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Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

mismatch

l

S-NOWY
SNOWY VS SUNNY » SUNN - vV

SN

match blank
inserted



Longest Common Subsequence

Given two strings, what is the longest (not necessarily
contiguous) sequence of characters that is in both?

SNOWY VS SUNNY » S N Y



Edit Distance

We want to align two strings, x = [x1, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x, ..., x;| and [y;, ...,yj].
Can we say anything about optimal alignment of x4, ..., x;| and [y, ..., y;]?

Alignment Cost
Xi : :
. {01} +E(—-1,j—-1)
Yj
i 1+ E(i - 1,j)
N 1+ E@G,j—1)




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

o Xj—3 Xj—2 Xj—1 Xj
o Yji-3 Yj-2 Yj-1 Yj



Longest Common Subsequence

L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q
o Yi-3 Yj-2 YVj-1

Possibility

LCS Length

How could x; and y; be
used in the optimal LCS?



Longest Common Subsequence

L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q
o Yi-3 Yj-2 YVj-1

Possibility

LCS Length

LCS includes both

LCS excludes y;

LCS excludes x;

LCS excludes both

How could x; and y; be
used in the optimal LCS?



Longest Common Subsequence

L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q

yj—3 Yj—Z yj—l L(i:j) =2
Possibility LCS Length
LCS includes both
LCS excludes y;

LCS excludes x;

LCS excludes both

How could x; and y; be
used in the optimal LCS?



Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q

yj—3 Yj—Z yj—l L(i:j) =7
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1)
How could x; and y; be
LCS excludes Yj used in the optimal LCS?

LCS excludes x;
LCS excludes both




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q

yj—3 Yj—Z yj—l L(i:j) =7
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1)
. How could x; and y; be
LCS excludes Y L(l’] — 1) used in the optimal LCS?

LCS excludes x;
LCS excludes both




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q

yj—3 Yj—Z yj—l L(i:j) =7
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1)
. How could x; and y; be
LCS excludes Yj L(l’] _ 1) used in the optimal LCS?
LCS excludes x; Li—-1,))
LCS excludes both




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

- Xj—3 Xj—2 Xj—q

yj—3 Yj—Z yj—l L(i:j) =7
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1)
. How could x; and y; be
LCS excludes Y L(l’] — 1) used in the optimaI]LCS?
LCS excludes x; Li—-1,))
LCS excludes both | L(i—1,j —1)




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
- Xj—3 Xj-2 Xj—1 L(i]j _1) e
- Yj-3 Yj-2 Vj-1 L(&,j) = max LG—1,))
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1)
. How could x; and y; be
LCS excludes Yj L(l’] _ 1) used in the optimaI]LCS?
LCS excludes x; Li—-1,))
LCS excludes both | L(i—1,j —1)




Longest Common Subsequence

L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
e« Xi—3 Xj—2 Xj—q L(i] 1) L=
j=3 Yj-z Yj-1 L(i - 1,))
Possibility LCS Length
LCS iﬂClUdes bOth 1 + L(l - 1,] - 1) Could We ever have:
LCS excludes y; L(i,j — 1) LG,j— 1) <L(i-1,j—-1)
LCS excludes x; Li—-1,))

LCS excludes both




Longest Common Subsequence

L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
- Xj-3 Xj-2 Xj-1 .] . e

L(i,j) = max LG,j—1)

e Yj-3 Yj-2 Vj-1 ' L(i—1,))

Possibility LCS Length
LCS includes both | 1+ L(i —1,j — 1) Could we ever have:

LCS excludes y; L(i,j—1) LG, j—1)<L(i—-1,j—-1)
LCS excludes x; Li—-1,)) No. The LCS cannot decrease by

LCS excludes both

considering more characters.



Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
- Xj—-3 Xj-2 Xj-1 / =)

o Vj—3 Vj—2 Yj-1 L(i,j) = max- 581__13
L i1t
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j — 1) Could we ever have:
LCS excludes y; L(i,j—1) LG, j—1)<L(i—-1,j—-1)

LCS excludes x; Li—-1,)) No. The LCS cannot decrease by
—tESexchudesboth—EG—1H7—1 considering more characters.




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
- Xj—3 Xj—2 Xj—q / =)

. L(i,j— 1)
- Yj-3 Yj-2 Vj-1 L(&,J) = max LG —1,))
\ it
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j—1) | |y, = y;, could we ever have:
LCS excludes y; L(i,j—1) 1+Li—-1,j—1)<L(—-1,j—1)
LCS excludes x; Li—-1,))
—t€ESexcludesboth—EG—17—1)




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

(1+LGI—1,j—1),ifx; =y
- Xj—3 Xj—2 Xj—q / =)

C N L(i,j — 1)
o Vj-3 Vj-2 YVj-1 L(i,j) = max- L(i—1,))
L i
Possibility LCS Length

LCSincludesboth | 1+ L(i—1,j — 1) | | x; = y;, could we ever have:

LCS excludes y; L(i,j—1) 1+Li—-1,j—1)<L(—-1,j—1)

LCS excludes x; L(i—1,j) No. Adding 1 makes things bigger.

—t€ESexcludesboth—EG—17—1)




Longest Common Subsequence
L(i,j) = Length of LCS between [x4, ..., x;| and [y, ..., ;]

o Xji_2 Xi_o» Xj_
i—3 Xi-2 Xji-1 1+L3I—-1,j—1),ifx; =y

. . . L(i,]) = .. . . :
v Vj-3 Vj-2 YVj-1 ) max {L(i,j —1),L(i — 1,j)}, otherwise
Possibility LCS Length
LCSincludesboth | 1+ L(i—1,j—1) | |y, = y;, could we ever have:
LCS excludes y; L(i,j—1) 1+Li—-1,j—1)<L(—-1,j—1)
LCS excludes x; L(i—1,j) No. Adding 1 makes things bigger.




oo b WO N = O T

Longest Common Subsequence

1+L(l—1,]—1),|fxl=y]

LG ) =
) max {L(i,j — 1),L(i — 1,j)}, otherwise

< = 0 2w




oo o WO N P O T

Longest Common Subsequence

j 0 1 2 3 45
S U N NY L (=1 i 1) if
0O/ 0]0(0[0|O0 L(i,j) = maX{L-(I_i,j(l_1),’[{(i_)1’,lj')§tott3/ejrwise
S|O0
N|O
OO0
W|O0
Y| O




oo o WO N P O T

Longest Common Subsequence

j 0 1 2 3 45
S U N NY L (=1 i 1) if
0O/ 0]0(0[0|O0 L(i,j) = maX{L-(I_i,j(l_ 1),’[{(i_)1’,lj')§iotlilejrwise

S|0]1]1 1|11

N O|1 |1/?

O/0|1]|1

Wi 0|11

Y| 0|11




oo o WO N P O T

Longest Common Subsequence

j 0 1 2 3 45
S U N NY e 0 — AL F — 7). 7
0O/ 0]0(0[0|O0 L(i,j) = maX{L-(I_i,j(l_ 1),,[{(i_)1’,lj')§totlfejrwise

S|0]1]1 1|11

N O|1 |1/?

O/0|1]|1

Wi 0|11

Y| 0|11




oo b WO N = O T

Longest Common Subsequence

j 0 1 2 3 4 5
S UN N Y
o 1+L{—-1,j—-1),ifx; =y,
o/lolo|o|o]oO = -
L@.J) max {L(i,j — 1),L(i — 1,j)}, otherwise
Ss|ol1]1|1|1]1
NlO|1|1]?
o|0|1]1 L(2,3)=1+L(2-1,3-1)
W|0|1]|1
Y|0o|1]|1




oo b WO N = O T

Longest Common Subsequence

j 0 1 2 3 4 5
S U N N Y
N 1+L3{I—-1,j—1),ifx; =y,
ololo|ol|lo]oO = " othe
LG =3 (L(i,j — 1), L(i — 1,)}, otherwise
S|lol1|l12 (111
NlOo|1|[1]|2]|2]|2
olol1l1l2121> L(2,3)=1+L(2-1,3-1)
wlol1l1]2]2]2 =1+1=2
Y| O0|1|1]|2]2|3
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  x = [  x 1 , … ,  x n ]


  y = [  y 1 , … ,  y m ]


  E ( i , j )


  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


      x i    y j


   {  0 , 1 } + E  (  i − 1 ,   j − 1 )


      x i   −


  1 + E ( i − 1 , j )


     −    y j


  1 + E ( i , j − 1 )


  L ( i , j )


  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


   x  i − 3


   x  i − 2
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   y  j − 2
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  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


   𝒙 𝒊


   𝒚 𝒋


   x  i − 3


   x  i − 2


   x  i − 1


   x i


   y  j − 3


   y  j − 2


   y  j − 1


   y j


  L ( i , j )


  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


   y j


   x i


   𝒙 𝒊


   𝒚 𝒋


   x  i − 3


   x  i − 2


   x  i − 1


   x i


   y  j − 3


   y  j − 2


   y  j − 1


   y j


  L ( i , j )


  [  x 1 , … ,  x i ]


  [  y 1 , … ,  y j ]


   y j


   x i


   𝒙 𝒊


   𝒚 𝒋


   x  i − 3


   x  i − 2


   x  i − 1


   x i


   y  j − 3


   y  j − 2


   y  j − 1


   y j


  L  (  i , j ) =
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   y  j − 1


   y j


  L  (  i , j ) =  {     1 + L  (  i − 1 ,   j − 1 ) , if   x i =  y j   max   { L  (  i ,   j − 1 ) , L  (  i − 1 ,   j ) } , otherwise
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  L  (  i , j ) =  {     1 + L  (  i − 1 ,   j − 1 ) , if   x i =  y j   max   { L  (  i ,   j − 1 ) , L  (  i − 1 ,   j ) } , otherwise
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  i
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  i
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