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Linear Program (LP)

Decision Variables:
 Real numbers = solvable in polynomial time (called LP).
_  Integers = not (yet?) solvable in polynomial time
x1 = # of Rippers sold - (called integer linear program — ILP).
X, = # of Ripper Carbons__

Objective: max100x; + 300x,

Subjectto: x; < 30 e Can be minimization or maximization.
X2 = 20 * Must be linear combinations of variables x;
Xy +xz =40 (e.g. a;xq + --- + a,x,, for constants a;, not a;x;x5).
X1,%3; =0

Constraints:
e Canbe<, = =.
* Must be linear combinations of variables.



Minimum-Cost Flow Problem: Suppose we have a target flow demand

d, and a flow network where each edge also has a cost in addition to its
capacity. Pushing k flow along edge e incurs the cost kc(e). Find an s —
t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0

8 L .
Q < Q
(L 0 rL 2 ]0 ’LQ)

30+20+10+20=80 10+ 10+ 200+ 20 = 240

X, = Amount of flow on edge e.

Objective: min ), g cost,x,
Subjectto: x, < capacity,, Ve € E
Zeeinput(v) Xe — Zeeoutput(v) xe =0,Vv eV \{s,t}

Zeeoutput(s) Xe = d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow

demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost

fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+410+14+1=13

What if edge charges
are fixed if edge is
used?

X, = Amount of flow on edge e.

Objective: min ), g cost,x,
Subjectto: x, < capacity,, Ve € E
Zeeinput(v) Xe — Zeeoutput(v) xe =0,Vv eV \{s,t}

Zeeoutput(s) Xe = d
X, =0,Ve€eE




X1,X, €N
X2 Objective: max 5x; + 8x,
Subjectto: x; +x, <6
40 5x1 +9x, <45
X1,X2 >0
A 32 37

Integer feasible region:
* Not convex.
* |ocal optimum
global optimum.




X1,X, €N

X2 Objective: max 5x; + 8x,

Subjectto: x; +x, <6
5x1 +9x, <45
X1,Xy = 0

Minimal convex hull:
* Convex.
* |ocal optimum =
global optimum.

e 0 (nld/ zJ) faces,

n = # points and
d = # dimensions




. . . X1, X2 €N
Solving generic ILPs is NP-Hard.
X2 . . Objective: max 5x; + 8x,
But, just because you can build | |sypjectto:  x, +x, <6
40 an ILP for a problem, that does 5x; + 9x, < 45
not mean it is NP-Hard. X1,%; =0

Minimal convex hull:
* Convex.
* |ocal optimum =
global optimum.

e 0 (nld/ 2J) faces,

0 2 4 6 n = # points and
d = # dimensions




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow

demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost

fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+410+14+1=13

What if edge charges
are fixed if edge is
used?

X, = Amount of flow on edge e.

Objective: min ), g cost,x,
Subjectto: x, < capacity,, Ve € E
Zeeinput(v) Xe — Zeeoutput(v) xe =0,Vv eV \{s,t}

Zeeoutput(s) Xe = d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow

demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost

fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

What if edge charges
are fixed if edge is
used?

X, = Amount of flow on edge e.
y. € {0,1} = Indicates if edge e is opened.

Objective: min ), g cost,x,
Subjectto: x, < capacity,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow

demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost

fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

What if edge charges
are fixed if edge is
used?

X, = Amount of flow on edge e.
y. € {0,1} = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

S (/,O ®
Q <0 Q
(L rL J]O /LQ)
1+1+1+1=4 1+10+1+4+1=13

X, = Amount of flow on edge e.
Would this still work? |Ye € N = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve €E




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

X, = Amount of flow on edge e.
Would this still work? |Ye € N = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could increase
capacity along “cheap”
edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30

X, = Amount of flow on edge e.
Would this still work? |Ye € N = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could increase
capacity along “cheap”
edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30

30 Q
Ye =1 > > ENL
4+4+4=8

X, = Amount of flow on edge e.
Would this still work? |Ye € N = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could increase
capacity along “cheap”
edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

=3
Letd = 30 Ve 4O o
Kok c/'O
Ye =1 > > ENE
44+4=8 3+3=6

X, = Amount of flow on edge e.
Would this still work? |Ye € N = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could increase
capacity along “cheap”
edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

X, = Amount of flow on edge e.
Would this still work® | Ve € 10,1] = Indicates if edge e is opened.
Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30

2 Ao AD 40
S (/,o ®©
Q 30 Q
(L rL J]O /LQ)
1+1+1+1=4 1+10+1+1=13

X, = Amount of flow on edge e.
Would this still work? |Ye € 10,1] = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could decrease
capacity (and under
pay) on “cheap” edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $
letd =1 2 20

X, = Amount of flow on edge e.
Would this still work? |Ye € 10,1] = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could decrease
capacity (and under
pay) on “cheap” edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $
letd =1 J0
ye — 1 < S $ '\,v
5+5=10

X, = Amount of flow on edge e.
Would this still work? |Ye € 10,1] = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could decrease
capacity (and under
pay) on “cheap” edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

1 capacity, $
Letd = 1 J’e=ﬁc<i\]‘ ’10®
ye:]_ < A C/O S '\v
54+5=10 1+1=2

X, = Amount of flow on edge e.
Would this still work? |Ye € 10,1] = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE

No. It could decrease
capacity (and under
pay) on “cheap” edges.




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

X, = Amount of flow on edge e.

What happens here? , _ ,
V. € R = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E

Z:eeinput(v) Xe — Zecoutput(v) Xe = 0, VV €V \ {s, t}

Zeeoutput(s) Xe =d
X, =0,Ve€eE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 N Zp N {0
8 C/vo ®
Q 30 Q
(L rL J]O "LQ)
1+414+14+1=4 1+4104+14+1=13

What happens here? X, = Amount of flow on edge e.
" |y, € R = Indicates if edge e is opened.

These are all doing the Objective: min Y ,ep cost,y,

same thing! Subjectto: x, < capacity,y,, Ve € E
Shortest s—t path over 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}
the unit cost (S/unit Zeeoutput(s) Xe = d

flow) edge weights. x, =>0,Ve EE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30

What happens here? X, = Amount of flow on edge e.
" |y, € R = Indicates if edge e is opened.

These are all doing the Objective: min Y ,ep cost,y,

same thing! Subjectto: x, < capacity,y,, Ve € E
Shortest s—t path over 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}
the unit cost (S/unit Zeeoutput(s) Xe = d

flow) edge weights. x, =>0,Ve EE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30 (’DQ ]0

-
@\

Q
€V »]7 fLQv
1+2+1+1=5

What happens here? X, = Amount of flow on edge e.
" |y, € R = Indicates if edge e is opened.

These are all doing the Objective: min Y ,ep cost,y,

same thing! Subjectto: x, < capacity,y,, Ve € E
Shortest s—t path over 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}
the unit cost (S/unit Zeeoutput(s) Xe = d

flow) edge weights. x, =>0,Ve EE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.
y=1 y=3
B {0 %Q\‘ ’*/5)0

-
@\

capacity, $

Let d = 30

Q
(L J]O ’LQ)
1+42+4+14+1=5 1+3=4

What happens here? X, = Amount of flow on edge e.
" |y, € R = Indicates if edge e is opened.

These are all doing the Objective: min Y ,ep cost,y,

same thing! Subjectto: x, < capacity,y,, Ve € E
Shortest s—t path over 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}
the unit cost (S/unit Zeeoutput(s) Xe = d

flow) edge weights. x, =>0,Ve EE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.
y=1 y=3
B {0 %Q\‘ ’*/5)0

-
@\

capacity, $

Let d = 30

10 <0p
1+24+1+1=5 1+3=4

What happens here? X, = Amount of flow on edge e.
" |y, € R = Indicates if edge e is opened.

These are all doing the Objective: min Y ,ep cost,y,

same thing! Subjectto: x, < capacity,y,, Ve € E
Shortest s—t path over 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}
the unit cost (S/unit Zeeoutput(s) Xe = d

flow) edge weights. x, =>0,Ve EE




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow

demand d, and a flow network where each edge also has a cost in
addition to its capacity. Pushing k flow along edge e incurs the cost
kc(e).Findans —t flow of minimum cost with value d.

Let d = 30 (’DQ ]0

-
@\

qp

1+2+1+1=5

What happens here?

These are all doing the
same thing!

Shortest s—-t path over
the unit cost (S/unit
flow) edge weights.

capacity, $

\ / = (0.15 = 1.5
1+3=4 15+15=3 0

X, = Amount of flow on edge e.
V. € R = Indicates if edge e is opened.

Objective: min ), g cost,y,
Subjectto: x, < capacity,y,, Ve € E
z:eeinput(v) Xe — z:eEOU’ClOut(v) Xe

Zeeoutput(s) Xe =d
X, =0,Ve€eE

=0,Vv eV \{s,t}




Minimum Fixed-Cost Flow Problem: Suppose we have a target flow
demand d, and a flow network where each edge also has a cost in

addition to its capacity. Pushing k flow along edge e incurs the cost
fec(e). Find an s — t flow of minimum cost with value d.

capacity, $

Let d = 30

2 Ao AD 40
)
N
W <0 C%Q'O
1+1+1+1=4 14+10+1+1=13

X, = Amount of flow on edge e.
The minimum fixed- |Ye € 10,1} = Indicates if edge e is opened.

cost flow problem is |Objective: min Y, g cost,y,
NP-Hard*, so there is |Subjectto: Xx. < capacity.y,, Ve € E
likely no LP for it. 2ecinputw) Xe ~ Zecoutput(w) Xe = 0, VUV €V \ {s, t}

Zeeoutput(s) Xe =d
*not proven in class today! Xe = 0,Ve€eE




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

\ ‘ \

O



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

\ ‘ \

O

O O



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

What if we make an LP for Vertex Cover?



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

What if we make an LP for Vertex Cover?
Then it would be solvable in polynomial time...



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

ILP]?



Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.

Objective: min };; x;




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j)




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j)

Objective: minx; + X, + x3 + x4 + X5
. |Subjectto:x; +x, =1
Example: N @,
X, +x4 =1
X3 +x4 =21
X3 +x5 =1 @
X4+ x5 21




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j)

Objective: minx; + X, + x3 + x4 + X5

Example: SUbjeCt tO:x1 +x2 = 1 @
X1 +x3 =21
X9 + X4 >1
X3 +x4 =21

X3 +x5 =1 ‘

X4_+x521




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € [0,1] = Indicates if vertex i is selected. What happens?

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j)

Objective: minx; + X, + x3 + x4 + X5
. |Subjectto:x; +x, =1
Example: N @,
X, +x4 =1
X3 +x4 =21
X3 +x5 =1 @
X4+ x5 21




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € [0,1] = Indicates if vertex i is selected. What happens?
x;1 =05
Objective: min };; x; x; — 0.5
Subject to: x; + x; = 1, for each edge e = (i, ) X3 = 82
X4_ — V.
Objective: minx; + x5 + x3 + x4 + X5 x5 = 0.5
Example: Subjectto:x; + x, =1 1 3
' x1+x3 =1 O N
X9 + X4 >1
X3+x, =1
X3 + X5 >1 @ /4
X4 + X5 >1




Vertex Cover (VC)

Vertex Cover: Given graph G = (V, E), find the smallest V' € V such that
each edge in E contains an end pointin V'?

x; € {0,1} = Indicates if vertex i is selected.

Objective: min };; x;

Subject to: x; + x; = 1, for each edge e = (i, j)

Since Vertex Cover is in NP-Complete, and ILPs
can solve VC, solving ILPs is also NP-Complete.
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