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Graph Coloring

Family of graph problems that involve coloring vertices (or edges) 
subject to various constraints.



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

✓ 



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

✓ 

NP-Hard



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

How many colors are needed 
to color this graph?



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

How many colors are needed 
to color this graph?



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

How many colors are needed 
to color this graph?



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

How many colors are needed 
to color this graph?



Graph Coloring

Minimum Vertex Coloring: Color the vertices of a graph using the 
smallest number of colors such adjacent vertices are different colors. 

How many colors are needed 
to color this graph?



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm?



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.
Optimal?  



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.
Optimal?  Probably not…



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.
Optimal?  Probably not…

Goal: Show this algorithm is expected to 

perform as a 
3

2
-approximation algorithm.



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.
Optimal?  Probably not…

Goal: Show this algorithm is expected to 

perform as a 
3

2
-approximation algorithm.

Note: if problem is a maximization 

problem, 𝑨𝑳𝑮 ≥
𝟏

α
𝑶𝑷𝑻



Max 3-Coloring

An edge in a graph is satisfied if its vertices are colored different 
colors. Using only three colors, color the vertices of a graph such 
that the number of satisfied edges is maximized. 

Algorithm: For each vertex, randomly assign it 
one of the three colors with probability 1/3.

Running time?  𝑂(𝑛)
Valid?  Yes. Colors all vertices with ≤ 3 colors.
Optimal?  Probably not…

Goal: Show this algorithm is expected to 

perform as a 
3

2
-approximation algorithm.



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

What is the probability that a single edge is satisfied?



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

What is the probability that a single edge is satisfied?

=
# events we care about

# all possible events
Probability of 
some outcome



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

What is the probability that a single edge is satisfied?

All possibilities: 

(b,b), (b,g), (b,r), (g,b), (g,g), (g,r), (r,b), (r,g), (r,r)

=
# events we care about

# all possible events
=

?

𝟗
Probability of 
some outcome



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

What is the probability that a single edge is satisfied?

All possibilities: 

(b,b), (b,g), (b,r), (g,b), (g,g), (g,r), (r,b), (r,g), (r,r)

=
# events we care about

# all possible events
=

𝟔

𝟗
Probability of 
some outcome



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

What is the probability that a single edge is satisfied?

All possibilities: 

(b,b), (b,g), (b,r), (g,b), (g,g), (g,r), (r,b), (r,g), (r,r)

=
# events we care about

# all possible events
=

𝟔

𝟗
=

𝟐

𝟑
Probability of 
some outcome



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

What is σ𝑒 𝑋𝑒?
 



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

What is σ𝑒 𝑋𝑒?
  𝐴𝐿𝐺 – It’s the number of satisfied edges.



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

What is σ𝑒 𝑋𝑒?
  𝐴𝐿𝐺 – It’s the number of satisfied edges.

What is 𝐸 σ𝑒 𝑋𝑒 ?
 



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

What is σ𝑒 𝑋𝑒?
  𝐴𝐿𝐺 – It’s the number of satisfied edges.

What is 𝐸 σ𝑒 𝑋𝑒 ?
 The most likely value for 𝐴𝐿𝐺.



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

The expected value of a random variable (𝐸 𝑌 ) is the sum of every 
possible outcome (𝑦𝑘) times the probability of that outcome (𝑝𝑘):

𝐸[𝑌] = σ𝑘 𝑦𝑘𝑝𝑘

𝐸 𝑋𝑒 = ?



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
 

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

The expected value of a random variable (𝐸 𝑌 ) is the sum of every 
possible outcome (𝑦𝑘) times the probability of that outcome (𝑝𝑘):

𝐸[𝑌] = σ𝑘 𝑦𝑘𝑝𝑘



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

The expected value of a random variable (𝐸 𝑌 ) is the sum of every 
possible outcome (𝑦𝑘) times the probability of that outcome (𝑝𝑘):

𝐸[𝑌] = σ𝑘 𝑦𝑘𝑝𝑘



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

= σ𝑒
2

3
 



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

= σ𝑒
2

3
=

2

3
𝐸  



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

⇒ 𝐸 𝐴𝐿𝐺 =
2

3
𝐸

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

= σ𝑒
2

3
=

2

3
𝐸  



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

⇒ 𝐸 𝐴𝐿𝐺 =
2

3
𝐸 ≥

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

= σ𝑒
2

3
=

2

3
𝐸  𝑶𝑷𝑻?

Note: if problem is a maximization 

problem, 𝑨𝑳𝑮 ≥
𝟏

α
𝑶𝑷𝑻



Max 3-Coloring

Algorithm: For each vertex, randomly assign it one of the three colors 

with probability =
1

3
.

Probability that a single edge is satisfied =
2

3
.

Define 𝑋𝑒 = ቊ
1
0

, if 𝑒 is satisfied
, if 𝑒 is not satisfied

𝐸 𝑋𝑒 = 1
2

3
+ 0

1

3
=

2

3
 

⇒ 𝐸 𝐴𝐿𝐺 =
2

3
𝐸 ≥

2

3
𝑂𝑃𝑇

How many edges we expect to satisfy = 𝐸 𝐴𝐿𝐺  = 𝐸 σ𝑒 𝑋𝑒 = σ𝑒 𝐸 𝑋𝑒  

= σ𝑒
2

3
=

2

3
𝐸  

Note: if problem is a maximization 

problem, 𝑨𝑳𝑮 ≥
𝟏

α
𝑶𝑷𝑻

Since 𝑶𝑷𝑻 ≤ 𝑬  (can’t have more 
satisfied edges than there are edges!)
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