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Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
* Cost function
(e.g., non-matches = +1)
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Edit Distance

We want to align two strings, x = [x1, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x, ..., x;| and [y;, ...,yj].

Can we say anything about optimal alignment of x4, ..., x;| and [y, ..., y;]?
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Running Time?

EG—1,j = 1) +diff(i, /)
x[i] = y[j]

otherwise

Fill out nXm table with constant
operations: O (nm)
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Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates space

inserted in i.
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Diagonal move indicates match.
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Diagonal move indicates match.

Vertical move indicates space
inserted in j.
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inserted in 1.
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Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space
inserted in 1.

‘ Running time for backtracking?
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Running time for backtracking?

At worst, only match to insertions:
O(m +n) = O(max(n, m))
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Diagonal move indicates match.

Running time for backtracking?

At worst, only match to insertions:
O(m +n) = O(max(n, m))
At best, no insertions in larger string:
O(max(n,m))
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Running time for backtracking?
O(max(n, m))

At worst, only match to insertions:
O(m +n) = O(max(n, m))

At best, no insertions in larger string:
O(max(n,m))
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Space Requirements?
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Can we

do it in O(min(n, m)) space?
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Repeatedly run algorithm up to row we
are on, backtracking one step at a time.
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Canwe doitin O(min(n, m)) space?
Backtracking?

Repeatedly run algorithm up to row we
are on, backtracking one step at a time.
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j What if | knew for a fact that the optimal
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Hirschberg’s Algorithm

j What if | knew for a fact that the optimal
0 1 2 3 4 § alignment went through here?
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Hirschberg’s Algorithm

j What if | knew for a fact that the optimal
0 1 2 3 4 5 alignment went through here?
0 Obtimal Optimal Optimal
1 Al'pt|ma — alignment from <4 alignment from
’) lgnment start to there there to end
; / f
4 Optimal alignment of: Optimal alignment of:
i =0-2 i=3-5
5 and and

j=0-2 j=3-5



Split point: A cell in the middle(ish) row

Hirschbe rg’S AlgO rithm that lies on at least one optimal path.

oo o WO N L O

0

J
1 2 3 45

What if | knew for a fact that the optimal
alignment went through here?

, Optimal Optimal
Optimal _ _,. .
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

j What if | knew for a fact that the optimal
0 1 2 3 4 5 alignment went through here?
, Optimal Optimal
Optimal _ ? f ? )
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

j What if | knew for a fact that the optimal
0 1 2 3 4 5 alignment went through here?
, Optimal Optimal
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Split point: A cell in the middle(ish) row

Hirschbe rg’S AlgO rithm that lies on at least one optimal path.
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What if | knew for a fact that the optimal
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:

i 01 2 3 45 1. ldentify the middle(ish) row i (string 1).
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).

w N —L|O

N PRI ORIV =
N L, =[N C N
N (= NN W 2 W
N INW| P2 &
W w| P < U
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).

What does this value mean?

WIiIN|F-F|O

N R, Ol lU»L -
N R R[N C N
N L INWIZ W
NN W P2 &
Wi w b U

< = 0 2w




oo o WO N P O T

Hirschberg’s Algorithm

< = 0 2w

W N O

N R OlRr b K~

N =R =|INC DN

N =R INTW 2 W

NN W Pk 2 P&

W w o< O

Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).

What does this value mean?

It is the cheapest way to align
SNO with SU.
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).

What does this value mean?

It is the cheapest way to align
SNO with SUNN.
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).

j 01 2 3 4 5 2. Calculate row i as normal (F[]).
S U N N Y

0O/ 1123 4|5
S|1{0|1(2|3 4 What does this value mean?
N12/1/1/1]2)3 This row is the cheapest way to
0|3|12|2]2|2]3 align SNO with every prefix of SUNNY
W
Y
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).

j 01 2 3 4 5 2. Calculate row i as normal (F[]).
S U N NY

O|112|3|14]|5
S|1/0}1}23|4 What does this value mean?
N|1211/1}/112]3 This row is the cheapest way to
0|3|2|2]2]2]3 align SNO with every prefix of SUNNY
W
Y \ We now need to align WY with every

suffix of SUNNY.
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

What does this value mean?

This row is the cheapest way to
align SNO with every prefix of SUNNY

We now need to align WY with every
suffix of SUNNY.
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:

1.
2.
3.

|dentify the middle(ish) row i (string 1).
Calculate row i as normal (F[]).

Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

j 0 1 2 3 45
i Y NN U S
0 0/1]2[3|4]|5
1Y 0|1]2|3|4
2 W[2|1[1|2]3|4
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

What is happening here?

j 0 1 2 3 45
i Y NN U S
0 0/1]2[3|4]|5
1Y 0|1]2|3|4
2 W[2|1[1|2]3|4
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

What is happening here?
We aligned SNO with SUN.

j 0 1 2 3 4 5
i Y NN U S
0 0[1[2|3|4]5
1Y 0/1(2|3]|4
2 W|2|1|1|2|3]4
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Split point: A cell in the middle(ish) row

Hirschbe rg’S AlgO rithm that lies on at least one optimal path.

< = 0 2w

How to find the split point:
1. Identify the middle(ish) row i (string 1).

6 1.2 3 45 2. Calculate row i as normal (F[]).
S UN NY 3. Align remainder of string 1 with string 2 (both
ol1121314als reversed) and reverse final row (R]]).
1 0|1|2|3|4| Whatishappeninghere?
21111111213 We aligned SNO with SUN.
3(2(22(2]3 j 01 2 3 45
l Y N N U S
0 O11,2|3|4)|5
What does this correspond to in R[]? L 6j1]2]3|4
2 W[ 2111234
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Hirschberg’s Algorithm

< = 0 2w

Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:

W N O

N R, Ol lU»L -
N R IRINICN
N RN W[ 2 W
NN W P2 &
Wi w b U

What does this correspond to in R[]?

Aligning WY with NY.

1. Identify the middle(ish) row i (string 1).

2. Calculate row i as normal (F[]).

3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

What is happening here?

We aligned SNO with SUN.

j 0 1 2 3 45
i Y NN U S
0 0/1]2[3|4]|5
1Y 0|1]2|3|4
2 W[2|1[1/2]|3|4
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: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).

j 012 3 45 2. Calculate row i as normal (F[]).

S UN NY 3. Align remainder of string 1 with string 2 (both

ol1121314als reversed) and reverse final row (R]]).

S11]101]1|2]|3|4| Whatishappening here?
Nl211011111213 We aligned SNO with SUN.
0322223 j 01 2 3 45
W Cost? i Y NN U S
Y 0 O11,2|3|4)|5

What does this correspond to in R[]? L 61112134

Aligning WY with NY. 2 W 2 |1|1|2 3|4




oo b WO N = O T

: ) : Split point: A cell in the middle(ish) row
Hirschbe g S AlgO rithm that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).

j 012 3 45 2. Calculate row i as normal (F[]).

S UN NY 3. Align remainder of string 1 with string 2 (both

ol1121314als reversed) and reverse final row (R]]).

S11]101]1|2]|3|4| Whatishappening here?
Nl211011111213 We aligned SNO with SUN.
0322223 j 01 2 3 45
W Cost? 3 i Y N N U S
Y 0 O11,2|3|4)|5

What does this correspond to in R[]? L 61112134

Aligning WY with NY. 2 W 2 |1|1|2 3|4
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Hirschberg’s Algorithm

< = 0 2w

Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:

1. Identify the middle(ish) row i (string 1).
01 2 3 45 2. Calculate row i as normal (F[]).

S UN NY 3. Align remainder of string 1 with string 2 (both
ol112131als reversed) and reverse final row (R[]).
110|123 |4 What is happening here?
21111111213 We aligned SNO with S.
322223 j 01 2 3 4 5

Cost? 5 i Y N N U S

0 O(1(2 (345

What does this correspond to in R[]? 1Y 6j112]3/4
Aligning WY with UNNY. 2 W[|2 (11123 4
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Hirschberg’s Algorithm
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:

1. Identify the middle(ish) row i (string 1).
01 2 3 45 2. Calculate row i as normal (F[]).

S UN NY 3. Align remainder of string 1 with string 2 (both
ol112131als reversed) and reverse final row (R[]).
110|123 |4 What is happening here?
2111111123 We aligned SNO with -.
3212223 j 01 2 3 4 5

Cost? 7 i Y N N U S

0 O(1(2 (345

What does this correspond to in R[]? 1Y 6j112]34
Aligning WY with SUNNY. 2 W 2 |1|1]2 |34
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

So, we know that we are splitting SNOWY as SNO|WY.
What part of SUNNY should we align to SNO and what
part to WY?

j 0 1 2 3 45
i Y NN U S
0 0/1]2[3|4]|5
1Y 0|1]2|3|4
2 W[2|1[1|2]|3|4




Hirschberg’s Algorithm

W IN (= O
N R | O|lR|lL»L L

N (=R INICDN

N =R INTW 2 W

NN W Pk 2 P&

W w o< O

Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

So, we know that we are splitting SNOWY as SNO|WY.
What part of SUNNY should we align to SNO and what

part to WY?
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Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

How to find the split point:
1. Identify the middle(ish) row i (string 1).
2. Calculate row i as normal (F[]).
3. Align remainder of string 1 with string 2 (both
reversed) and reverse final row (R]]).

So, we know that we are splitting SNOWY as SNO|WY.
What part of SUNNY should we align to SNO and what

part to WY?
4
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Hirschberg’s Algorithm

How to find the split point:
. ldentify the middle(ish) row i (string 1).

Split point: A cell in the middle(ish) row
that lies on at least one optimal path.

j 01 2 3 4 5 . Calculat c lexity:

S UN NY . Align re omprexity: 2 (both
reversed O(nm) time
0111213145 . Calculat O(min(n, m)) :f,!oa_ce

S|1110(11]2|3}4 . Split point = [i][j], where j is the j value with

Nl2l111111213 min F[j] + R[j] value.
0[3|2|2|2|2]3 j 0.1 2 3 45
W L Y N N U S
Y 0 O/ 1|12|3]4]|5
1 Y 012|334
F[jl1+RIljl = 514 S 2 W[ 2|1|1(2|3|4
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Hirschberg’s Algorithm

1. Split string 1 in half(ish).

SNO|WY SUNNY




Hirschberg’s Algorithm

1. Split string 1 in half(ish).
2. Find split point in string 2.

SNO|WY SUN|NY




Hirschberg’s Algorithm

N

subproblems,...

. Split string 1 in half(ish).
. Find split point in string 2.
. Recursively find the optimal alighment in the two resulting

SNO|WY SUN|NY

N

SNO

SUN WY NY




Hirschberg’s Algorithm

1. Split string 1 in half(ish).

. Find split point in string 2.

3. Recursively find the optimal alignment in the two resulting
subproblems,...

N

SNO|WY SUN|NY

N

S|NO SUN WY NY




Hirschberg’s Algorithm

N

. Split string 1 in half(ish).
. Find split point in string 2.
. Recursively find the optimal alighment in the two resulting

subproblems,...

SNO|WY SUN|NY

N

SINO SU|N W|Y NJ|Y




Hirschberg’s Algorithm

N

. Split string 1 in half(ish).
. Find split point in string 2.
. Recursively find the optimal alighment in the two resulting

subproblems,...

SNO|WY SUN|NY

N

SINO SU|N W|Y NJ|Y
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Hirschberg’s Algorithm

1. Split string 1 in half(ish).

. Find split point in string 2.

3. Recursively find the optimal alignment in the two resulting
subproblems, unless string 1 is single character, then find optimal
alignment manually.

N

SNO|WY SUN|NY

N

SINO SU|N W|Y NJ|Y
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Hirschberg’s Algorithm

1. Split string 1 in half(ish).

. Find split point in string 2.

3. Recursively find the optimal alignment in the two resulting
subproblems, unless string 1 is single character, then find optimal
alignment manually.

4. Concatenate alignments to obtain optimal alighment of input string.

N

SNO|WY SUN|NY

N

SINO SU|N W|Y NJ|Y

R N




Hirschberg’s Algorithm

Complexity:
O(nm) time
O(min(n,m)) space

1. Split string 1 in half(ish).

. Find split point in string 2.

3. Recursively find the optimal alignment in the two resulting
subproblems, unless string 1 is single character, then find optimal
alignment manually.

4. Concatenate alignments to obtain optimal alighment of input string.

N

SNO|WY SUN|NY

N

SINO SU|N W|Y NJ|Y

R N
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