replicate
of the point pattern for each of the 3 groups with a rug plot below giving the raw data
points. Figure (d) gives all fine-pixel counts (scaled by inverse of volume, i.e. 50) for all
replicates and groups. Figure (e) gives the estimated intensity curves for each group using
the mixed-curve model.

number of points sampled from the inhomogeneous Poisson process to detect differences
with small sample sizes. We then sample a point pattern from the inhomogeneous Poisson
process with intensity function, Aq)(t), using the Lewis-Shelder thinning based approach (see
Lewis and Shedler [175] and Sec. 5.4.2 of Baddeley et al. [16]). An example dataset of point
patterns sampled from the inhomogeneous Poisson process is provided in Figure 4.2 along
with estimated curves from the associated mixed-curve model.

For the 2D case, we construct a rotation of the origin of the 1D functions about the

point (0.5,0.5). We do this by first composing the Ly norm function between a particular
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point, s and the new origin point (0.5,0.5) and scaling to fit the function across the diagonal

from (0.5,0.5) to (1.0,1.0). That is, for s € [0,1]?, we define the 2D functions as

m?(s) = m, (\/(s1 052 + (85— 0.5)2 x \/5/2) ,

for each of the 1d functions (M1 thru M5). Heatmaps for the 2D variants of the functions
are provided in Figure 4.3. For the 2D cases we sample K = 100 points uniformly from the
domain [0, 1]2.

With the repeated measures functional ANOVA design, we fit the hierarchical mixed-

curve introduced in Equation 3.4,
mij) (U Gy = 1) = o (tige) Fan, (tir) [(Gij = 2)+an, (tijr) I(Gij = 3)+vi(tije) +Cij (tir) +€ijie-

In this case, we simulate I = 30 individuals with n; = 30 replicates each and observe data at
K = 30 uniformly distributed points over the domain, ¢t. We consider a white-noise error
model here as well. We vary the noise level, o, at each of the levels of the hierarchical model
relative to a baseline model where v;(t;;1) = b; ~ N(0,0.008), (;;(tijx) = bij ~ N(0,0.008),

and €;;, ~ N(0,0.008). We then vary noise levels in oV,

4.2 Simulation Results

We now summarize the results of our simulation experiments, beginning with the
functional ANOVA setting. It is notable that all of the methods considered here typically
maintain Type I error rate control fairly well across all noise levels and are able to detect
differences when there is a true effect for some range of noise levels.

Results for the white-noise error model case with B = 500 simulations are summarized

in Figure 4.4. Surprisingly, we do not see the minimum FDR-adjusted p-values (Benjamini-
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Hochberg and Benjamini-Yekutieli) performing poorly on M1, as we would expect them to
have inflated Type I error rates in this global hypothesis testing setting. This may be due to
the fact that the number of pointwise tests being carried out here (100) is not large enough
for the FDR methods to have inflated error rates. In general, we see that most methods are
conservative for the case where the null hypothesis is true (M1), except for the likelihood
ratio test of B-splines and the Romano-Wolf adjustment method, both of which are only
slightly conservative. For the other benchmarks (M2-M5) where there is a true effect, we
see that likelihood-ratio, Romano-Wolf, and Benjamini-Hochberg methods consistently had
the highest power across all noise levels and functions. The Westfall-Young, Hommel and
Benjamini-Yekutieli methods group together in the middle with more moderate power, while
the Cuevas et al. methods have the lowest power overall for assessing the global hypothesis
across time.

For the Brownian motion error model case, results are summarized in Figure 4.5. Here,
we see somewhat similar trends as in the white-noise case, except that the likelihood ratio test
of B-splines now is anti-conservative along with the inhomogeneous Cuevas et al. method.
Benjamini-Hochberg and Cuevas homogeneous methods were only slightly conservative (with
estimated rejection rates at about 0.03) while the remaining were all even more conservative
(with estimated rejection rates near 0.01). For the benchmarks with true effects (M2-M5),
we again see that the likelihood-ratio test of B-splines was the most powerful and Benjamini-
Hochberg and Romano-Wolf methods also having high power. The Cuevas methods usually
had lower power for these benchmarks, and the remaining methods usually clustering together
in the middle with more moderate power.

In the point pattern case, results are summarized in Figure 4.6. We see the Likelihood
ratio method is anti-conservative, meaning the nominal Type I error rate is larger than the
specified level (i.e., 0.05), while all other methods are conservative for Type I error control

across the noise levels. Romano-Wolf and Benjamini-Hochberg methods had the highest
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power across the other benchmarks, while the remaining methods all grouped together with
slightly lower power across the noise levels. Overall, we see that all methods except for the
Likelihood ratio test of B-splines had good Type I error control and power across the noise
levels for the point process case, which is encouraging for the use of these methods in this
setting.

Results for the 2D functional ANOVA case are summarized in Figure 4.7. Here, we
see that Romano-Wolf was anti-conservative for Type I error control which is then offset
by maintaining higher power. The remaining methods all seem to mostly group together,
with Westfall-Young maintaining the closest to nominal Type I error rate control and having
the highest power among those methods. Benjamini-Yekutieli notably had very conservative
Type I error rates and the lowest power overall.

Next, consider the case of the repeated measures functional ANOVA setting. Results
for the case where we increase the lowest level of noise (i.e., the white-noise error term) are
summarized in Figure 4.8. Here, we see that all methods typically maintain good Type I error
rate control but are typically conservative with the exception of one or two noise levels. All
of the methods have similar power curves, except for Benjamini-Yekutieli which has notably
lower power than the other methods, which also coincides with being more conservative
for Type I error control. For the case where we increase the middle level of noise (i.e., the
individual-level random-effect term), results are summarized in Figure 4.9. Here, we see Type
[ error control is only maintained well for the permutation based methods (Westfall-Young
and Romano-Wolf), while the other methods are anti-conservative at all noise levels. Power
is maintained at 1 for all methods in the cases where there is a true effect. We believe that
this is likely due to the fact that rep-to-rep variablity is being captured well by the model
even at high levels of individual-level variability. Finally, for the case where we increase the
highest level of noise (i.e., subject-level random effect), results are summarized in Figure

4.10. Here, we see a similar pattern for the lowest level of noise case. The permutation based
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methods maintain Type I error control well, while the other methods are anti-conservative.
This lack of Type I error control also coincides with high power across the range of noise
levels. In contrast, the Type I error rates and the rates for power for the permutation based
methods (Westfall-Young and Romano-Wolf) appear to be reasonable.

Overall, we see that the Westfall-Young and Romano-Wolf methods generally perform
well in these experimental settings with a few exceptions. One thing to keep in mind with
these experiments is that the number of pointwise tests being carried out here is relatively
small (100 for 1D and 400 for 2D) and the sample sizes are also small (n = 10 for each group
in 1D and 2D and n;,n;,n; = 30 for the hierarchical setting). We may expect that the results
to improve for these methods with larger sample sizes and potentially get worse for some

methods as the number of pointwise tests increases.

4.3 Gleason Data Analysis

In this section, we apply the local mixed-curve modelling approach to a dataset of 2D
images of histopathology images of prostate cancer data graded according to the Gleason
grading system [91] as described in Chapter 2. For this analysis, we have a dataset consisting
of 200 512 x 512 pixel images of prostate cancer tissue, with each image graded according to
the Gleason grading system and being of one of two grades: 3 or 4 (ngs = 147, ngy = 53).
It is important to distinguish between Gleason grades 3 and 4 as they have very different
prognostic implications for patients, with grade 4 being much more aggressive and associated
with worse outcomes than grade 3. Additionally, it is often difficult for pathologists to
distinguish between these two grades, resulting in high inter- and intra-observer variability in
grading from pathologists.

Images are obtained from ¢ = 1, ..., 10 individuals, with 7 = 1,..., 10 replicate images
per individual. Nuclei locations were extracted from these images using a U-net convolutional

neural network [259] obtained from the HistomicsTK python library [238] so that the raw pixel
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images are converted into 2D point clouds of nuclei locations. See Figure 4.11 for examples
of nuclei extracted from images of different Gleason grades. We then apply a Vietoris-Rips
filtration (Section 2.3.1) to each image and compute persistence for each filtration, resulting
in both 0 and 1-dimensional persistence diagrams for each image. We then fit the mixed-effect
PLPQL model (described above) to the persistence diagrams with a fixed effect for Gleason
grade and nested random effects of individual and replicate within individual pointwise over
a grid of query points.

For the 0-dimensional diagrams (Hy)', we estimate a 1-dimensional persistence intensity
surface, as all connected components are born at the same time (¢ = 0) and only have varying
death times. Thus, the H, persistence diagrams for this filtration can be represented as
a collection of points along the death axis, resulting in a 1D persistence intensity surface
estimation problem. Here, we use a 1D Box kernel with bandwidth h = 4 and consider query
points over a sequence of 100 points over the interval [D,,in, Dmaz), Where Diyin, Dipas are the
minimum and maximum death times across all Hy persistence diagrams in the dataset. For
the 1-dimensional diagrams (H;), we estimate a 2-dimensional persistence intensity surface
as both birth and death times vary for 1-dimensional features. Here, we use a 2D Box kernel
with bandwidth A = 15 and consider query points over a sequence of 30 x 30 grid points over
region [15,60]? of the birth-death plane.

We provide results of the Hy persistence diagram analysis in Figure 4.12. In panel (a),
we see that the estimated population-level persistence intensity curves for Gleason grades 3
and 4 differ in that the intensity for grade 4 is higher for the entire range of death times in
the window considered. This indicates that there are on average more connected components
in the nuclei location point clouds for grade 4 images than for grade 3 images. This makes

sense biologically, as higher Gleason grades are associated with more chaotic tissue structures,

IThis is not to be confused with the null hypothesis, which we will state explicitly in this section when
needed.
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which often leads to smaller glands and a higher density of nuclei in the tissue, leading to
more connected components in the Rips filtration. In fact, the average number of points in
the 0-dimensional persistence diagrams across all images for grade 3 images is about 262
while for grade 4 images is about 375. Note that there are subtypes of Gleason grades 3 and
4 that can lead to larger and smaller, or more spread out gland structures, so this pattern
may not hold for every case.

Carrying out the global hypothesis test for fixed-effect differences in the 1D intensity
curves between the two grades, we obtain a p-value of < 0.01 after the Westfall-Young
adjustment and taking the minimum adjusted p-value across the death time range. This
indicates strong evidence against the null hypothesis of no difference in the persistence
intensity surfaces between the two grades, after accounting for individual and replicate level
variability. We also see in panel (c¢) from the pointwise adjusted p-value curve that there is
strong evidence against the null hypothesis of no differences in the intensity surfaces across
most of the range of chosen death times (between 10 and 40).

In panel (b), the standard deviation curves for the random effects are relatively high for
the lower death times, indicating greater variability in the number of connected components
with those death times across both individuals and replicates. Similarly, intraclass correlation
coefficients (panel (d)) are relatively high for small death times and decreasing as death time
increases. This corresponds to a maximum of about 0.4 for the replicate level ICC and about
0.2 for the individual level ICC, indicating moderate amounts of similarity at both levels of
the model in the number of connected components for smaller death times. This helps justify
the use of the mixed-effect model for these data, as there is also a moderate proportion of
total variability being explained at both the individual and replicate levels.

Next, we provide results of the H; persistence diagram analysis in Figure 4.13. In panels
(a)-(c), we also see that the estimated fixed-effect persistence intensity surfaces for Gleason

grades 3 and 4 differ in that the intensity for grade 4 is higher in the region of average lifetime
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and average persistence (similar to the Hy case). This again makes sense biologically, as
higher Gleason grades are often (though not always) associated with smaller glands, which
would lead to more 2-dimensional holes in the nuclei location point clouds for grade 4 images
than for grade 3 images.

In panels (i)-(f), we see that there is strong evidence against the null hypothesis of no
differences in the persistence intensity surfaces between the two grades for both 0 and 1-
dimensional persistence diagrams after accounting for individual and replicate level variability
(p-values < 0.01) and strong evidence against the null hypothesis of no variability at both
the individual and replicate levels (p-values < 0.01 for both tests). We also see from the
pointwise population-level hypothesis test surface that there is strong evidence against the
null of no differences in the intensity surfaces across portions of the domain where differences
in the intensity surfaces are greatest. This is also generally true for each of the random-effect
hypothesis tests. However, the domain of significant differences is large for the individual
random effects as compared to the replicate random effects, indicating that there may be
some spatial clustering of points within individuals across the domain. From panels (d)-(f) we
also see estimated standard deviation surfaces for the individual and replicate level random
effects are roughly similar in structure, resulting in intraclass correlation coefficient surfaces
(panels (g) and (h)) that are also similar in shape but with lower magnitude for the replicate

level ICC surface.

4.4 Discussion

In this work, we carried out simulation experiments to demonstrate the effectiveness
of our hypothesis testing approach in detecting differences in the population-level intensity
function across different levels of a categorical covariate. We found that the Westfall-Young
and Romano-Wolf methods generally perform well in controlling the Type I error rate and

have good power properties in this setting, while other methods such as the Holm and
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Benjamini-Hochberg adjustments can be anti-conservative in some settings. However, the
only method that consistently controlled the Type I error rate across all of our simulation
experiments was the Westfall-Young method, which is also the only method with known
theoretical guarantees for controlling the Type I error rate in this setting.

We have also applied our method to a real-world dataset of histopathology images of
prostate cancer tissue, demonstrating its practical utility in analyzing complex biological data
with repeated measurements and multiple sources of variability using topological descriptors.
In our Gleason data analysis, the design involves repeated measurements on the same subject,
which is a common sampling design in many applications. Thus, we considered a hierarchical
design with replicates nested within subjects, where each replicate is also associated with a
categorical covariate (Gleason grade). This model allows us to model the variability in the
persistence diagrams due to both subject-level and replicate-level effects, while also allowing
us to model the population-level intensity function as a function of covariates, accounting for
these sources of variability. As a consequence, we are able to obtain more accurate estimates
of and inferences for the population-level intensity function and better understand the sources
of variability in the persistence diagrams. This is particularly important in applications
where there is large variability between subjects and replicates, and unbalanced numbers of
replicates per subject, which is common in biological and medical settings.

Additionally, this kind of analysis can be particularly important when conducting
statistical inference in randomized controlled trials with repeated measurements on subjects,
as is common in clinical settings. It is in this kind of setting where we are most often interested
in hypothesis testing for differences across different treatment groups while accounting for
the variability between subjects and replicates. The hierarchical mixed-effect model allows
us to account for the lack of independence between repeated measurements on subjects and
replicates on subjects, which is important for obtaining valid statistical inference. Added

information from intra-class correlations provide insight into the process being studied and
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relative sources of variation.

4.5 Future Work

The simulation experiments we have considered suggest that the minimum of the
Westfall-Young adjusted p-values generally works well in controlling the Type I error rate and
has good power properties in this setting. However, the properties of this estimator for the
global hypothesis tests are still not well understood, and so the theoretical properties of these
estimators need further investigation. Additionally, the Romano-Wolf adjustment method
appears to have comparable results to the Westfall-Young method in many of our simulation
experiments. For this reason, it would be worthwhile to explore the theoretical properties of
the Romano-Wolf adjustment further in this setting, as the Romano-Wolf method is more
flexible than the Westfall-Young method because it applies to bootstrap or resampling-based
hypothesis tests. Thus, it could potentially be applied in a wider range of applications
including pairwise comparisons between multiple groups (or more general contrasts) and
one-sample tests against a known baseline function.

We also note that our experimental results are likely the only power-analysis results that
exist in the literature that are intended for power analysis of persistence diagram hypothesis
tests. However, our experiments did not use persistence diagrams as the data source, but
rather functional data and point pattern data. Thus, it would be worthwhile to carry out
further simulation experiments where the data source is persistence diagrams themselves.
This would allow us to understand the performance of our hypothesis testing procedure better
in settings that more closely resemble real-world applications. It would also be worthwhile
to compare our method to other existing methods for hypothesis testing with persistence
diagrams, such as the distance-based methods on persistence-diagrams of Robinson and
Turner [256] or the permutation based methods on persistence intensity functions of Chen et

al. [56]. This would allow us to better understand the relative performance of our method in
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comparison to these existing methods.
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Figure 4.11: Top row gives examples of 512 x 512 grayscale images for (from left to right)
Gleason grades 3, 4, and 5. Bottom row gives corresponding nuclei location point clouds
extracted from each image using a U-net convolutional neural network.
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CHAPTER FIVE

KNOT-SELECTION AND ADAPTIVITY

As stated in previous chapters, estimation of persistence intensity functions is
nonparametric in nature. The space of functions that we are trying to estimate is large
and complex [256, 285, and we have no prior knowledge of the underlying functional form.
Thus, we need a flexible method to estimate these functions. B-splines are a popular choice
for nonparametric function estimation due to their efficiency, ability to adapt to different
functional forms, and interpretability (i.e. the ability to understand the model’s internal
mechanics). However, the quality of fit for a particular dataset is highly dependent on the
choice of knot points. Thus, selecting knot points is an important problem when using
B-splines for function estimation.

Stochastic search algorithms are an effective way to solve the B-spline knot selection
problem. However, stochastic search algorithms often require a large number of (in this case,
expensive) fitness function evaluations to find good solutions. In an attempt to mitigate
this issue, we apply a modern cooperative coevolutionary algorithm — factored evolutionary
algorithms (FEA) [282] — to the B-spline knot selection problem. This work was published in
proceedings of the IEEE Symposium Series on Computational Intelligence [112]. In this work,
we demonstrate FEA’s performance on a variety of benchmark functions and compare FEA to
traditional stochastic search methods. We also propose an FEA-specific method to evaluate
Mean Squared Error (MSE) more efficiently that providing performance improvements for

the method.
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5.1 Introduction

Fitting a curve to data (i.e., nonlinear regression) is an important and foundational
problem for many fields, as we often obtain data which follow some unknown functional form.
In Chapter 3, we described how we can use both B-splines and kernel regression estimators
to estimate persistence intensity functions. Our focus in this chapter is on the B-spline
estimator, and in particular, the problem of selecting knot points for the B-spline basis
functions. B-spline basis functions are a popular choice to form a basis for approximating
unknown functions due to their efficiency (with respect to number of parameters) and ability
to adapt to different functional forms. Adaptation is enabled by the selection of knot points,
which determine the underlying space of functions allowed to fit the data and hence the
quality of fit for a particular dataset/knot-vector combination.

While estimating a B-spline curve with a fixed knot vector is a basic linear optimization,
determining the best knot vector is notably more challenging. Finding the optimal knot vector
to minimize mean squared error (i.e., the full functional problem [117]) for a specific data
set is a nonlinear optimization problem [152] with a potentially large number of stationary
points [252].

Other issues with knot selection have been found that make this optimization particularly
challenging. First, Jupp [152] showed that the “lethargy” property [151] is intrinsic to the
knot selection problem, which states that the normal component of the gradient field of the
objective function is zero along the main faces of the simplex defined by the knot vector. This
has the consequence that the objective function has many stationary points, is non-convex,
and has poor convergence for gradient based algorithms when solutions are near the boundary,
which is often the case.

Second, Zhou and Shen [316] described the knot confounding problem, which arises from

the interdependence of knots on the resulting quality of fit. This problem manifests as a
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problem for step-wise insertion/removal algorithms where knots cannot be added, removed,
or moved without modifying nearby knots or severely degrading fit. This interdependence
can also manifest as the “two steps forward, one step back problem” in stochastic search
algorithms [292], where some knots move closer to the optimal solution while others move
away, contributing to slower convergence rates and potentially suboptimal solutions.

Finally, the curse of dimensionality is inherent to the knot-selection problem. As we
consider estimating more complex functionals, we require more knot points to capture the
complexity of the function. This puts greater computational demands on the optimization
algorithm to find the optimal knot locations as both the size of the search space and
computation of the objective function grow exponentially.

In this chapter, we apply factored evolutionary algorithms (FEA) to the knot selection
problem to mitigate some of these issues. FEA is a stochastic search algorithm that separates
the objective function into smaller, more manageable, overlapping subproblems and optimizes
the collection of these subproblems to iterate towards a global solution [282]. We find that
this novel approach to the knot selection problem is both effective and potentially more
computationally efficient than traditional stochastic search algorithms. While there are
many heuristic based approaches to the knot-selection problem, we focus our comparisons on
stochastic search algorithms as FEA can be thought of as a meta-algorithm that (traditionally)

takes other stochastic search algorithms.

5.2 Literature Review

Determining how best to solve the knot selection problem is well-studied with many
potential solutions. Each solution has some way of determining both the optimal number of
knots and the optimal placement of those knots. Some of the earliest methods for solving
the knot selection problem date back to the late 1960s and early 1970s. For example, de

Boor and Rice proposed the SWEEP and OPT algorithm [73|, which alternate between adding
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knots and then repositioning one at a time. At a high level, SWEEP can be thought of as using
cyclic coordinate descent to determine the location of knots in the vector.

Various step-wise forward and backward selection procedures have also been proposed
that use a variety of selection criteria (e.g. MSE, AIC, BIC, GCV, C,) to guide the
insertion and removal of knots. This includes work on TURBO [102]|, MARS [101], LOGSPLINE,
POLYMARS [278], and the insertion/removal /relocation algorithm of Zhou and Shen [316].

There are also various methods based on geometric heuristics. For example, Park and
Li [225] proposed a method that uses a two-stage approach where in the first stage, “dominant
points” are selected and in the second, knot positions are optimized to balance inter-segment
shape index distance. Both Li et al. [177] and Michel and Zidna [196] use heuristics based on
estimates of discrete local curvature for the addition of knots. Razdan uses arc length and
curvature estimates to select points of interest [249|. Aguilar et al. also rely on estimates of
curvature for a knot readjustment scheme [7]. Some methods place knots where estimates
of the fourth derivative are largest [114]|. Yeh et al. [312] also make use of derivatives as a
heuristic for knot selection.

Finally, there is a fairly large body of work emerging that use and adapt various
stochastic search methods. For example, Miyata and Shen [199] and Pittman [234] use
Genetic Algorithms (GA). Iglesias and Galvez [125] and Mohanty and Fahnestock [201]
use Particle Swarm Optimization (PSO). Luo et al. [185] use Differential Evolution (DE).
Galvez and Iglesias use the Firefly algorithm [106] and Galvez et al. use the elitist clonal
selection algorithm [105]|. Finally, Miyata and Shen [199, 200] use evolutionary algorithms
with simulated annealing. Stochastic search algorithms often have good theoretical guarantees
for finding an optimal solution and work well in practice, but they can be expensive

computationally.
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5.3 Background

Here, we provide a brief introduction to B-splines but refer the reader to the classic text
by De Boor [72] for a more thorough treatment of the topic. This is followed by a discussion

of stochastic search and FEA.

5.3.1 B-splines and Knot Selection

B-spline basis functions are piecewise polynomial functions of a given degree, d, defined
by a nondecreasing sequence called a knot vector: k = (ko, k1, ..., k). B-spline basis functions

can then be defined recursively through the Cox-de Boor formulation [71]. The base case is:

)

0 otherwise

Then, the general case for the i-th basis function of degree, d, is:

t—1 t; —1
Bi,d(t) = mBi,d—l@) + M(;’ii_—l_tHBi+Ld_1(t).

A B-spline curve, C, is then defined as a linear combination of the basis functions:

C(t) = Z 0;B;a(t).

Regression splines use this functional form to fit a curve to data according to the following

model:

p
v = f(xi)+€6 = Z 0B a(x;) + €.

1=0
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This model is estimated by solving the least squares problem:
6=(B'B)"'B'y, (5.1)

where B, ; = B; 4(x;).

Note that model matrix, B, is sparse (depending on the order of B-spline) enabling the
system to be solved efficiently with sparse iterative solvers. In the B-spline knot selection
problem, we find the knot vector that minimizes MSE for some dataset D = {x;,y; }};:

k" = arg min Z@Z — )2

k,0 i—1

Note that other criteria can be used to determine the optimal knot vector (e.g. AIC, BIC,
GCV, or Mallow’s C,).

When using stochastic search to solve the knot selection problem, the algorithm
coordinates search by determining which next knot vector to evaluate by solving the least
squares problem and computing MSE. However, an important property of the knot vector is

that it is sorted, so the search space is constrained to the p-simplex:
Sp[a,b]:{kGRd:a:kl <k2< <kp:b}

This can be achieved directly by re-instantiating the search domain at each step or more
simply by sorting the knot vector before each evaluation, which is the approach we use in
our implementations of stochastic search algorithms and FEA. Note, however, that resorting
may change the behavior of the stochastic search algorithm because it requires re-association
of the variables in the knot vector with the variables in the model matrix (and hence the
members of the population in the case of population-based algorithms). We believe these

effects to be minimal, but they are worth noting.
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5.3.2 Stochastic Search

We explore three traditional stochastic search algorithms as base algorithms to FEA:
PSO, GA, and DE. All three algorithms have been applied to the knot selection problem
in prior research [125, 185, 313|. The novelty of our method is in the use of FEA wrapped
around these three methods. Before we describe our use of FEA, we briefly recap each of
these algorithms. There are many variants of each of these algorithms, but we describe the

variants we use in our implementation of FEA.

Particle Swarm Optimization PSO is a nature-inspired stochastic search algorithm where

a population of particles searches for the optimal solution by updating their positions and
velocities based on their “individual” and “social” knowledge [157]. Many variants of the
algorithm have been developed, but the general framework involves a population of particles
that iteratively update their positions and velocities based on their own best position and the
best position found by the entire swarm. Mathematically, the velocity update (using gBest

updates) from iteration ¢ to ¢ + 1 is given by

vi(t+1) =w-vi(t) +crri(pi — ki(t)) + cara(g — ki(1))

and the position update equation is

ki(t+1) = ki(t) + vi(t + 1),

where v; is the velocity of the ¢th particle, w is the inertia weight, ¢; and ¢y are acceleration
coefficients, r; and ry are random Uniform(0, 1) numbers, p; is the personal best position of
the ith particle, g is the global best position and k;(t) is the position of the ith particle at
iteration t. The personal and the global best positions are then updated at each step of the

algorithm if the current position has better fitness.
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Genetic Algorithms GAs are a class of evolutionary algorithms that imitate the process of

natural selection to find optimal solutions [136]. The general framework of this algorithm
involves a population of candidate solutions that evolve over time through selection, (the
means by which individuals are selected for reproduction), crossover (the means by which
genetic information from two parent individuals is combined), and mutation (the means
by which random changes are introduced to the offspring). Mathematically, the uniform
crossover operation (a version of binomial crossover where the crossover rate is 0.5) combines

genetic information from two parent individuals to create new offspring:

ki ifr<05
Kehita,a = ;
k;, 4 otherwise

where k;, and k;, are two individuals selected from the population, k.4 is the new offspring,
and 7 is a uniform random variable between 0 and 1. The mutation operation introduces

random changes to the offspring:

Kputatedcnita = Kenita + €,

where K,,utateacnita 18 the mutated offspring and € is a random mutation vector. In single-stage
tournament selection with the parents (the method we use), the new child replaces the parent
if the child has better fitness than the parent. Note that there are many variants of each
of these operations, and the specific implementation can vary widely across different GA

implementations.

Differential Evolution DE is a population-based evolutionary algorithm that iteratively

improves candidate solutions through the mutation, crossover, and selection operators [280].

Several variants of the algorithm have been developed, but the traditional algorithm uses a



139

population of candidate solutions that evolve over time through mutation, crossover, and
selection. Mathematically, the mutation operation creates a trial vector, u;(t), as a particular

linear combination of three randomly selected population members

ui(t) = kil (t) +F- (klz (t) - kis (t>>7

where F' € (0,00) is the scaling factor and k;,, k;,, and k;, are three distinct randomly

125
selected individuals from the current population. The binomial crossover operation then
modifies each element d from the parent population member, k;, randomly from the trial

vector:
/ u,q(t) ifU(0,1) <CR
i,d(t) = ’
k;4(t) otherwise
where C'R is the crossover rate. If deterministic selection is used, the new child vector, K’,

replaces the parent vector, k, if the child vector has lower (in the case of minimization) fitness

than the parent:

ki(t) if f(K'(2)) < f(k(t))
ki(t+1)=

k;(t) otherwise

5.3.3 Factored Evolutionary Algorithms

FEA is a relatively new class of stochastic search algorithms that subdivide the problem
into overlapping “factors” [282]. Each factor is given its own optimization routine and the
factors compete with and share information with one another to iterate towards an optimal
solution by maintaining a global solution G, also referred to as the context vector.

Given a parameter set, k = {k;, ko, ..., kg}, with index set Z¢ = {1,..., d}, the factor

architecture, JF, is a collection of subsets of k such that F; C k for each F; € F and
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U'lﬂ.‘]-'Z = k. Associated with each factor is an index set, Z; = {a € 7% : k, € F;}, and

an optimization algorithm that searches via a subpopulation, &;. In the other direction,
associated with each variable k; is the set of factors containing that variable O; = {F}, €
F : k; € Fi}, called the “overlap.” Additionally, there are the subpopulations associated
with the factors in the overlap set, referred to as “overlapping subpopulations” and denoted
(08); ={S, € S : k; € F;}. After initializing the global context G and each subpopulation
S, the FEA algorithm repeats three steps until convergence: update, compete, and share.

During the update step, each subpopulation, &;, is optimized relative to the objective
function, f(k), allowing only the variables associated to its factor, F;, to vary while the
remaining variables, r; = k/J;, are held to the values given by the global context, G.

During the compete step, variables in k are iterated through in a permuted order,
p = perm(Z). The subpopulations associated to the factors in overlap set Op,, namely
(OS8)y, are considered for updating variable k,, in G. The value of ky, in G is replaced by
the k;, from the best solution found among the subpopulations in (OS), , so long as that
solution has higher fitness than G.

Finally, during the share step. Each subpopulation, §;, is updated so that the nonfree

variables r; coincide with G.
5.4 Methods

We now describe our method of using FEA to solve the knot selection problem. We
describe both our specific implementation of FEA for knot selection and how it enables a

more efficient partial fitness function evaluation.

5.4.1 FEA for Knot Selection

Our FEA algorithm (Algorithm 5.7) is based on the algorithm presented in Strasser et

al. |282]. However, FEA has never been employed for the B-spline knot selection problem
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Algorithm 5.7 FEA

Input:
f  Objective function
A Base optimization algorithm
F  Factor architecture
D Domain
Output:
G Global context solution

G < initializeGlobal(D)
Sort(QG)
S «+ initializeSubpops(f, F,.A)
repeat
for all S, € S do > Update step
repeat
S;.updatelndividuals()
until Termination criterion is met
G <« Compete(f,S)
Share(G, S)
: until Termination criterion is met
: return G

— = =

before, so we modified it to allow the algorithm to run on this problem. In particular, the
general case of FEA does not require its context vector to be sorted. Several modifications to
the compete and share steps (Algorithm 5.8 and Algorithm 5.9, respectively) and the base
algorithms were made to accommodate this requirement. In particular, a copy of the context
vector, G, is maintained and sorted before each fitness function evaluation throughout the
compete step, and sorting occurs before evaluations within the base algorithms. Working on
a copy also ensures a consistent ordering of variables in G throughout the competition phase.

It is natural to consider “linear” factor architectures with some amount of overlap for the
B-spline knot selection problem. For example, a knot vector, k = {ky, ..., ky}, may be broken
into a linear factor architecture, F = {{ky, ko, ks}, {ko, ks, ka}, ..., {kao,ka_1,kq}}, with a

factor size of 3 and maximum overlap size of 2. This kind of architecture may help mitigate
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Algorithm 5.8 FEA Compete

Input:
f  Objective function
A Optimization algorithm
F  Factor architecture
D Domain
G Context
S Subpopulations

Output:
G Updated Context

1: p < perm(Z%)

2: for j =1toddo

3: (OS)p, — {SreS:x;€ Fi}

4: bestVal < G|p;]

5: GCopy «+ G

6: sort(GCopy)

7 bestFit «+ f(GCopy)

8: q « perm(TI©SN)

9: for i =1 to |(OS)| do

10: currVal < (OS8)p,q;].getBestSolution() [p;]
11: Glp,| « currVal

12: GCopy «+ G

13: sort(GCopy)

14: if f(GCopy) < bestFit then
15: bestVal < currVal

16: bestFit < f(GCopy)

17: GIpj| < bestVal

18: sort(QG)
19: return G

the knot confounding and “two steps forward, one step back” problems previously described
as it allows a subsequence of knots to be changed simultaneously within the subpopulations.

This architecture also enables performance improvements by allowing “partial” fitness
function evaluations. In particular, we can restrict the subpopulation domains to the knot
locations neighboring the given factor. Essentially, each factor is only allowed to move its

knot points within the bounds of the knot points on either side of that factor. See Figure
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Algorithm 5.9 FEA Share

Input:

f Objective function
G Context
S Subpopulations

Output:
S Updated Subpopulations

for all §; € S do
S;.contextVector + G
S;.updateDomain()
S;.updateFitness(f)

return S

5.1 for an example of this, where knots in a factor are indicated by bold tick marks and
are allowed to move within the bounds defined by its neighboring knots (indicated by the
highlighted region). This allows for a partial update of the model matrix, B, as we only
need to update the columns of B that correspond to a neighborhood around the knots in
the factor. This changes the complexity of updating B from O(nd) to O(ns) where s < d
is the factor size. It also reduces the complexity of the problem for subpopulations as the
search space is reduced to a subinterval of the original search space. This in turn means
there are fewer local minima within the subpopulation search space, which may lead to faster
convergence and better solutions.

Because we know the knot locations not associated with a given factor do not change but
stay fixed at the values given by G and because the model matrix B is sparse, we know those
coefficients will remain similar to those computed on G from the previous FEA iteration.
Thus, we can benefit from using that coefficient vector as a starting point for iterative solvers

within the subpopulations. We give anecdotal evidence of this in the experiments section.
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0.030.08 02025 0.33 046 054 061 0.7 0.9

Figure 5.1: The bolded lines represent the three knots within a factor. The domain for the
factor is 0.03-0.33 (knot 0 to knot 4).

5.5  Experiments

We conducted experiments to compare the performance of FEA to traditional stochastic
search algorithms on a variety of benchmark functions. We did this by running the B-spline
knot selection problem on each base algorithm (PSO, DE, and GA) and the FEA version of
each. We used the Mean Squared Error (MSE) of the B-spline approximation as our metric
for these comparisons. We considered six benchmark functions, two levels of sample size, and

three levels of noise.

5.5.1 Benchmark Functions

Five of the six benchmark functions were taken from previous literature |81, 313].
[lustrations of these benchmark functions are provided in Figure 5.2. In particular, we chose
their “Blocks", “Bumps", “HeaviSine", and “Big Spike" functions exactly as described in these
papers. We also modified the doppler function; instead using the equation f(t) = sin (%).
For the sixth benchmark, we created our own functions by producing randomly generated B-

spline curves. We generated our random functions using either a Beta or Uniform distribution

of 30, 40, and 50 knot points and a normal distribution of @ to produce the random B-spline
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(A) Modified Doppler (B) Bumps ©) Big Spike

(D) HeaviSine (E) Blocks (F) 30-Knot Uniform

Figure 5.2: Benchmark functions used in experiments. Bottom-right (F) is the random
benchmark function with 30-knots, drawn from a uniform distribution.

curves, that is:

k ~ BETA(a,b) or k ~ UNIFORM(0, 1),

6 ~ NORMAL(yu,0?), and

p
y(t) = ) 6:Bialt),
i=0
with parameters set toa=1,b=3, n =0, and 02 = 1.

5.5.2 Experimental Setup

We generated problems from each benchmark function by sampling points uniformly
along the function, adding normally distributed noise to those points, and then running all

of our stochastic search algorithms on the generated dataset for a given budget of fitness
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function evaluations. Each dataset was generated according to

x ~ UNIFORM(0, 1),

y = f(z)+e, eifide(O,JZ), and

D = {xi, yi}?:O'

We used a sample size of 5000. The noise was sampled from a normal distribution with p =0
and a o? that depended on the range of the given benchmark function. For a function with
range r = range(f), we used standard deviation o = 5. Finally, we allowed each algorithm
to run for 150,000 fitness function evaluations to allow the same fitness function evaluation

budget for each method.

5.5.3 Hyperparameter Tuning

We gave each of the traditional algorithms a population size of 1000 and tuned the base
algorithms’ other parameters, including the number of knots, through Bayesian optimization
[272]|. By using Bayesian optimization to tune the number of knots, we avoided some of the
issues with incremental addition and removal of knot points.

FEA had a few more parameters to tune, including the factor size and overlap allowed
for the factor architecture, which were also tuned via Bayesian optimization. The additional
number of parameters to tune in FEA means that tuning the algorithm is more difficult than
tuning the base stochastic search algorithms alone. That said, we allowed FEA’s tuning to

run for the same amount of iterations as the base stochastic search algorithms.

5.5.4 Partial Fitness Function Evaluation

Recall that Equation 5.1 can be solved efficiently using sparse iterative solvers. These
solvers can be provided a starting guess for the solution. As a simple illustrative experiment

to show potential performance benefits of a partial update, we benchmarked all of the iterative
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sparse linear solvers in the scipy v1.14.1 Python library [228| using coefficients found on a
prior solution and a small subset initialized to zero. In particular, we generated a dataset
with n = 5000 data points on the modifed doppler benchmark function (see Figure 2a) with a
noise level of o = 75 and estimated a model using K = 80 knot points equally spaced across
the domain. We estimated the model, and saved its coefficient vector @ with knot points 40
through 50 zeroed out (corresponding to a factor size of 10). Then over 10 averaged replicates,
we compute the ratio of time to solve the least squares problem when using this vector as a
starting point to the time of not using a starting point. We stress that this experiment is
merely illustrative, as timing benchmarks are heavily biased by implementation. Nonetheless,
showing a performance increase in the iterative sparse solvers illustrates how the potential
benefits of this “partial” update may be achieved. The results of this illustration are given in
Table 5.1. In every case, we see a sizeable improvement in performance, with some solvers

running nearly 7x faster when provided a good starting point. A similar strategy can be

employed when using SGD type solvers to solve Equation 5.1.

5.6 Results

We provide results of our experiments comparing FEA to the base algorithms alone in
Table 5.2 with the smallest average MSE across 30 simulations for each function in bold.
The results generally show that FEA either outperforms or is competitive with the best
performing algorithm on all of the benchmark functions. Additionally, the DE and GA
variants of FEA generally outperformed the PSO variant. It is interesting to note that DE
generally performed worst on the benchmark functions while the FEA variant of DE generally
performed the best. Alternatively, the base PSO algorithm was fairly competitive with all of
the other algorithms while the FEA variant appears to have degraded its performance in a
number of cases. Interestingly, as the dimensionality of the problem increased in the random

function experiments, the relative performance of the FEA algorithms appeared to improve



148

Table 5.1: Performance ratios for scipy iterative sparse solvers

Performance Ratio
BICG 0.131455
BICGSTAB 0.37907
CG 0.133664
CGS 0.4305751
GMRES 0.431430
LGMRES 0.60955
MINRES 0.151452
QMR 0.1404274
GCROTMK 0.648662

compared with the base algorithms.

5.7 Discussion

The B-spline knot selection problem is an inherently difficult optimization problem due
to the large number of local optima in the objective function and the large search space.
Traditional stochastic search algorithms have been used to solve this problem effectively,
but they are often slow and can get stuck in local optima. The results of our experiments
show that FEA is competitive with or outperforms traditional stochastic search algorithms
on the B-spline knot selection problem for the benchmark functions considered. Notably,
this was achieved with each algorithm in the experiments being given the same budget of
number fitness function evaluations. We have also shown that FEA can be modified to allow
for partial fitness function evaluations, which can lead to potential performance gains.

We believe that FEA is a promising approach to the B-spline knot selection problem and
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Table 5.2: Average MSE for experimental results of benchmark functions with n = 5000,

L, over 30 simulations. Results in bold are smallest average MSE for each function.

O'Zg,

Function DE GA PSO DE FEA GA FEA PSO FEA

BigSpike | 27.9663 27.0731 26.5264 27.5446  26.8739 26.6234
Blocks 3.0990 1.6143 1.5496 1.4277 1.4696 1.5751
Bumps | 19.5134 6.6819  6.8302 6.2533 6.2911 8.0621

HeaviSine | 1.4825  1.5047  1.4710 1.4393 1.4933 1.4869

MDoppler | 0.0130  0.0102  0.0097 0.0100 0.0107 0.0108
Unif30 0.0470  0.0348  0.2384 0.0348 0.0344 0.0339
Unif40 0.0417  0.0506  0.0330 0.0310 0.0311 0.0321
Unif50 0.0738  0.1397  0.0556 0.0486 0.0490 0.0481
Beta30 0.0426  0.0482 0.0341 0.0341 0.0344 0.0345
Beta40 0.0901  0.1267  0.0699 0.0515 0.0502 0.0534
Betab0 0.0860  0.1170  0.0600 0.0459 0.0463 0.0545

that further research in this area is warranted. Future work includes scaling our experiments
to more complex (and hence more needed knot points) functionals and work that can help
explain how or when FEA may perform better than the base algorithms. We also wish to
develop more optimized implementations of FEA for the B-spline knot selection problem,
as our current implementation is not optimized for performance. This can help us to better
understand the potential performance benefits of FEA and to make it more practical for use
in real-world applications.

In this work, we have focused on the B-spline knot selection problem in the context
of regression. As we discussed in the previous chapter, B-splines can also be used for

intensity measure estimation and density estimation using fine-pixel approximations and
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estimating a generalized linear (mixed) model. In particular, we are interested in estimation of
persistence intensity functions for use in topological data analysis. The traditional treatment
of this problem is to use a kernel density estimator with a fixed bandwidth. However, this
approach can lead to oversmoothing or undersmoothing of the data as it does not allow
for local adaptivity. This is also a well studied problem in the density estimation and
kernel regression literature with many solutions that allow for variable bandwidths across
the domain |2, 40, 42, 127|. Local adaptivity here is directly analogous to the knot selection
problem in regression, as the bandwidth can be comparable to the knot spacing in regression.
Thus, for future work, we are interested in using FEA to solve the knot selection problem
in this context as well and to compare its performance to these other adaptive bandwidth
selection methods, in particular in the context of persistence intensity estimation. We wish
to explore this problem in the context of persistence intensity estimation as it is a problem
that has not been well studied in the literature. We hypothesize that not allowing for local
adaptivity in persistence intensity estimation leads to biased estimates of the true underlying
persistence intensity function which can lead to suboptimal performance in downstream tasks
such as modelling, clustering, and classification.

Finally, we are interested in using B-splines for surfaces in higher dimensions. FEA is
a promising approach to this problem as it can be used to break the problem into smaller
subproblems that can be solved more efficiently. This approach can be adapted to the
multivariate B-spline knot selection problem by using a tensor-product B-spline basis and
defining the factors in terms of the knot points in each dimension. However, as we will discuss
in the next chapter, the tensor-product B-spline basis used in the multivariate case can lead
to an unnecessarily large number of basis functions and hence a very large search space. For
this reason, we are also interested in exploring alternative hierarchical B-spline bases that can
help to mitigate this issue and make adaptivity in higher dimensions more computationally

tractable.
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CHAPTER SIX

TRUNCATED HIERARCHICAL B-SPLINE REGRESSION

In the previous chapters, we discussed the importance of choosing a flexible function
representation for estimating persistence intensity functions and provided a method for solving
the knot selection problem to give adaptivity in the function representation for B-spline
regression. However, this approach is limited when modelling higher dimensional surfaces,
and persistence intensity functions are typically defined in 2D. The main issue that arises
with tensor-product B-spline representations is that when adding knot points, we are forced
to add an entire row or column of control points (i.e., where the new control point intersects
control points in the other directions). This can lead to extra control points being added in
locations where we do not need them (i.e., where the true function is smooth and can be well
represented with fewer basis). As a consequence, we incur a greater computational burden in
the estimation process and have potential for over-fitting in some parts of the surface and
under-fitting in other parts of the surface (via the bias-variance tradeoff). In an extreme case,
we may be unable to (without an overall reduction in fit) add enough control points in some
local region of the surface where the true function is more complex because we are forced to
add too many control points in other parts of the surface where the true function is smooth.

In this way, tensor-product B-spline representations are fundamentally limited for data-
adaptive function estimation. Hierarchical splines [100, 111] are a class of refinable splines
that allow for local refinement of the surface without the need to add an entire row or column
of control points, which leads to a more efficient and flexible function representation for
surface estimation. In this chapter, we consider the use of truncated hierarchical B-splines,
introduced by Giannelli et al. [111], for a more efficient, flexible, and data-adaptive function

representation for non-parametric regression estimation.
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6.1 Introduction

Regression splines are an important class of regression methods that use spline basis
functions to model the relationship between a response variable and one or more predictor
variables. Incorporation of adaptivity into the representation typically involves some data-
driven approach that allows smoothness parameters to vary across the domain of the function.
As we discussed in the previous chapter, for B-spline representations, this can be achieved
by solving the knot selection problem, which is the problem of selecting the number and
location of knot points used to construct the B-spline basis. This adaptivity leads to improved
estimation accuracy and reduced computational burden (once the knot-selection problem is
solved) compared to traditional fixed knot width spline regression methods. However, solving
the knot-selection problem to achieve adaptivity in the tensor-product B-spline setting carries
the issue of potentially adding more control points than are necessary across the domain of
the function when extra control is needed within some local region on the surface. This issue
is problematic when modelling surfaces in more than one dimension as the extra number of
parameters to be estimated can be fairly large in practice.

To illustrate this problem, consider Figure 6.1, which gives an example of the issue with
adding knot points in the tensor-product B-spline setting. Panels (a) and (b) show the original
knot points in gray and the addition of two knot points in each direction in black. Notice that
an entire row and column of control points are added in the tensor-product representation
(panel (a)), while the addition of control points are limited to the top left quadrant of the
surface in the THB-spline representation (panel (b)). In this simple example, if we add
extra control in the top left quadrant of the surface, then for the tensor-product B-spline we
need an additional eight parameters for the two knot points added in each direction and in
locations that we may not need them. This adds unnecessary computational burden and can

lead to over-fitting in regions where fewer basis functions are needed to represent the true
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Figure 6.1: An example of the issue with adding knot points in the tensor-product B-spline
setting. Each panel shows two knot points added in each direction, with the original knot
points in gray and the new knot points in black. The left panel gives knot refinement in the
tensor-product B-spline setting while the right panel in the THB-spline setting. Notice that
an entire row and column of control points must be added in the tensor product setting,
leading to an extra eight parameters in the tensor-product case.

function. The figure illustrates a fairly minimal example of the issue with adding knot points
in the tensor-product B-spline. However, the issue compounds as the number of knot points
in each dimension increases.

To address this issue, we use Truncated Hierarchical B-splines [111] (THB-splines),
which allow for local refinement of the surface without the need to add an entire row or
column of control points. This leads to a more efficient and flexible function representation
for surface estimation, particularly in dimensions greater than one. In this work, we propose
a model building strategy for searching the space of possible THB-spline parameterizations

for estimating regression functions. In particular, we use a greedy local forward step-wise
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selection strategy based on a quad-tree partition of the domain to refine the THB-spline
basis according to a local drop in sums of squared-errors (SSE). This strategy allows us
to efficiently search the space of possible THB-spline parameterizations and to find a good
model for the data. We compare this approach to a tensor-product B-spline regression
approach with fixed knot-width parameterizations and show that our approach can lead
to improved estimation accuracy. In what follows, we give a brief review of the literature
on adaptive regression splines and refinable splines. We then give a detailed description of
the Hierarchical and Truncated Hierarchical B-spline bases. Next, we describe our model
building strategy for estimating functions using THB-splines, which is the main contribution
of this chapter. Finally, we present some experimental results on the performance of our
approach and compare it to a tensor-product B-spline regression approach. We conclude with

a discussion of our findings and discussion of future directions for research in this area.

6.2 Literature Review

Several approaches over the years have been developed for adaptive regression splines.
However, as with the B-spline regression case, methods are typically developed for the 1D
case. There are, however, some notable exceptions to this. As stated previously, all adaptive
approaches have some mechanism for allowing the smoothness parameters to vary across the
domain of the function.

One important example of adaptive regression includes multivariate adaptive regression
splines (MARS) [101]. In this work, Friedman developed a method for building regression
models using a linear combination of basis functions that are either constant, hinge functions,
or products of hinge functions. This simple form allows for a flexible and adaptive function
representation that scales well to higher dimensions. MARS builds the model in two stages, a
forward stepwise stage where basis functions are greedily added to the model according to a

lack-of-fit criterion, and a backward stepwise stage where basis functions are removed from
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the model according to a generalized cross-validation criterion. MARS can be considered
a generalization of recursive partitioning but replaces the piecewise constant function
representation with a more flexible truncated power spline basis function. The THB-spline
basis approach we use can also be considered a generalization of recursive partitioning, but
replaces the piecewise constant function representation with a more flexible B-spline basis
surface. Further, our approach maintains a local likelihood-ratio test, but instead uses it for
a stopping criterion for model building. Finally, MARS takes a build and prune approach to
model building, while our approach just takes a forward stepwise approach to model building.
Then we rely on tuning the selecting number of parameters in the final model. However, in
the future we plan to consider a penalized regression approach to handle model complexity.

Rogers [257] extended the approach of MARS to instead use genetic algorithms for finding
a full model instead of the forward stepwise approach used by Friedman. This approach is
more computationally intensive than the forward stepwise approach, but it allows for a more
thorough search of the model space and may potentially lead to better models. Similarly,
a stochastic search algorithm approach to searching the space of THB-spline refinements
instead of the greedy forward stepwise approach we currently use would likely lead to better
models, but it would also be more computationally intensive.

Luo and Wahba defined an adaptive approach to regression splines called Hybrid
Adaptive Splines (HAS) [186], which can be thought of as a combination of MARS and a
penalized regression approach. Similar to the MARS approach, the method uses a forward
stepwise procedure to build a model, placing basis functions sequentially to (greedily) minimize
the residual SSE in the model. Finally, instead of taking a pruning approach as with MARS,
the method applies a penalized regression approach to provide the final model. The method
extends to the multivariate case and was applied to a estimating global average winter
temperatures over the surface of the globe. Similar to this method, we also are interested in

applying a penalized regression approach after our forward stepwise procedure to provide
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a smoother final model instead of our current approach of using cross-validation to select
the number of parameters in the final model. However, we are considering a P-spline based
penalty [88] applied to the THB-spline representation instead of the second derivative penalty
used in HAS, as use of the P-spline penalty carries additional computational benefits [89].

Crainiceanu et al. [64] developed an approach for spatially adaptive Bayesian P-splines
that is applicable to the multivariate case. The method uses the mixed model form of P-splines
to allow for a Bayesian formulation of the model and incorporates a spatially adaptive penalty
parameter that allows for different levels of smoothness across the domain of the function.
MCMC sampling is used for estimation, which can be computationally intensive, but we
believe other estimation strategies could be used to make the method more computationally
efficient using variational methods (e.g., using INLA [260] or TMB [164]). This approach is of
particular interest to us as taking a Bayesian approach to estimation, we believe, would allow
us to naturally consider more complicated sampling designs such as the repeated measures
setting that was the focus of Chapter 3.

Donoho and Johnstone [81] developed an approach called SureShrink, which is a method
that adaptively thresholds empirical wavelet coefficients. This approach is based on the idea
of using a discrete wavelet transform of noisy data and then applying a soft thresholding to
the noisy wavelet coefficients. The amount of thresholding is level-dependent and estimated
using Stein’s unbiased risk estimate (SURE). This method is computationally efficient and
can be applied to higher-dimensional data.

Goepp et al. [113] use an Adaptive Ridge procedure to approximate an Ly penalty for
knot selection in the B-spline regression setting. The method results in a sparse B-spline
representation that is adaptive to the data and can be applied to higher-dimensional data.
However, for higher dimensions, the method still uses a tensor-product B-spline basis and
so is still at best only able to approximate the optimal knot selection in the tensor-product

setting. Also, because it sparsely selects knot points, it still suffers from the computational
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burden of starting with a potentially large number of parameters in the multi-dimensional
setting.

Hierarhical B-splines were originally developed by Forsey and Bartels in the computer
graphics community for the purpose of modeling surfaces in 3D [100]. However, more recently,
refinable spline methods, including THB-splines that were developed by Giannelli et al. [111],
have been developed and studied in the isogeometric analysis (IGA) community. IGA is
primarily concerned with integrating methods for analysis of PDEs and Computer Aided
Geometric Design (CAGD) into a single methodological framework [142|. In this field, they
are interested in using refinable splines for efficient solving of PDEs and the related problem
of scattered data approximation and interpolation (e.g. see [174, 289]) that is more concerned
with surface reconstruction. Other refinable spline methods have also developed in this
community and in the CAGD community, namely T-splines [265] by Sederberg et al. and
LR-splines [80] by Dokken et al. While the goals of these communities are different than
our goals for non-parametric regression, the spline methods developed in them are also of
interest to us as they may provide us with other refinable splines with different advantages
and disadvantages compared to THB-splines for non-parametric regression estimation in
terms of computational efficiency, interpretability, and flexibility. However, our focus in this
chapter is on the use of THB-splines.

Adaptivity in the IGA community also occurs via refinable spline methods and is also
achieved by finding a data-driven way to refine the spline basis according to some criterion.
In these cases, the adaptivity is typically for the purpose of efficiently solving PDEs or for
scattered data approximation. In the original THB-spline paper by Giannelli et al. [111],
they give three different refinement strategies for constructing the hierarchical domains and
tested them out on the scattered data approximation problem. The three strategies were a
simple union of all cells with a local error above a given threshold, the same strategy but

with an offset ring around the marked cells, and taking all of the cells for any cell marked in
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lower hierarchical levels. These varying refinement strategies highlight how the mechanics of
refinement can lead to different amounts of error in the approximation. Similarly, Skytt and
Dokken [270] considered various refinement strategies for scattered data approximation with
LR-splines. They found that the choice of refinement strategy can have a dramatic impact
on the approximation error and computational efficiency of the method. Finally, Bracco
et al. |36] considered an adaptive scattered data fitting method based on thresholding the
smallest singular value of the local collocation matrix associated with a local least squared
problem. We similarly base our refinement on estimating local models but instead use a local
drop in SSE as a criterion for refinement.

Buffa et al. [46] give a modern review of adaptive methods for isogeometric analysis.
They discuss various methods for adaptivity and refinement strategies in the context of IGA
and the finite element methods and boundary element methods. Coradello et al. considered
adaptive methods for various PDE problems using THB-splines [60]. They used an a posteriori
error estimator for the Finite Element Method of the PDE to guide the refinement of the
THB-spline basis. They found that their adaptive method led to improved efficiency with
respect to degrees of freedom compared to a uniform refinement method.

Finally, within the statistics community, refinable splines have not been widely studied.
However, one notable exception to this is the work of Kohler in 1999 [162] who showed
conditions for strong universal consistency of a regression estimators based on hierarchical
B-splines. He provided a data-dependent choice of knots so that universal consistency can be
achieved for regression estimation. Since Hierarchical B-splines and THB-spline bases have
the same span for the same refinement mesh, these results should also apply to regression
estimation with THB-splines. However, the refinement strategy used in our work is based
heuristically on the drop in SSE, which is different than the data-dependent knot selection
strategy used by Kohler. Hence, our approach does not necessarily satisfy the conditions for

strong universal consistency given by Kohler, but we believe it is a reasonable heuristic for
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refinement in practice as it is a common approach used for solving the knot-selection problem
in the 1D setting. Proving consistency of our approach would be an interesting direction for

future work.

6.3 Background

We now provide necessary background on Hierarchical B-splines and Truncated
Hierarchical B-splines. We give a detailed description of the construction of these bases and
their properties. We also provide some examples to illustrate the differences between these

bases and the traditional tensor-product B-spline basis.

6.3.1 Hierarchical B-Splines

Tensor product B-splines provide a flexible function representation in dimensions greater
than one. As stated previously, a major drawback presents itself when considering the
addition of knot points for added flexibility. The problem is the possibility of adding more
control points than are necessary when extra control is needed within some locality on the
surface. A solution to this issue came with Hierarchical B-splines (HB-Splines), developed
by Forsey and Bartels [100] in 1988, which constructs a spline basis through a hierarchical
refinement of B-splines.

First, consider an initial tensor-product B-spline basis, B°, induced by knot vectors, U?,
where i gives an index for dimension d (corresponding to the standard basis of R?). The
B-spline basis induces an associated function space, V°, over domain Q° whose element is
given by the choice of a control grid, P°.

Now, consider a refinement of the knot vectors, U}, over domain, Q! C Q° which induces
a new function space, V! D VY over !, and is controlled by P!. This refinement process
is then repeated for N levels in this hierarchy to construct the hierarchical B-spline basis

resulting in hierarchical domains QY C --- C Q! € Q° B-spline bases {B'}Y,, and induced
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function spaces V¥ O ... V! D VY As an example, see the hierarchical domain constructed

in Figure 6.2. The Hierarchical B-spline basis is constructed recursively by the following.
1. Initialization: H° = {3 € B°}.

2. Recursive case: H*' = HT + HE ! for £=0,1,..., N — 2, where

HiH = {6 e H" :supp(B) ¢ 1}
and
HET = {8 € B! supp(B) C Q)
where supp () is non-zero domain of basis function 5 (i.e. the support).
3. H=HN""

Note that when we construct our basis set in this way, we lose the partition-of-unity
property that B-splines possess as a sort of “double counting” occurs at the boundaries of
the hierarchical domains. This issue has been addressed with the development of Truncated

Hierarchical B-splines [111] by Giannelli et al. in 2012.

6.3.2 Truncated Hierarchical B-Splines

Truncated hierarchical B-splines (THB-Splines) are extensions of HB-Splines that possess
the partition-of-unity property, which is achieved by the truncation of coarser level spline basis
functions that overlap into higher-level domains. This truncation removes the precise amount
of “double counting” of basis functions present in the hierarchical B-spline representation,
and can algorithmically be achieved by removing parts of the basis function given in the
two-scale relation when doubling the amount of knot points at each level of the hierarchy.

The two-scale relation refers to the property that B-spline basis functions may be

represented as a linear combination of scaled and translated copies of itself. In particular, it
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Figure 6.2: An example of a hierarchical domain constructed for a hierarchical B-spline.

states that:

Ni(t) = ipiNk(Qt — i),

1 [k
P gl )

See Figure 6.3 for a visual depiction of this relation. This two-scale relation gives a relationship

where

between refinements in the hierarchical B-spline representation. In particular, we write a basis

function as a linear combination of scaled basis functions at a next level of refinement since

the domain of each basis function is reduced by a factor of two in this refinement process.
Let 7 € V! be an element of the function space induced by B-spline bases at the ¢ level

of the hierarchy, and let

T = Z ch(T)ﬁ, Céﬂ cR
6€BZ+1

be its representation with respect to the finer basis of V**! (which is achieved through the
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Figure 6.3: A visual depiction of the two-scale relation. Note that the dashed line, Ny(t), is
a linear combination of scaled, shifted, and translated copies of itself (i.e., the sum of the
solid lines).

two-scale relation). The truncation of T with respect to B! and Q! is defined as

trunc™ (1) = Z 5 (7).

BEB L supp(B)Z Q1

where supp(f) is the support (i.e. the portion of the domain where /3 is non-zero) of basis
function . That is, we view the truncation as the parts of the representation of the basis
function defined in the two scale relation that do not overlap into the next finer level of the
hierarchical domain. Applying this truncation to coarser levels of the HB-Spline, we construct
the THB-Spline in a recursive manner as done with the HB-Spline. That is, the truncated

hierarchical B-spline basis, T, is recursively defined as follows:
1. Initialization: 7° = H°.

2. Recursive case: T = TA U TA for £=0,..., N — 2 where
Tt = {trunc™'r .7 € T Asupp T ¢ Q1)

and Tpt! = HY
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3. T =TV,

At each recursion, we truncate the basis functions of the current set of basis functions
with respect to the finer basis set. That is, any basis function with support in the finer
domain has part or all of the basis function removed. We give a description of this process
and compare it to the refinement process for HB-splines in Figure 6.4. Notice that the
difference between the HB-spline and the THB-spline are in the basis functions that overlap
between levels in the hierarchical domain. That is, the truncation operation removes the basis
functions that are supported fully in the finer domain. Finally, note that there is a one-to-one
correspondence between the hierarchical mesh and the THB-spline basis once refinement
rules are in place. That is, each cell in the hierarchical mesh corresponds to a collection
of basis functions in the THB-spline basis. Hence, the refinement of the hierarchical mesh
according to a quad-tree partition of the domain induces a refinement of the THB-spline

basis according to the same quad-tree partition.

6.4 THB-Splines for Nonparametric Regression

Now that we have given a detailed description of the construction of hierarchical and
truncated hierarchical B-splines, we are ready to describe our approach for building THB-
spline bases for non-parametric regression estimation. At a high level, our strategy is to
subdivide the domain of the d-dimensional surface into hierarchical domains according to
a d-dimensional hyperoctree with 2¢ equal volume orthants (or hyperoctants) split at each
cell. Hyperoctrees are a particular generalization of binary trees to higher dimensions and
are commonly used in computer science for various applications, such as data storage and
searching algorithms (see e.g., [98, 160, 311]). For example, k = 1 results in a binary tree,
k = 2 results in a quad-tree, k = 3 results in an oct-tree, and so on.

We will describe a quad-tree in depth as it corresponds to the 2D setting of our persistence
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Figure 6.4: HB and THB spline bases constructed by refining the interval [3,6]. The left side
gives the HB-spline construction and the right side gives THB-spline construction with the
refinement region highlighted in gray. The top row gives the basis set from the higher (finer)
level in the hierarchy. The second row gives the lower (coarse) level basis set with the dotted
lines representing the portions of the basis set removed to form the HB or THB basis set for
the given level and the third row gives the combined basis set.

intensity functions, but the same approach can be applied to trees for higher dimensions. A
quad-tree is an ordered tree with data attached to each node and where each node has either
zero or four children. They are constructed by starting with a root node and recursively
dividing each node into four according to a splitting rule. Quad-trees are used to generate
subdivisions of planar spatial regions, where a local quadrant corresponds to a node in
the quad-tree. Each time a node is divided, a quadrant is divided into four equal volume
subquadrants. See Figure 6.5 for an example of a quad-tree that splits up to 3 levels of
the hierarchy. In the context of our work, we do not necessarily want to split until exactly

one data point falls as is often done when using quad-trees for data storage and searching
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Figure 6.5: Quad-tree built over domain [0, 1]* with 500 data points uniformly distributed
over the domain.

algorithms. Instead, we need to have enough data within each cell to ensure we are able to
fit the global THB-spline model.

At a high level, the quad-tree gives us a hierarchical partition of the domain of the
surface, and this hierarchical partition then induces a THB-spline basis. Thus, we construct
the quad-tree by recursively splitting the domain according to a splitting rule and stop once
no cells satisfy the splitting rule. We then use this quad-tree to construct the THB-spline
basis used for regression estimation. This is summarized in Algorithm 6.10. In this algorithm,
we build the quad-tree by first filtering out the leaves that do not satisfy a split predicate. We
then greedily select the leaf that has the largest value for a split criteria to split in the next
iteration of the algorithm. This process continues until no leaves satisfy the split predicate.
Note that quad-tree data structures are typically used in representing THB-spline hierarchical
meshes as they allow for efficient construction and evaluation of THB-spline bases [160].
Thus, their use in our approach is natural for building the THB-spline basis as there are
often constraints on the hierarchical mesh for THB-splines used in practice because of the
implemented algorithms. Our implementation relies on the G+Smo c++ library [153| used

for isogeometric analysis which carries these constraints.
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Algorithm 6.10 buildTHBBases(D, (2, S,)

Input:
D Data
0 Domain of the surface
S Splitting predicates

Output:
T THB-spline Basis

: Q « initialize HyperOctTree(S)
. { + getRoot(Q)
while ¢ # () do
L + getLeaves(Q)
L «+ filter(L,\(l) : splittableP(l,D,S))
if £=( then
010
else

¢ < arg max [leafScore(l, D, S)]
I

10: Q « splitCell(Q, )

11: T < thbBases(Q)
12: return T

We can see from this general approach that the choice of splitting rule and splitting
criteria can lead to different quad-trees and hence different THB-spline bases. For example,
if we use a splitting rule based on sample size, then we will end up with a quad-tree that
has more splits in regions of the domain where there are more data points. This will lead
to a THB-spline basis that has more control points in these regions, which may allow for
better estimation of the regression function in these regions. On the other hand, if we use
a splitting rule based on curvature, then we will end up with a quad-tree that has more
splits in regions of the domain where there is more curvature in the regression function.
This will lead to a THB-spline basis that has more control points in these regions, which
would make sense as it coincides with knot insertion techniques used in the 1D setting where

knot insertion occurs where estimates of curvature are largest (e.g. [7, 59]). Our approach to
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Algorithm 6.11 leafScore(/, @, D, S)

Input:
@ HyperOctree
D Data

¢ Leaf considered for splitting
S Splitting parameters

Output:
s Score associated with leaf ¢ for splitting

scores < ()

By + tensorProductBSplineBasis(D, ¢, Sinsnots)

LSy + leastSquaresFit(B, D)

SSEO — SSE(LSO)

for nKnots in Syinknots + 1, - - ., SnLookForward dO
B «+ tensorProductBSplineBasis(D, ¢, n Knots)
LS « leastSquaresFit(B, D)
scores¢— scores U (SSEy — SSE(LS))

s < maz(scores)
return s

,_.
@

splitting is based on a combination of these two ideas, where we use a splitting rule based
on a drop in sums of squared errors (SSE) to determine where to split the quad-tree. In
particular, we split a cell according to the largest drop in SSE from fitting a local model to
a small tensor-product B-spline basis to increasingly larger tensor-product B-spline bases,
in a “look-forward” manner. This allows us to split the quad-tree in regions where there
is more curvature in the regression function, while also having enough data to make such
determination. This leaf scoring procedure is described in Algorithm 6.11. In summary, we
locally subset our data to the cell of interest and then fit local tensor-product B-spline models
with an increasingly greater number of parameters to the data. We then take the maximum
drop in SSE from fitting these local models as our score for splitting the cell.

Finally, we may also wish to consider only a subset of the leaves for splitting at any

given iteration of the algorithm for various reasons. For example, we may want to prioritize
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Algorithm 6.12 splittableP(Q, D, S)

Input:
Q 2F-tree
D Data

S Splitting parameters
¢ leaf to test for splittability

Output:
p Whether or not the leaf is splittable

P true

p < p A isLeafAtMaxDepthRange(/, Q, S;azpDR)
p < p A treeAtMaxParms(Q, S;uep)

p < p A isGramMatrixNonSingular(/, ()
return p

splitting leaves that have more data points in them, or leaves that have larger areas. This can
allow for certain stopping criteria on leaves to be met at lower depths (to prevent overfitting)
and can also lead to more efficient search (through heuristic-based criteria) of the space
of possible THB-spline parameterizations. We consider three different predicates for leaf
splitting. The first is if the leaf is a distance greater than some threshold from the coarsest
level of the hierarchical domain. The second is if the tree has more than some prespecified
number of parameters and the last is if splitting the leaf would result in a singular design
matrix for the global model fit. These predicates determine the split predicate given in
Algorithm 6.12. Essentially, the first predicate allows for a tree to be built in a more balanced
fashion, the second predicate bounds the number of parameters to prevent overfitting (tuned
via cross-validation), and the third predicate allows us to maintain viable models at each
iteration of the tree building process.

Many variations of the general approach described in Algorithm 6.10 are possible.
However, we have found that a simple split based off of a drop in SSE from fitting local

models with increasingly more parameters is a reasonable heuristic for testing if more flexibility
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is needed in a given region of the domain. To determine the final model, we can tune the
parameters of the splitting rule (i.e. max depth range and max number of parameters, etc.)

by minimizing cross-validated MSE and using grid or Bayesian search on the tuning space.

6.5 Simulation Experiments

To illustrate the benefits of using THB-Spline bases with our local forward selection
procedure, we carry out analyses over collections of simulated data in 1D and 2D. In our
experiments, we compare the performance of our approach to the performance of a tensor-
product B-spline approach using averaged mean squared-error as a function of the number of
parameters in the model. In the 1D case, we use the same benchmarks considered in Chapter
4, namely bigspike, blocks, bumps, heavisin, and mdoppler, but modify them to have the
range of the function to be between 0 and 1. In particular, with each of these benchmarks,

we simulate data according to the model

vi = (f(z;) — min(f))/range(f) + €, € S N(0,0), i=1,...,n
where f is the benchmark function, z; are uniformly sampled points over the domain |0, 1],
and range(f) and min(f) are the range and minimum of the function f respectively estimated
over the finite domain considered for each function. For the 1D case, we sample n = 100, 000
points from this model and then fit our THB-spline over an increasing number of parameters,
p € {10,20,30,...,400} with ¢ = 0.1, and also fit a tensor-product B-spline with the
same number of parameters for comparison. We choose very large values for the parameter
controlling maximum depth range so that it does not serve as a stopping criteria for building
the quad-tree and instead only use the parameter controlling the maximum number of
parameters in the model. We then compute the MSE for each fitted model. We conduct

this experiment for each of the benchmark functions and each number of parameters, p, and
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Figure 6.6: Heatmaps of the 2D benchmark functions used in our experiments.

average the MSE across B = 30 experimental runs.

We take the same approach for the 2D case, but instead we use some common 2D
optimization benchmark functions [178, 215] as our regression functions. We also consider
two 2D versions of the mdoppler function, one that is rotated around the origin and another

that is reflected across the y = x line. The second version (reflected across y = z line) of the
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mdoppler function serves as an extreme case where much of the local true curvature is along
the diagonal of the domain, which should be a case where the THB-spline approach should
have a clear advantage over the tensor-product B-spline approach, because the tensor-product
B-spline approach will have to go to full refinement to capture the local curvature along
the diagonal, while the THB-spline approach can adaptively refine along the diagonal as
needed. Heatmaps of these functions are provided in Figure 6.6. We simulate data according
to the same model as in the 1D case, but instead use a larger sample size of 1M points and
consider increasing numbers of parameters p € {100, 200, 300, ...,4000} and o = 0.05. We
again compare the MSE of our approach to the MSE of a tensor-product B-spline with the

same number of parameters.

6.6 Simulation Results

Results from our 1D and 2D simulation experiments are given in Figures 6.7 and 6.8
respectively. In these figures, we plot the MSE of our approach (with dashed line) and the
MSE of the tensor-product B-spline approach (with solid line) as a function of the number of
parameters in the model for each of the benchmark functions considered. We find that our
approach uniformly outperforms the tensor-product B-spline approach across all of the 1D
and most of the 2D benchmark functions (all except the sphere and eggholder benchmark,
in panels (e) and (g)). In particular, we find that our approach generally achieves a lower
MSE than the tensor-product B-spline approach for the same number of parameters in the
model, which suggests that our approach is able to use the parameters in the model to capture
the underlying structure of the regression function more efficiently. We also find that the
advantage of our approach over the tensor-product B-spline approach is more pronounced for
functions with more (as a proportion of the domain) local curvature, such as the mdoppler
functions, which is consistent with our intuition that the THB-spline approach should be able

to capture local curvature in the regression function better compared to the tensor-product
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Figure 6.7: Results of our approach on the 1D Doppler function. The results show that the
THB-Spline approach is uniformly more accurate to the tensor-product B-spline approach as
a function of the number of parameters. The red line corresponds to the true MSE of the

generating process (o, = 0.1%).
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B-spline approach, as we are essentially solving the knot-selection problem with our local
forward selection procedure.

To illustrate why we see differences in performance between our approach and the
tensor-product B-spline approach, we provide visualizations of the THB-spline basis and the
fitted model in 1D (using p = 150 parameters) and 2D (using p = 5000 parameters). In 1D,
we provide visualizations of the true function, the THB-spline basis, and the fitted model
for each of the benchmark functions considered in our experiments. These visualizations
are given in Table 6.1. We see that, for each benchmark, the THB-spline basis set has clear
structure and with it we are able to adapt to the local curvature of the regression function,
which allows for more efficient use of the parameters in the model to capture the underlying
structure of the regression function.

In 2D, we provide visualizations of the true function, the hierarchical mesh and the
THB-spline basis induced by this hierarchical mesh, and the fitted model for each of the
benchmark functions considered in our experiments. These visualizations are given in Table
6.2. We see that, for functions that need it, the hierarchical mesh and THB-spline basis
have clear structure and are able to adapt to the local curvature of the regression function,
which allows for more efficient use of the parameters in the model to capture the underlying
structure of the regression function. Alternatively, for functions that have roughly constant
curvature across the function domain, the hierarchical mesh and THB-spline basis are more
uniform across the domain, and more random in structure as there is not much local curvature
to adapt to. We also see that the fitted model is able to capture the underlying structure of
the regression function, which is consistent with the lower MSE achieved by our approach

compared to the tensor-product B-spline approach.
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Figure 6.8: Experiment results for the 2D benchmark functions. Results plot MSE as a
function of the number of parameters in the model for our THB-spline approach and the
tensor-product B-spline approach. The red line corresponds to the true MSE of the generating

process (o, = 0.05%).
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Table 6.1: Examples of the true function, THB-spline basis, and estimated fits using 150
basis functions for the 1D benchmark functions using our forward selection procedure.
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THB-Mesh

THB-Spline Basis

Estimated Fit

a
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-

Table 6.2: Examples of the true function, THB-Mesh, THB-spline basis, and estimated fits
using 5000 basis functions for a subset of the 2D benchmark functions.
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6.7 Discussion and Future Work

In this chapter, we have described our approach for building THB-spline bases for
non-parametric regression estimation using a greedy forward step-wise selection procedure
based on local model fits and a drop in SSE. We have developed this approach in the context
of non-parametric regression estimation, with the purpose of estimating 2D persistence
intensity functions when curvature in the intensity function varies spatially across the domain.
Essentially, this allows us to solve the knot-selection problem in the 2D (and higher degree)
setting, which is an important problem in spline-based regression estimation. By using a local
forward selection procedure to build a THB-spline basis, we are able to construct THB-spline
bases that are adaptive to the local curvature of the regression function, which can ultimately
lead to more efficient use of the parameters in spline-based models.

We have also provided results from simulation experiments that illustrate the benefits
of using THB-spline bases with our local forward selection procedure compared to using a
standard tensor-product B-spline approach. We find that our approach generally outperforms
the tensor-product B-spline approach across all the benchmark functions considered, except in
some cases where the regression function is relatively smooth and local curvature does not vary
over the domain. We also find that the advantage of our approach over the tensor-product B-
spline approach is more pronounced for functions with more local curvature, which is consistent
with our intuition that the THB-spline approach should be able to more efficiently capture
local curvature in the regression function compared to the tensor-product B-spline approach.
While we expect that the results presented in our simulation experiments should hold in
the generalized linear model w/ spline components setting as well, our current experiments
focus on the standard non-parametric regression setting. As such, future simulations should
include the generalized linear model setting as well, specifically for our problem of estimating

persistence intensity functions (i.e., assuming an inhomogeneous Poisson process model for
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the persistence diagram data and using a fine-pixel or Berman-Turner approximation of the
likelihood for estimation with log-linear models).

Generally, our results are promising and there are several avenues for future work. One
direction for future work is to explore the use of other types of hierarchical spline bases, such
as hierarchical T-splines or hierarchical LR-splines, for non-parametric regression estimation.
These types of hierarchical spline bases have different constraints when constructing the
hierarchical mesh and different recursive splitting rules. Using these kinds of spline bases could
allow for more flexible splitting rules that allow for splitting along a single axis, which could
allow for even more efficient use of the parameters in the model to capture the underlying
structure of the regression function.

Another direction for future work is to explore the use of different splitting rules and
splitting criteria for building the quad-tree and THB-spline basis. For example, we could
explore the use of splitting rules based on other measures of local curvature, such as estimates
of the second derivative of the regression function or estimates of mean Gaussian curvature.
We could also investigate splitting rules based on other model selection criteria, such as
Akaike information criterion (AIC) or Bayesian information criterion (BIC).

We also believe that our approach can be used for creating an adaptive version of
penalized splines (P-splines). P-splines are a type of spline-based regression model that uses
a large number of basis functions and a penalty term to control the smoothness of the fitted
model [88]. They are commonly used for non-parametric regression estimation and have been
shown to perform well in a variety of settings. However, one potential limitation of P-splines
is that they use a fixed-width set of basis functions, which consequently means that they
are not adaptive. By using our approach to build a THB-spline basis, we could create an
adaptive version of P-splines that allows for more efficient use of the parameters in the model
to capture the underlying structure of the regression function. This could potentially lead to

improved performance compared to traditional P-splines, especially for regression functions
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with varying local curvature and for regression functions in higher dimensions.

We believe this can be achieved by decomposing the higher dimensional P-spline penalty
into a sum of penalties over the different levels of the hierarchical mesh used to build the
THB-spline basis and scaling the penalty by a factor of two' at each level to ensure the
penalty is on the same scale across different levels of the hierarchical mesh. We believe this
could greatly improve the performance of our approach as smoothing would help account for
suboptimal splits in the quad-tree building process and could carry performance benefits.
Additionally, by using a penalty to control the smoothness of the fitted model, we could
potentially allow for deeper trees and more parameters in the model without overfitting,
which could lead to improved performance compared to using a stopping rule based on the
number of parameters in the model. We believe this would an interesting direction for future
work with hierarchical data adaptive spline based methods such as the one we have developed
in this chapter.

We suspect that our approach also leads to universal function approximation, in the sense
that it can approximate any continuous function on a compact domain to arbitrary precision
given enough data and enough parameters in the model. This is because THB-splines are a
generalization of HB-splines, which are also known to be universal function approximators
(given a particular hierarchical mesh) [162]. Developing a formal proof of this would also be
an interesting direction for future work, as it would provide theoretical guarantees for the
performance of our approach and could also potentially lead to insights into the types of
functions that our approach are particularly well-suited for approximating.

Finally, we use a greedy forward step-wise selection procedure to build the THB-spline
basis, which is a simple and computationally efficient approach for building the basis. However,
it is possible that other approaches for building the THB-spline basis, such as a backward

elimination (é.e. build and prune) procedure or a more global optimization approach, could

Ibecause of the doubling of the number of basis functions at each level of the hierarchical mesh
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lead to improved performance compared to the greedy forward step-wise selection. One
interesting direction for future work would be to adapt the factored evolutionary algorithm

(FEA) we used in the previous chapter to search the space of possible THB-spline bases.
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CHAPTER SEVEN

CLASSIFICATION

In previous chapters, we developed methods for improving the estimation of persistence
intensity functions (PIFs) and methods for conducting hypothesis tests over collections of
PIFs. In this chapter, we focus on the use of estimated PIFs for our problem of classification
of prostate cancer histopathology image data. We present and compare two approaches to
classify prostate cancer histopathology image data using estimates of persistence intensity
functions (PIFs). This is an extension of prior work, where we used PIFs to predict prostate
cancer aggressiveness on a whole slide image (WSI) basis [172]. In the first approach, we use
k-nearest neighbor (KNN) classification using L; distance between persistence images (i.e.,
the evaluation of the PIF over a finite grid), and in the second approach, we use a random
forest classifier with features coming from a vectorized persistence image. This comparison
demonstrates the value of persistence images as a feature representation for machine learning
approaches, and provides practical details and comparisons of approaches for using persistence

images in machine learning approaches to classify histopathology image data.

7.1 Introduction

The Gleason grading system is a powerful prognostic predictor of patient outcomes
in prostate cancer, and the most powerful predictor in routine clinical use. However,
Gleason grading requires the subjective evaluation of architectural patterns present in
prostate histopathology images. As a consequence, Gleason scores exhibit high inter-observer
variability [90]. Efforts to increase the reproducibility of Gleason grading has led to the
development of computational approaches, especially deep learning approaches, to enable

the automatic grading of WSIs. In this work, we present an approach to grade ROIs using
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features derived from the field of topological data analysis (TDA). TDA provides us with an
alternative approach to image classification compared to the typical approach of convolutional
neural networks (CNNs).

With the rise of digital pathology, enabled by the increase in the digitization of whole
slide histopathology images, computer vision approaches, and in particular, deep learning
approaches, are becoming the standard for building computer aided diagnostic (CAD) models
to identify and grade cancer automatically in histopathology images [9, 48, 163, 179, 181, 182,
210, 214|. Deep learning models, including CNNs; require training on large image datasets,
often consisting of millions of images. These images need to be annotated manually by expert
pathologists prior to training, a task that is both time-consuming and cost prohibitive. While
these deep learning models may represent the state of art in digital pathology, curation of
large, expertly annotated datasets serves as a major impediment to their development and
adoption. In addition, adoption of deep learning approaches is impeded by their “black box”
nature, which prevents an intuitive mapping of the features learned by the model to features
in the histopathology image [187].

The overall goal of this work is to demonstrate the value of features derived from
persistent homology for predicting cancer grade on a region of interest (ROI) basis, and to
compare methods for distance-based and vector-based classification using features derived
from persistence images for the automatic prediction of prostate cancer images. In particular,
we compare a k-nearest neighbor (kNN) approach using L; distance between persistence
images (i.e., the integrated absolute difference between surfaces) and a random forest approach
using features obtained from persistence images. We chose a random forest approach because
they perform well with high dimensional data and provide variable importance measures and
feature selection methods that can be used to identify which features are most important for
classification. This in turn allows us to create useful visualizations of the most important

features used for classification.
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For each method, we combine features from three separate filtrations constructed on
the same image. The first is a cubical filtration, where the function is the pixel intensity
of the grayscale image. The second is a height filtration, where the function is the height
of the pixel in the image. The third is a Rips filtration on the point cloud generated by
the centroids of the nuclei in the image. We conduct an ablation study to determine the
contribution of each filtration to the overall performance of the classifier for both the kNN

and random forest approaches.

7.2 Related Work

Automatic prostate cancer grading is an area of intense interest in digital pathology |9,
122, 141, 216, 251]. Automatic grading can be classified broadly into two approaches, grading
with handcrafted features and grading with more automated feature engineering approaches,
such as deep learning approaches that learn features from the image data directly [187].
Handcrafted features are those that correspond to a measurable feature in the histopathology
image, such as gland size, shape, and orientation, and offer more interpretability than other
approaches, as they often correspond to features pathologists are already trained to identify.
Classifiers trained on histomorphometric features, like nuclei and gland shape, are often
impeded by the amount of effort necessary by pathologists to hand demarcate features
of interest in order to effectively train the segmentation approach. Approaches applying
handcrafted features leverage simple classifiers, such as support vector machines (SVMs),
trained on textural and morphometric features including one such work that achieved 77%
predictive accuracy classifying Gleason 3 vs Gleason 4 images [82].

Conversely, deep learning approaches utilize large histopathology annotated datasets
(often millions of ROIs) to learn features by learning a mapping from the image data to
the class label without the need for handcrafting features, by incorporating operations

such as convolution and pooling. These methods perform well but have been criticized in
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the pathology community for lacking interpretability, serving as a “black-box” where it is
difficult to understand learned features, or map them back to traditional histopathological
features. Deep learning approaches, in particular CNNs, have shown excellent performance
in automated grading of prostate cancer histopathology images [9, 122, 149, 213]. Some
approaches seek to combine the explanatory power of handcrafted features with predictive
power of CNN approaches. One such methodology leverages a hybrid approach involving
identifying handcrafted features (shearlet transforms), and applying CNNs to generate learned
features from the handcrafted features [251|. This hybrid approach involved training a CNN
with both the shearlet transformed images and original RGB images, and outperformed
an SVM using shearlet transforms alone in classifying Gleason grade 2 to 5 images (88 %
predictive accuracy).

TDA can be viewed as a hybrid approach, a middle ground between traditional
handcrafted feature approaches that require an a prior: understanding to compute
morphometric features, and deep learning approaches that learn representations of features
over extremely large training datasets. Prior work demonstrated the power of TDA, and
persistent homology specifically, to capture prostate cancer architecure both within and
between Gleason grades [173]. TDA has a long history in describing the shape of geometric
objects and is progressing in the area of automation of shape analysis. The analysis
of handcrafted features in the context of shape analysis often means calculating certain
characteristics of a given shape (e.g., volume or maximum width), which can be a difficult
computation problem, sometimes requiring laborious hand-annotation. In the case of prostate
cancer images, this might correspond to the volume of individual prostate nuclei, cells, and
glands. Calculating this, however, becomes a more cumbersome problem as cancer cells
progress, as the delineation of individual prostate micro-architecture becomes more difficult.
Turner et al. [287] developed a topological summary descriptor for capturing the shape of

objects. Crawford et al. [65] extended their method to map to functional inner-product space
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that is more conducive to statistical analysis. Crawford et al. used their method to capture
the topological features of glioblastoma multiforme tumors for use in predicting disease-free
and overall survival. Niclau et al. [218] used TDA in the discovery of a new type of breast

cancer associated with longer survival.

7.3 Background

In this chapter, we use tools from topological data analysis (TDA) to construct a classifier
for Gleason score prediction (3 versus 4) using sampled ROI level grayscale images. TDA
provides a means of measuring features that are invariant under continuous deformation of an
underlying space. We use techniques from TDA to capture architectural information contained
in the ROI level images and then use these derived features in machine learning techniques
to classify cancer grade. In particular, we represent ROI level images as a persistence image
and, using this representation, then construct both a kNN and a random forest classifier.

One tool of TDA is persistent homology. Persistent homology is a way we can encode
topological features changing in resolution as a multiset, which can be visualized either by a
barcode or diagram [87, 317|. These can then be summarized in a variety of ways that are
more useful for constructing statistical and machine learning models. For instance, persistence
landscapes developed by Bubenik [44], persistence images described by Adams et al. [3],
and Smooth Euler Characteristic Transform (SECT) described by Crawford et al. [65] are
all ways to summarize persistence in a way that results in a vectorized representation that
is more amenable to machine learning approaches. The methods chosen for this work are
with persistence diagrams as summarized by persistence images. We refer to Chapter 2 for
background on persistent homology, filtrations using cubical, height, and Rips filtrations,
persistence diagrams, persistence intensity functions, and persistence images. Here, we give

the required background on ANN and random forest classifiers.
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7.3.1 K-Nearest Neighbor Classification

k-Nearest Neighbors (kNN) classification [61, 99] is a non-parametric, instance-based
learning algorithm widely used for classification tasks. The fundamental idea behind kNN
is to predict the class of a given data point based on the classes of its nearest neighbors
in the feature space. The distance metric is critical in kNN, with the most common being
the Euclidean distance. When a new data point needs to be classified, the kNN algorithm
calculates the distances from this point to all other training data points and selects the k points
that are closest, where k is a user-defined parameter. Let D = {(Xy,v:), (Xo, %), -+, (X0, y)}
be a dataset, where X is the feature vector of the " training instance and y; € {1,..., L}
is its corresponding class label. Assuming distance metric, d(X,X’), the classification of
the new point is determined by a simple majority vote among the k nearest neighbors. If
C;(X1e%) is the class of the " neighbor to point X®*¥, the predicted class C for new point

X"V can be expressed as:

C(X™V) = argmax » _ I(C5(X") = C;(X™V)),

¢ o

where /() is the indicator function that equals 1 when the class labels are equal to one-another
and 0 otherwise. The choice of k affects the algorithm’s performance and the optimal choice
is data-dependent and is often determined through methods such as cross-validation |13, 206,
279], rules-of-thumb [104, 183], or methods based on Bayesian strength [109, 110]. Generally,
small values of k can lead to a model that is sensitive to noise, while large values can smooth
out class boundaries and potentially lead to underfitting.

kNN operates under the assumption that similar instances are located close to each
other in the feature space, making it well-suited for cases where cluster distributions exist.
However, the algorithm requires careful consideration regarding the scaling of features and the

choice of distance metric, as these can greatly affect the results, especially in high dimensional
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spaces [6]. Additionally, kNN is computationally intensive as it stores all the training data
and requires calculating distances during prediction, making it less practical for large datasets
without effective optimizations. This computational issue can be mitigated by using data
structures like KD-trees [28] or Ball trees [221] to speed up the nearest neighbor search and/or
by using approximate nearest neighbor algorithms [10] that can provide faster results at the

cost of some accuracy.

7.3.2 Random Forests

The random forest, developed by Breiman [38], is an extension of bagging [37] (Bootstrap
AGGregating) classification and regression trees [39] that performs well with little tuning
of parameters required [129]. In the case of binary trees, classification and regression trees
predict a response by traversing down a decision tree, T', where each split into child nodes,
tr, and tg, corresponds to a split on a covariate in the dataset. In a quantitative response
(regression) setting, predicted responses for a set of covariates is the mean value of the root
node corresponding to that set of covariates in regression. Alternatively, in a classification
setting, the probability of class membership is estimated by the proportion of each class in
the root node. Trees are built in a greedy fashion, where the optimal split, s*, is determined
at each node, ¢, of the tree by maximizing the decrease of node impurity (e.g., Gini impurity,
Shannon entropy, etc.).

Bagging is a general ensemble procedure in which predictors are generated for a large
number of bootstrap subsamples of some dataset, and then predictions are averaged across
the ensemble to produce a predictor with less variability [129]. In the case of classification,
the predicted class is the one that receives the largest number of plurality votes from the
ensemble of classifiers. That is, for an ensemble of tree classifiers, {T,(x)}2_,, where each

tree, Ty, in the ensemble is built on a bootstrap subsample of the larger dataset, the bagging



188

estimate of the predicted response would be

y = majority vote {{T(x)}1_, } -

Random forests improve on bagged classification and regression trees by taking m < p random
subsamples of the p predictors when building the trees in the ensemble. This has the effect
of reducing the correlation among the trees built using the bootstrap samples. For instance,
if a very strong predictor exists in the training set, we might expect that the first split will
always use this variable, inducing a correlation in the trees in the ensemble. The number
of random predictors to use at each split, m, is an important tuning parameter for random

forests (usually tuned via cross validation or out-of-bag errors).
7.4 Methods

To predict the grade of prostate cancer histopathology ROI images, we use features
derived from persistence images, which are the vectorized representation of persistence
diagrams. We construct two types of classifiers, a kNN classifier using L distance between
persistence images, and a random forest classifier using features derived from persistence
images. For both classifiers, we use features derived from three separate filtrations constructed
on the same image: a cubical filtration, a height filtration, and a Rips filtration on the point
cloud generated by the centroids of the nuclei in the image. We conduct an ablation study to
determine the contribution of each filtration to the overall performance of the classifier for

both the kNN and random forest approaches.

7.4.1 Image Acquisition

Whole slide image (WSIs) were obtained from the Prostate cANcer graDe Assessment

(PANDA) challenge dataset [47], which contains a dataset (from the Radboud University
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Medical Center) of WSIs containing prostate glands that are individually labeled. With this
dataset, we construct a collection of “pure-grade” 512 x 512 pixel ROIs of Gleason Grade 3
and Gleason Grade 4 by thresholding the proportion of pixels in the ROI that are labeled as
prostate glands of grade 3 or grade 4. The chosen threshold of 0.5 was chosen to maximize
the number of ROIs in the dataset while also ensuring that the ROIs were predominantly of
a single grade. Then, to simplify tuning and training of the machine learning models, a large
subset of these ROIs was taken to result in a balanced number of grade 3 and grade 4 ROIs,
ultimately resulting in 3800 ROIs for each grade spread over a total of 3069 WSIs. Finally,
each ROI was converted to an 8-bit grayscale image by taking the average of the RGB color

channels.

7.4.2 Persistent Homology Derived Features

Each grayscale ROI was subject to three separate filtrations, a cubical filtration, a
height filtration, and a Rips filtration on the point cloud generated by the centroids of the
nuclei in the image. A cubical complex representation was constructed from the grayscale
representation of an ROI, where the function value at each pixel corresponds to the pixel
intensity. A lower-star filtration, { K¢®Pal}2% " was then constructed from the 8-bit grayscale
ROI using a cubical complex representation, and then the associated persistence diagram was
computed. This was done using the Python API from GUDHI [190]. This procedure resulted
in a collection of Hy and H; diagrams defined over the support {z,y € Zoss : © < y} (i.e.,
the discretized upper-diagonal of [0, 255]?).

For the height filtration, the grayscale image was triangulated and a lower-star filtration,
{ Kheight1258 " was constructed on the triangulated image using the height of the pixel as the
function values and then the associated persistence diagram was computed. This was done

using the R package TDA [95] with interface to Dionysus [204] for computing diagrams. This

procedure also resulted in a collection of Hy and H; diagrams, also defined over the support
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{7,y € Zoss - v <y}
Finally, for the Rips filtration, nuclei were segmented on the color version of the ROI
using StarDist [262, 299, 300], a CNN-based semantic segmentation approach to nuclei

1" Once the nuclei were segmented, the centroids of the segmented nuclei

segmentation.
were identified and a Vietoris-Rips filtration was constructed on the resulting point cloud,
{Krips}512 - Persistence diagrams were then computed again using the TDA R package.
This procedure resulted in a collection of Hy and H; diagrams defined over the support
{v,y € Zs12 : © < y} (i.e., the upper-diagonal of [0,512]%). However, the connected
components (i.e., Hy diagrams), only vary in death coordinates, and so this results in a
collection of Hy diagrams defined over death space of [0,512] and a collection of H; diagrams
defined over the upper-diagonal plane of [0, 512]%.

PIFs were then estimated for each diagram using kernel density estimation and bandwidth
parameters tuned via cross-validation on the training set for each classifier. To minimize
edge-effect bias in the estimation of the PIFs, an edge correction was applied to the intensity
estimate, by dividing intensity by the convolution of the Gaussian kernel with the window of
observation, an approach originally described by Diggle [76]. This was carried out using the
spatstat R package [18].

Finally, PIs were constructed by evaluating the PIFs over (the upper-diagonal of) a grid
of points in the birth-death plane. We used a grid of 50 x 50, resulting in 50 x 50/2 = 1250
evaluation points for each 2D diagram. For the 1D diagram, we used a grid of 500 evaluation
points. Thus, the full feature set consists of 1250 x 5 + 500 = 6750 features for each ROI,
which is the combined vectorized representation of the persistence diagrams for the three

filtrations.

'We used the author’s associated Python library, located at https://github.com /stardist/stardist
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7.4.3 Model Comparisons

We conduct an ablation study to determine the contribution of each filtration to the
overall performance of the classifier for both the kNN and random forest approaches. For
each approach, we train classifiers using features derived from each filtration separately, and
then a classifier using all features combined. In particular, we consider models with Hy and
H, PIs separately and combined for each filtration, and then each pair of combined filtrations,
and finally a model with all three filtrations combined.

For the full random forest model with all combined features, we also consider a model
with feature selection. We then train a final random forest classifier on the selected features.
In particular, prior to training the random forest classifier, we apply an all-relevant feature
selection algorithm, called Boruta. All-relevant feature selection is a type of feature selection
that aims to identify all features which are relevant to the outcome be selected, rather than
just a minimal optimal subset of features. Instead of asking, “Which features are the best
minimal set for prediction?”; an all-relevant feature-selection algorithm asks “Which features
carry information that is genuinely better than random noise?”. Thus, we can expect that the
features selected by an all-relevant feature selection algorithm will improve the performance
of the classifier by removing features that are not relevant to the outcome, while retaining all
features that are relevant to the outcome.

We carry this out using the algorithm from the Boruta R package [165], to the full set
of features derived from all three filtrations. Boruta compares the importance of original
attributes with that of randomly permuted copies (called “shadow features”). For each
original attribute, the algorithm creates a shadow attribute by randomly shuffling the values
of the original attribute across objects. Then classification is performed using all attributes
(original and shadow), and the importance of each attribute is computed. The algorithm
iteratively removes features that are deemed less important than the best of the shadow

features by testing the maximum Z score (computed by dividing the average loss by its
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standard deviation) among shadow attributes against the Z score of each original attributes.
The algorithm continues until it reaches a point where it cannot reject the null hypothesis

that a feature is less important than the best shadow feature.

7.4.4 Model Tuning

Data were split into a training and validation set on a WSI basis, such that all ROIs
from a given WSI were contained in either the training or validation set. This was done to
avoid issues with pseudoreplication that can occur in the classifier. For example, if there is
very high similarity of topological features within a WSI, then the classifier may be able to
learn WSI specific features that do not generalize to other WSIs, and thus the performance
of the classifier may be artificially inflated. To avoid this issue, we split the data on a WSI
basis, according to an 80/20 split, resulting in 6093 ROIs nested within 2455 WSIs and 1507
ROIs nested within 614 WSIs in the training and validation sets respectively.

The ENN classifier was tuned using 5-fold cross validation (CV) on the training
set. For the KNN classifier, the number of neighbors, k, was tuned over the set
{1,3,5,7,9,10,20,40,50} and the distance metric was fixed to be the L; distance between
persistence images. The best performing model was selected based on classification accuracy
on the validation set, and then the final model was retrained on the full training set using
the selected parameters. Tuning revealed smaller values of k£ performed better than larger
values of k, with the best performing model, as measured by mean classification accuracy on
the validation set, having kK = 7. Note that L; was chosen so that combining features would
be additive in the distance metric across filtrations, which is not automatically the case for
L, distance. Initial testing also indicated that L; distance performed better than Ly distance
for the kNN classifier.

For the random forest classifier, the number of trees was set to be 1000. Initial

testing indicated that the number of predictors to use at each split, m, had little impact
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on performance of the classifier, and was thus set to the rule-of-thumb value of ,/p for the

experiments, where p is the number of features.

7.5 Results

Results of the model comparisons for the kNN appoach are shown in Table 7.1, and
results of the model comparisons for the random forest approach are shown in Table 7.2. The
performance of the models was evaluated using area under the receiver operating characteristic

curve (AUC), Youden’s J statistic (J = Sensitivity + Speci ficity — 1), classification accuracy

Fl = 2XxprecisionXrecall
~ precision+recall

(proportion correct), and F'l-score ( ), on the validation set.

The highest performing model from the kNN approach was the model using the combined
cubical filtration features, with an AUC of 0.8938 and accuracy of 0.8135, while the highest
performing model from the random forest approach was the model using all features combined
with feature selection, with an AUC of 0.9364 and accuracy of 0.8647. In general, it appears
for this dataset, that the random forest approach using features derived from persistence
images performs better than the kNN approach using L, distance between persistence images,
with each model using the same features performing better in the random forest approach
compared to the kNN approach. This may be because the random forest approach is able to
learn a more complex decision rule in the feature space, while the kNN approach is limited to
a more local decision boundary. The random forest approach also allows for feature selection,
which can help to improve performance by reducing noise and overfitting.

The highest performing models in both the NN and random forest approaches were
those using features derived from the cubical filtration, with the model using all features
combined with feature selection performing best in the random forest approach, and the model
using combined Hy and H; features performing best in the kNN approach. The models using

features derived from the height and Rips filtrations performed worse than the models using

features derived from the cubical filtration, which may indicate that the cubical filtration
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Model AUC Youden Accuracy F1
Hy Cubical 0.8729  0.5972  0.7989 0.7914
H; Cubical 0.8570  0.5744  0.7876 0.7771

HyU H; Cubical 0.8938 0.6265 0.8135 0.8068
H, Height 0.6579  0.2498  0.6250 0.6164
H, Height 0.6606 0.2291  0.6144 0.6159
HyU Hy Height 0.6762 0.2750  0.6376 0.6300
Hy Rips 0.6471 0.2452  0.6230 0.6044
H, Rips 0.6659  0.2797  0.6396 0.6429
HyU H, Rips 0.6479  0.2453  0.6230 0.6066
Cubical /Height ~ 0.8642  0.5747  0.7883 0.7666
Cubical /Rips 0.8435 0.5351  0.7684 0.7472
Rips/Height 0.6950  0.3287  0.6648 0.6466
Full 0.8548  0.5360  0.7690 0.7422

Table 7.1: Model characteristics for kNN models on the validation set. The best performing
model is the combined Hy U H; cubical model and performance appears to degrade when
adding more features across filtrations.

captures more important architectural features of the prostate cancer ROIs, or image data
more generally, than the height and Rips filtrations.

The random forest model using all features combined with feature selection performed
better than the model using just H, cubical filtration features, with an AUC of 0.9364
compared to 0.9236, and an accuracy of 0.8647 compared to 0.8602, respectively. However,
this is a relatively small increase in performance, which may indicate that the features derived

from the height and Rips filtrations are capturing redundant features to those derived from
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Model AUC Youden Accuracy F1
H, Cubical 0.9236 0.7200 0.8602 0.8567
H; Cubical 0.8965 0.6197  0.8094 0.8115

HyU Hy Cubical 0.9277  0.7086  0.8543 0.8522

H, Height 0.7392  0.3965  0.6983 0.6947
H, Height 0.7155 0.3039  0.6514 0.6590
HOU H; Height 0.7430  0.3967  0.6983 0.6963

Hy Rips 0.7205 0.3402  0.6703 0.6622
H; Rips 0.7222  0.3607  0.6807 0.6689
HyU H; Rips 0.7263  0.3578  0.6794 0.6648

Cubical/Height ~ 0.9359  0.7186  0.8595 0.8552
Cubical /Rips 0.9167 0.6991  0.8498 0.8456
Rips/Height 0.7425 0.3915  0.6957 0.6933

Full 0.9315 0.7171  0.8589 0.8540
Full w/ Selection 0.9364 0.7290 0.8647 0.8607

Table 7.2: Model characteristics for random forest models on the validation set. The best
performing model is the model with all features combined with feature selection, which
achieves an accuracy of 0.8647. However, this is only marginally better than the model using
only the H cubical filtration PI which achieves an accuracy of 0.8602.

the cubical filtration. The random forest model using all features combined without feature
selection performed worse than the model using all features combined with feature selection,
with an AUC of 0.9277 compared to 0.9364, and an accuracy of 0.8543 compared to 0.8647,
which may indicate that the feature selection algorithm is effective at removing noisy features

that do not contribute to the performance of the classifier.
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We use a t-SNE plot (i.e., the first two components of a t-distributed stochastic neighbor
embedding) to visualize the separation of the classes in the best performing model from
the ENN approach, which used combined features from the Hy and H; cubical filtrations.
We carried this out using the scikit-learn Python library [228| taking default perplexity
parameter of 30. This is provided in Figure 7.1. Panel (a) provides a t-SNE plot of the
true distribution of classes for the training set, while panel (b) provides a t-SNE plot of
the predicted distribution of classes for the validation set. In both panels, the points are
colored according to grade, with blue points corresponding to grade 3 and orange points
corresponding to grade 4. In panel (a), we see that there is generally good separation of
the classes in the t-SNE plot, with some overlap between the classes. This suggests that
the features derived from the combined Hy and H; cubical filtration are able to capture
important architectural features of the prostate cancer ROIs that are relevant for classifying
cancer grade, but that there may be some noise in the features that is preventing perfect
separation of the classes. In panel (b), we see that the distribution of points for the predicted
distribution of classes in the t-SNE plot is generally the same as the true distribution of
classes in the t-SNE plot. This suggests that the kNN model is able to learn a decision
boundary that separates the classes in the t-SNE plot.

For the random forest approach, we use a variable importance plot to visualize the
importance of the features in the best performing model, which was the model using all
features combined with feature selection. This is provided in Figure 7.2, where we see that
the most important features in the model are those derived from the cubical filtration and
features derived from loop components (H7). This may indicate that the features derived from
the cubical filtration are capturing more important architectural or textural features of the
prostate cancer ROIs than the features derived from the height and Rips filtrations and that
the loop components are better capturing important architectural features of the prostate

cancer ROIs, such as the size and shape of the glands, than the connected components.
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Figure 7.1: Stochastic neighbor embedding (t-SNE) over the full dataset with the true
distribution of classes for the training set (a) and the predicted distribution of classes for the
validation set (b) for the best performing kNN model, which was the combined Hy and H,
cubical model. In both panels, the points are colored according to grade, with blue points
corresponding to grade 3 and orange points corresponding to grade 4.

Locations of the most important features in the birth-death plane for the cubical
filtration are birth-death coordinates of about (75,75) in both the Hy and H; diagrams
and also birth-death coordinates of about (150,230) in the H, diagram. These coordinates
correspond to intensity values in the grayscale image and thus can be used understand the
types of topological features important for classifying prostate cancer grade. For instance,
the important features in the Hy diagram with birth-death coordinates of about (150, 230)
correspond to connected components that are born at an intensity value of about 150 and die
at an intensity value of about 230, which likely corresponds to nuclei in the images, as those
are the pixels with the highest intensity values in the grayscale images. Thus, this region of

the birth-death plane is potentially approximating the number of nuclei in the image, which
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is an important architectural feature of the prostate cancer ROIs and ought to be predictive
when comparing Gleason grade 3 versus grade 4 as Gleason grade 4 is characterized by more
crowded glands and thus more nuclei in the image.

Finally, we also include a binary mask of the selected features from the feature selection
algorithm for the random forest model using all features combined with feature selection,
which is provided in Figure 7.3. In these plots, we see that the feature selection algorithm
selected features across all three filtrations, but that a large proportion of the selected
features were those derived from the cubical filtration, which is consistent with the variable
importance plot. Generally, the selected features correspond to features with higher variable
importance. This plot provides a visual representation of the features in the filtrations that
are important for classifying prostate cancer grade, giving a “topological signature”, of sorts,
of the topological features of the prostate cancer ROIs that are important for classifying

cancer grade.

7.6 Discussion and Future Work

In this chapter, we have demonstrated the use of topological based features for predicting
Gleason grade of ROIs in histopathology image data. Our ablation study revealed that features
derived from the cubical filtration are most important for classifying cancer grade, compared
to features derived from the height and rips filtrations.

Our study also revealed that the random forest approach using features derived from
persistence images performs better than the ENN approach using L, distance between
persistence images. It is possible that the random forest approach is retaining more information
about the features in the persistence images (compared to computing a distance between
persistence images) and is thus able to learn a more complex decision rule in the feature
space. Finally, we provided visual representation of the important features in the birth-death

plane, and feature-selection provides visualization of a topological signature for differentiating
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Gleason grade 3 versus grade 4 prostate cancer ROIs.

Our top model (the random forest model using all features combined with feature
selection) achieved an AUC of 0.9364 and an accuracy of 0.8647 for classifying Gleason grade
3 vs 4 in ROIs, which is promising for a model using only topological features, and suggests
that topological features may be useful for classifying cancer grade in histopathology image
data. The performance of the random forest models, indicate that topological features may
offer an alternative or compatible set of features to the more commonly used CNN features for
classifying prostate cancer. This points to the possibility of building multi-modal approaches
that combine the advantages of CNNs and persistent homology derived features. A natural
extension of this future work is the exploration of the extent to which CNNs are capturing
similar features to persistent homology based features, or whether these features are unique.

This work focused on the binary classification of grade 3 vs grade 4 prostate cancer ROIs.
However, the same approach could be extended to multi-class classification of Gleason grades
3, 4, 5, healthy tissue, stroma tissue, and other benign mimickers of prostate cancer, such as
benign prostatic hyperplasia. This would enable a full image segmentation approach, where
the goal is to classify each ROI in a WSI as belonging to one of the classes. While a more
challenging task, it would be more clinically relevant, as it would allow for the identification
of different grades of cancer within a single WSI, as well as the identification of benign tissue
and other mimickers of cancer. Additionally, computation of Gleason grade (and ISUP grade)
for the entire WSI, which is the current standard for grading prostate cancer in clinical
practice, could be conducted.

This computer aided diagnostic approach could be used to assist pathologists in grading
prostate cancer, and could potentially improve the accuracy and consistency of grading,
as well as reduce the time and effort required for grading. In particular, when a patient
has a biopsy with multiple cores, the model could segment each biopsy WSI and compute

the proportion of tissue for each tissue type. This would allow for a more automated and
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standardized approach to grading prostate cancer, which could be useful for improving the
accuracy and consistency. It would also allow for the future possibility of more detailed
and nuanced grading of prostate cancer as proportions of different tissue types (including
subtypes of cancer) could be computed, which may be more informative for prognosis and
treatment planning than the current approach of assigning a single grade to the entire WSI.

One important consideration for future work is the accurate estimation of uncertainty in
the predictions. For instance, if the model is able to identify areas of the image that uncertain
about Gleason grade, then this information could be useful for a pathologist to focus their
attention on those areas of the image when grading the cancer. However, accurately estimating
the uncertainty in the predictions is a challenging problem, especially when using complex
models such as random forests or neural networks. Examples of approaches to estimating
uncertainty in the predictions are to use bootstrapping or other resampling methods to
estimate the variability in the predictions. For example, Mench and Hooker developed a
general resampling approach based on U-statistics that allows for estimation of standard
errors of predictions from machine learning models [195, 264] that could be used to estimate
the uncertainty in the predictions from the random forest model.

Finally, we used a random forest classifier and a k-nearest neighbor classifier for our
classification task, but there are many other types of classifiers that could be applied to this
problem that better capture the structure of the functional data we are using as predictors.
For example, there are variants of random forest classifiers that explicitly allow for functional
covariates [197, 202, 237, 243|. Additionally, CNNs and other types of neural network
architectures that are designed for functional data could also be applied to this problem and
may better capture the structure of the functional data we are using as predictors. Using
CNNs for this problem would also allow for the possibility of a multi-modal approach where
features learned by the CNN are combined with features derived from persistence images to

improve performance. Exploring the use of these other types of classifiers for this problem is
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another potential area for future research.
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Figure 7.2: Variable importance for full random forest model with all features combined.
Variable importance is on the same scale across all figures, with the most important features
indicated by the high intensity regions in the variable importance maps.
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Figure 7.3: Boruta feature selection mask across all features for the combined model. The
mask indicates which features were selected as important by the Boruta feature selection
algorithm in yellow for the 2D diagrams and a value of 1 for the 1D diagram.
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CHAPTER EIGHT

SUMMARY

In this chapter, we review the main contributions of this dissertation and discuss potential

future research directions for the development of methodology for topological data analysis

(TDA).

8.1 Summary of Contributions

In this dissertation, we have developed methods for TDA using point process and
nonparametric regression techniques. The central theme of this dissertation is the development
and improvement of methods for analyzing topological data using persistence intensity
functions, an important summary measure of persistence diagrams. In particular, we have
focused on the problems of estimating persistence intensity functions, conducting hypothesis
testing with them, and using them as predictors to apply to classification of prostate cancer
histopathology image data. In Chapter 2, we reviewed concepts from TDA including simplicial
complexes, homology, and persistent homology. We also defined persistence diagrams,
persistence intensity functions and persistence images, which are important topological
summaries in TDA. We introduced the problem of grading prostate cancer using histopathology
image data, and developed a new generative point process model for simulating the location
of nuclei in histopathology images.

Chapter 3 considers the use of a kernel-based mixed-curve model to estimate persistence
intensity functions for hierarchically sampled persistence diagram data. Using this estimator,
we developed a novel functional ANOVA hypothesis testing procedure for comparing
persistence intensity functions across multiple groups, while accounting for the hierarchical

structure of the data. We achieved this by expanding a permutation based local hypothesis
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testing method, namely the Westfall-Young procedure, to construct the global test statistic as
the minimum of the local adjusted test statistics, allowing for both local and global inferences
across the domain of the persistence intensity function. We carried out simulation studies to
evaluate the performance of this proposed method, and then applied it to prostate cancer
histopathology data for identifying differences in the persistence intensity functions across
Gleason grades. This is important work in the context of TDA, as it provides the first method
for conducting hypothesis testing with persistence diagram data under a repeated measures
design, which is common to encounter in practice.

Chapter 5 focuses on the problem of estimating a persistence intensity function using
adaptive B-spline regression. Solving the knot-selection problem is a key step for adding
flexibility to B-spline based methods, and is important for improving estimation. However,
the optimization problem for knot selection is non-convex and is computationally expensive to
solve. Thus, we adapted the factored evolutionary stochastic search algorithm for solving the
knot-selection problem for B-spline regression, enabling more efficient estimation of persistence
intensity functions using adaptive B-spline representations. We evaluated the performance
of our proposed method through simulation studies, comparing it to traditional stochastic
search methods for knot selection. Using a fixed number of fitness evaluations, our approach
achieved the same or better estimation performance compared to traditional stochastic search
methods and has the potential for further computational efficiency improvements.

In Chapter 6, we considered adaptive estimation of 2D surfaces using B-spline based
methods, as persistence intensity functions are generally defined over a 2D domain. In the
higher-dimensional case, B-spline based methods can be computationally expensive to use,
and their representational efficiency can be poor. To address these issues, we investigated
the use of hierarchical B-spline representations for estimating 2D surfaces. We developed
a data-driven approach for selecting the hierarchical mesh for the B-spline representation,

and tested the performance of this approach through simulation studies. We found that our
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approach achieved better estimation performance than traditional tensor-product B-spline
representation methods for estimating 2D surfaces, and that it has the potential for further
representational and computational efficiency improvements. Chapter’s 4 and 5 contribute to
the development of methodology for TDA by providing new tools for estimating persistence
intensity functions in an adaptive manner.

Finally, in Chapter 7, we applied persistence images to the problem of grading
prostate cancer using histopathology data. We conducted an ablation study to compare the
performance of various filtrations using k-nearest neighbor and random forest classifiers for
predicting Gleason grade from image data. We found that persistence images can provide
useful information for classification tasks in the context of prostate cancer grading and that
cubical complex filtrations of histopathology data provided the most useful information for
classification. We also found that random forest classifiers performed better than k-nearest
neighbor classifiers for this task. This work contributes to TDA by demonstrating the
potential of persistence images for analyzing complex data in practice and gives insights
into the types of topological features that may be most useful for classification tasks in the
context of prostate cancer grading. Overall, the work in this disseration has contributed
to methodology for TDA using point process and nonparametric regression techniques and

provides avenues for future research in this area.

8.2 Future Research Directions

There are several potential future research directions for the development of methodology
for TDA using point process and nonparametric regression techniques. One main central theme
of our work is in the reduction of assumptions when conducting analyses with persistence
diagram data. For example, in Chapter 3, we developed a method for conducting hypothesis
testing with persistence diagram data under a repeated measures design, which relaxes the

assumption of independent and identically distributed data that is most often made in TDA.
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This suggests that further relaxation of independence assumptions could be a fruitful area
for future research. For example, one could investigate analysis methods under temporal or
spatial dependence structures, which are also common in many applications of TDA.

While the methods we developed in Chapter 3 were for a repeated measures design,
which is a specific type of dependence structure, there are many other types of dependence
structures that could be considered. For example, one could consider spatial dependence
structures for persistence diagram data arising from spatial data such as ROIs spatially
indexed from WSIs, or temporal dependence structures for persistence diagram data arising
from time series data. While the repeated measures design we considered can account for
these types of dependence structures to some extent, they do not model the autocorrelation in
a specific way compared those that are commonly used in spatial and temporal data analysis.
We believe that the mixed-curve modeling approach paired with the local hypothesis testing
method can be extended to these settings by estimating the appropriate local model that
includes these spatial or temporal dependencies, and then applying similar Westfall-Young
procedures for hypothesis testing.

Additionally, while our approach provided a method for conducting an ANOVA test for
comparing persistence intensity functions across multiple groups while accounting for the
hierarchical structure of the data, we did not develop methods for conducting post hoc pairwise
comparisons among the groups. Thus, developing methods for conducting post hoc pairwise
comparisons with persistence diagram data under a repeated measures design is another
potential area for future research. We believe this can be achieved by applying the same local
hypothesis testing method, but with the appropriate permutations for conducting pairwise
comparisons, and then subsequently applying a Bonferroni correction to the minimum local
adjusted test statistic to account for the multiple testing. In addition, hypothesis tests
other than the ANOVA, such as a 1-sample test against a known baseline function, could

be developed using the Romano-Wolf procedure, as its methods apply more generally to
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bootstrap and resampling based methods. However, this would require further investigation of
the properties of the Romano-Wolf procedure in the context of functional data, as analytical
results for this procedure are currently unknown in this context.

In Chapters 5 and 6, we developed methods for estimating persistence intensity functions
using adaptive B-spline regression. In general, these methods relax the assumption of spatial
homogeneity of the persistence intensity function covariance structure, which is the standard
assumption made when estimating persistence intensity functions. Additionally, in Chapter
6, we applied an edge-correction method when estimating persistence intensity functions to
minimize bias near the boundaries of the domain. This is important because much of the
mass of the persistence intensity function are typically found near the boundaries of the
domain, and thus bias in these regions can have a large impact on estimation performance.
Historically, this step has been avoided, by using weighting methods to down-weight the
contribution of points near the boundaries. While it generally makes sense to estimate
persistence intensity functions using well known methods to reduce estimation bias, it is
unclear what effects these assumptions would have on downstream tasks such as classification.
Thus, further investigation of the effects of these assumptions on downstream tasks is another
potential area for future research.

Our focus in this dissertation has been on the persistence intensity function as a summary
of persistence diagrams, but there are many other types of functional summaries that have
been developed in TDA, such as persistence landscapes, persistence silhouettes, and smooth
Euler characteristic curves. Generally, the hierarchical mixed-curve modelling approach and
our local hypothesis testing procedure is agnostic to the type of functional summary being
used, and thus could be applied to these other types of summaries. However, the properties
of our methods in the context of these other types of summaries is not known, and thus
further investigation of our estimation and hypothesis testing approach for repeated measures

across these topological descriptors is another potential area for future research.
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Another direction to explore is the use of these other types of topological summaries for
conducting classification tasks. In Chapter 6, we compared different filtrations and different
classifiers for classification of prostate cancer histopathology data. These other topological
summaries may capture different aspects of the topological structure of the data and could
potentially provide different information for classification tasks compared to the persistence
images we considered in Chapter 6, and thus could be useful for improving classification
performance. Comparisons of these different types of summaries over the same data such as
the prostate cancer histopathology data we consider and other types of image data could
provide insights into the types of topological features that are most useful for these kinds of
classification tasks.

One potential direction is to investigate the use of other types of nonparametric regression
methods for estimating persistence intensity functions, such as Gaussian process regression or
neural network functional representations. These methods may provide different advantages
and disadvantages compared to the kernel-based and B-spline based methods we consider.
For example, one approach which may extend our kernel-based method is to use a Bayesian
mixed-model locally instead of our current likelihood-based regression method. This may
help deal with linear separation estimation issues that can arise when applying local linear
regression to persistence intensity function estimation, as the Bayesian kernel-based methods
allow for incorporation of prior information that can help regularize estimation in these
cases. Additionally, taking a Bayesian approach such as this may allow for the propagation
of uncertainty from the estimation step into downstream tasks such as classification.

Our analysis in Chapter 7 estimated probabilities of class membership for the different
Gleason grades. We split our data into a training and test sets by splitting at the WSI level
to avoid issues with data leakage arising from psuedoreplication of patches within the same
WSI. However, the classifiers we used still made predictions at the patch level assuming

independence of the patches, which is not the case for those data. Because of this, estimation
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of probabilities of class membership for the different Gleason grades may be biased, and
thus the performance of our classifiers may be suboptimal and standard error estimates of
probabilities may be underestimated. Thus, further investigation of methods for classification
that account for the hierarchical structure of the data is another potential area for future
research. For example, one potential approach is to use mixed-effect models for classification,
which can account for the hierarchical structure of the data. For example, extensions to
random forest classifiers to the mixed-effect setting have been developed [126, 140, 229,
and thus could be applied to our classification problem. Additionally, mixed-effect models
using neural network functional representations have recently become an area of research in
the machine learning community [188, 269, 284, 307]. These methods have the potential to
provide flexible representations for classification tasks while also accounting for the hierarchical
structure of the data. Some of these methods take a Bayesian approach, which may also
allow for the propagation of uncertainty from the PIF estimation step into these down-stream
tasks of classification.

We finish with a description of a more idealized estimation procedure for the classification
task we considered in Chapter 7. Persistence intensity functions are intensity functions of the
persistence diagram treating it as a point process. As a consequence, bias and estimation
error in the estimation of persistence intensity functions themselves are important to consider.
Thus, accounting for edge-effect bias, inhomogeneity in the covariance structure, and lack
of independence in the data are important for improving estimation of persistence intensity
functions. An ideal classification analysis would incorporate these considerations when
estimating persistence intensity functions, and would consider the estimation of persistence
intensity functions as an intermediate step in the classification pipeline, to then propagate
this estimation error into the classification step. We believe a Bayesian approach could
make this more feasible, as it would allow for hierarchical modelling of this process and thus

the propagation of uncertainty throughout the process and into the classification step more
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natural. Posterior predictive distributions for class membership could then be obtained that
would account for uncertainty in the various steps of the process. Thus, further investigation
of Bayesian approaches for classification using persistence intensity functions, we believe, is
an important area to consider for future research.

Overall, there are many potential future research directions for the development of
methodology for TDA using point process and nonparametric regression techniques. We have
highlighted some potential directions, but there are many other avenues to explore in this
area. We hope that our work in this dissertation will inspire further researchers to contribute

to the development of new methods for analyzing topological data in practice.
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Glossary

abelian group An abelian group is a group G in which the group operation is commutative.
That is, for all a,b € G, we have a-b =0b-a. In an abelian group, the order of the

elements does not affect the result of the operation.. 30, 212

Borel set A Borel set is any set in a topological space that can be formed from open sets
(or, equivalently, from closed sets) through the operations of countable union, countable

intersection, and relative complement.. 38

free abelian group A free abelian group is an abelian group that has a basis, which is
a set of elements such that every element of the group can be uniquely expressed as
a finite linear combination of these basis elements with integer coefficients. In other

words, a free abelian group is isomorphic to a direct sum of copies of the integers Z.. 30

group A group is a set G equipped with a binary operation - that satisfies the following
axioms:
e Closure: For all a,b € GG, the result of the operation a - b is also in G.
e Associativity: For all a,b,c € G, we have (a-b)-c=a-(b-c).

e Identity element: There exists an element e € G such that for all a € G, we

havee-a=a-e =a.

e Inverse element: For each a € G, there exists an element = € G such that

. 30, 212

Hadamard product If A and B are two matrices of the same dimensions, then the

Hadamard product of A and B, denoted A ® B is defined by the element-wise
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product
(A ©B)ij = a; - by,

resulting in a matrix A © B of the same dimensions as A and B . 18

homeomorphism A homeomorphism is a continuous function f : X — Y between two
topological spaces X and Y that has a continuous inverse function f~!: Y — X. In
other words, f is a bijection and both f and f~! are continuous. If such a function
exists, we say that X and Y are homeomorphic, meaning they are topologically

equivalent.. 214

homomorphism A structure preserving map between two algebraic structures of the same
type. That is, a map f : A — B between sets A and B such that f(z -y) =

f(z)- f(y) V pairs z,y € A. 30, 31

homotopic equivalence Two topological spaces X and Y are homotopically equivalent
if there exist continuous maps f: X — Y and g : Y — X such that g o f is homotopic

to the identity map on X and f o g is homotopic to the identity map on Y.. 29

Kronecker product If A is an m x n matrix and B is a p X ¢ matrix, then the Kronecker

product of A and B, denoted A ® B is defined by the block matrix

CL11B alnB
A®B=

anB ... a,,B

.90

manifold A manifold is a topological space that locally resembles Euclidean space. More

formally, an n-dimensional manifold is a topological space M such that for every point
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p € M, there exists an open neighborhood U of p and a homeomorphism ¢ : U — V,
where V' is an open subset of R™. This means that around every point, the manifold
looks like R", even though the global structure of the manifold may be more complex..

29

subgroup A subgroup is a subset H of a group G that is itself a group under the operation
of GG. That is, H must satisfy the following conditions:
e Closure: For all a,b € H, the result of the operation a - b is also in H.
e Identity element: The identity element e of GG is also in H.

e Inverse element: For each a € H, the inverse element o' is also in H.
.31

submanifold A submanifold is a subset N of a manifold M that is itself a manifold,
and the inclusion map 7 : N — M is an embedding. This means that N inherits the
topological and differentiable structure from M, and locally around each point in N, it

looks like a lower-dimensional Euclidean space.. 29
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