Dynamic Programming
CSCl1 432



Dynamic Programing Process

1. ldentify optimal substructure:
If we have an optimal solution of size X, what
does that say about a sub-solution of X?

2. Recursively define value of optimal solution:
A,, = max or min of something related to 4,,_;

3. Compute value of optimal solution.
Fill out table for every optimal value < 4,

4. Construct optimal solution from computed information:
Either backtrack or make a new table.



Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

mismatch
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Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
e Cost function
(e.g., non-matches = +1)
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Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
e Cost function
(e.g., non-matches = +1)

nn n
cC
Z Z
z O
=
< <

cost=3



Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
* Cost function - S
(e.g., non-matches = +1) S U



Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
e Cost function
(e.g., non-matches = +1)

|
c On
O
=
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cost=5
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Edit Distance

Given two strings, how many edits are needed to turn
one string into another?

Input:
* Two strings
* Cost function - S NOW -
(e.g., non-matches = +1) S UN- - N
Objective: cost =5

Find cheapest possible
alignment.



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.



Edit Distance

We want to align two strings, x = [x4, ..., x,] and y = [yq, ..., Y]

Dynamic Programming?



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.

E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;] and [y, ..., ¥; ]2



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x4, ..., x;] and |y4, ...,yj]l

Specifically, how must the optimal alighment end?
(three possibilities).



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost o Xj_3 Xj_p Xi_1 — X
x.
l_ - Yji-3  —  Yj-2 Vji-1 Yj
Y
Xi




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost e Xij_3 Xj_o Xj_q{ —
x.
l. - Yi-3  —  Yj-2 YVj-1
Yj

*i Cost?j




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost e Xij_3 Xj_o Xj_q{ —
x.
yi |01 w Yjimz T Yj-2 Yj-1
J

*i Cost?j




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost L Xj_3 Xj_p Xi_1  — X
x.
v {0,1} + 227 - Yj-3 — Yj-2 Yj-1/Y;
J
Xi

— Costig




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.

E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost
% 01 2?7
y, 10,1} + ?77
Xi
Yj

 Xj—-3 Xj-2 Xj—1 T
- Yj-2 JYj-

K E(i—1,j—1):
Alignment of | x4,

with [yl, ...,yj_l]

cen xi_l]



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.

E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost
% 1 1,7 —1
Xi
YVj

 Xj—-3 Xj-2 Xj—1 T
- Yj-2 JYj-

K E(i—1,j—1):
Alignment of | x4,

with [yl, ...,yj_l]

cen xi_l]



Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost o Xj_3 Xj_p Xi_1 — X
x.
y]l_ (0,1} +E(G—1,j—1) o Yji—2 — Yj-1 YVj 0~
Xi




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost e Xij_3 Xj_o Xj_q{ —
x.
y]f (01} +E(G—1,j—1) v Yi—2  — YVj-1 JYj

1 Cost=1j




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost L Xj_3 Xj_p Xi_1  — X
x.
y]f (0,1} +E(G(—1,j—1) - Yji—2 — Yji-1 YVj S —
Xi

1+ 77?7

— Cost?




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost L Xj_3 Xj_p Xi_1  — X
x.
y]f (0,}+EG{—1,j—1) - Yj—2  — YVj-1 Yj S —
Xi . .
- L+ E@=17) KE(i—lj):
— Alignment of [x4, ..., x;_1]
Yj with [yl, ...,yj]




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost e Xi_o Xi_q X — —
x.
ﬁ (01} +E(G—1,j—1) v Yji-3  — YVj-2 YVj-1 Yj
& 1+E@ —1,))

1+E@,j—1)




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Alignment Cost
y]‘. (O +EG—-1j-1 | EGJ =2
*i 1+EG—1,))
1+E@,j—1)




Edit Distance

We want to align two strings, x = |[x4, ..., x| and y = |y4, ..., Vi |.
E(i,j) = optimal cost of aligning [x4, ..., x;] and [y, ..., y;].

Can we say anything about optimal alignment of [x,, ..., x;| and [y, ..., ¥;]?

Ali t Cost
Ig:C@en 0S diff(i,j) + E(i—1,j — 1)
y; (0,1} +E(—1,j—-1) | E£(j)=min LHEC-1))
j 1+E(@,j—1)
’ii 1+E@G—-1,))
f
0, x; =Yy
_ where diff(i,j) = -
Yj 1+E@G,j—1) ) b A




Edit Distance

EGi—1,))+1
E(i,j) = miny{ EG,j—1)+1
E(i = 1,j = 1) + diff(i, )

core ~ 10, x[i] = y[j]
d'ff("”‘{l, x[i] # y[j]

How should we find E(n,m)?



Edit Distance

EGi—1,))+1
E(i,j) = miny{ EG,j—1)+1
E(i = 1,j = 1) + diff(i, )

core ~ 10, x[i] = y[j]
d'ff("”‘{l, x[i] # y[j]

How should we find E(n,m)?
* Find all the other E(i,j)sfori <n,j <m.



o p W N P O <

Edit Distance

< S 0 2w

[ EG-1,)+1

EG,j—1)+1

E(i,j) = miny{
0,
diff(i, j) = { 1

\E(i —1,j — 1) + diff(i, j)

x[il = ylj]
x[i] # ylj]

How should we find E(n,m)?
* Find all the other E(i,j)sfori <n,j <m.
* Store intermediate E (i,j) values in a 2d

array.



o p W N P O <

Edit Distance

< S 0 2w

[ EG-1,)+1

EG,j—1)+1

2 3 4 §5
N E(i,j) = min+
diff(i,j) = {(1)'
o
™S
N E(3,4)

E@—1,j = 1) +diff(i, )
x[i] = ylj]

, x[i] # ylj]

Where can we start?



o p W N P O <

Edit Distance

< S 0 2w

[ EG-1,)+1

EG,j—1)+1

3 4 §5
N N ¥ E(i,j) = min+
diff(i,j) = {(1)'
o
™S
N E(3,4)

E@—1,j = 1) +diff(i, )
x[i] = ylj]

, x[i] # ylj]

Where can we start?

E(0,1) or E(1,0)



o p W N P O <

Edit Distance

< S 0 2w

»v =

N

2 W

Z b

< U

(

E(i—1,))+1
E(i,j) = min+ E(i,j—1)+1
E(i = 1,j = 1) + diff(i, )

diff(i, j) = {O' xli =yl

1, otherwise

E(—1,1) + 1
E(0,1) = min< E(0,0)+1 =7?
E(—1,0) + 1



o p W N P O <

Edit Distance

< S 0 2w

»v =

N

2 W

Z b

< U

(

E(i—1,))+1
E(i,j) = min+ E(i,j—1)+1
E(i = 1,j = 1) + diff(i, )

diff(i, j) = {0' xli =yl

1, otherwise

il
E(0,1) = min< E(0,0)+1 =7?

=8+



Edit Distance

(

EGi-1,j)+1
j 0 1 2 3 4 5 E(i,j) = miny E(i,j—1)+1
E(i—1,j— 1)+ diff(i,j
S U N N Y (B —1,j = 1) + diff(i, )
S dlff(l'])_{l, otherwise
S
N
0 L=+
W E(0,1) = min<{ E(0,0)+1 =1
Y L0+

Corresponds to aligning S from SUNNY
with inserted — from SNOWY.



o p W N P O <

Edit Distance

< S 0 2w

2 W

Z b

< U

(

E(i—1,))+1
E(i,j) = min+ E(i,j—1)+1
E(i = 1,j = 1) + diff(i, )

diff(i, j) = {O' xli =yl

1, otherwise

E0,1)+1
E(1,1) = min< E(1,0) + 1 =7
E(0,0) + 0



Edit Distance

( EGi—1,)+1

J 3 4 5 E(i,j) = min-< E(G,j—1)+1
N N V \E(E ]— 1,j — 1) + diff(i, )
diff(t, /) = {1, otherwise

S

N

X E(0,1) +1

W E(1,1) =min{E(1,0) + 1 =?

Y E(0,0)+ 0

Not calculated yet!



oo A WO N R O &

Edit Distance

< S 0 2w

N

2 W

Z b

< U

R |w»n R

[ EG-1,)+1

EG,j—1)+1

E(i,j) = min 4
diff(i, ) = {2

EG—1,j = 1) +diff(i, /)
x[i] = ylj]

otherwise

Need upper left-hand

corner

filled out before

Wwe Can progress.



o p W N P O <

Edit Distance

< S 0 2w

2 W

Z b

< U

=DV =

N C N

(

E(i—1,))+1
E(i,j) = min+ E(i,j—1)+1
E(i = 1,j = 1) +diff(i, )

diff(i, j) = {O' xli =yl

1, otherwise

E(-1,2) +1
E(0,1)+1 =2
E(-1,1) + 1

E(0,2) = min



o p W N P O <

Edit Distance

< S 0 2w

2 W

Z b

< U

o

=DV =

N C N

(

E(i—1,))+1
E(i,j) = min+ E(i,j—1)+1
E(i = 1,j = 1) +diff(i, )

diff(i, j) = {O' xli =yl

1, otherwise

E(0,0)+1
E(1,0) =min< E(1,-1)+1=1
EO0,-1)+1



Edit Distance

(

E(i—1,j)+1
j 0 1 2 3 4 5 E(i,j) = miny E(i,j—1)+1
E(—1,j—1) + diff(i,
S U N N Y E@—1,j = 1) +diff(i, )
R diff(i, /) = {1, otherwise
S|11]0
N
X E0,1)+1
W E(1;1)=m1n E(1,0)+1=O
Y E(0,0) + 0




Edit Distance

(

Ei—-1)+1
j 0 1 2 3 4 5 E(i,j) = miny E(i,j—1)+1
E(—1,j—1) + diff(i,
S U N N Y E@i—1,j—1) + diff(i, /)
O|1(2|3[4]|5 diff(i,j) = {1’ Moo
S|11/0(1|2]|3 |4
Njp2)11)/1/112]3 Running Timef?
O|3|2(2]2]|2]|3
Wi 4, 313 3|3]3
Y544 4|43




~.

o p W N R O

Edit Distance

< S 0 2w

O 1 2 3 4 5

S UN NY
0O/1(2|3]4|5
110111234
2 (1(1|11|2]3
31212223
41313131313
5(4(4|4,4)3

[ EG-1,)+1

EG,j—1)+1

E(i,}) = min 4
diff(i, ) = {2

E@—1,j— 1) +diff(i, /)
x[i] = ylj]

otherwise

Running Time?

Fill out

n X m table with constant

operations: O(nm)



o p W N P O <

Edit Distance

j 0 1 2 3 4 5
S U N N Y
0/1]/2|3|4]5

s|1/0|1/2|3|4

N[2|1|1]1|2]3

0|3|2]22]2]3

W|4|[3[3|3|3]|3

Y|[5|4|4]4]4|3

Edit distance = 3.

How can we recreate the actual
alignments?

Backtracking.

Ask the question: “How did
we get here?”



Edit Distance

1 2 3 4 5
S UN NY

0

How did we get to E(5,5)?

3

2

1

2131415
112|314

1

1

1

0

110

S

1

2 N |2

3 013|122 (2/|2]3

4 W 4|3 3|3|3]|3

5 Y|5(44,4,4),3




Edit Distance

1 2 3 4 5
S UN NY

0

How did we get to E(5,5)?

From E(5,4)?

3

2

1

2131415
112|314

1

1

1

0

110

S

1

2 N |2

3 013|122 (2/|2]3

4 W 4|3 3|3|3]|3

5 Y |54 44,43




o p W N P O <

Edit Distance

j 0 1 2 3 4 5
S U N N Y
0|1(2|3|4]5

S|1/0|1]2]3]|4

N|[2|1]1]|1]2]3

o|3[22(2]2]3

W|4[3|3[3|3]|3

Y[5|4|4]|4] 443

How did we get to E(5,5)?
From E(5,4)? — No. Can never
go down in cost.



o p W N P O <

Edit Distance

j 0 1 2 3 4 5
S U N N Y
0|1(2|3|4]5

S|1/0|1]2]3]|4

N|[2|1]1]|1]2]3

o|3[22(2]2]3

W|4[3|3[3|3]3

v[5|alalalals

How did we get to E(5,5)?
From E(5,4)? — No. Can never
go down in cost.

From E(4,5)?



o p W N P O <

Edit Distance

j 0 1 2 3 4 5
S UNN Y How did we get to E(5,5)?
2 _
0l11213als From E(SA). No. Can never

go down in cost.
S{1/0]12|3 |4

From E(4,5)? — No. Need +1 to
N| 211|123 : :

move that direction.
O(3|2|2|2|2]|3
Wl 43|33 |3]|3

o ( . .

Y| 5|4 |4|4|4]|3 EG-1j)+1

E(i,j) = min< EGj—1)+1
E(i—1,j = 1) +diff(i, /)




o p W N P O <

Edit Distance

< S 0 2w

How did we get to E(5,5)?

From E(5,4)? — No. Can never

go down in cost.

From E(4,5)? — No. Need +1 to

move that direction.

From E(4,4)?

.. A

o | B~ W N - O

T WINFPIOIFRIO;L K

AW INRFR|IRINICNDN

W INIELEINWIZ2Z W

(

PIWININ W IPMIZ &
Wi wHw w b oul< U

Ei—-1))+1

E(,j—1)+1
\E(i —1,j — 1) + diff(i, j)

E(i,j) = minX




o p W N P O <

Edit Distance

< S 0 2w

How did we get to E(5,5)?

From E(5,4)? — No. Can never

go down in cost.

From E(4,5)? — No. Need +1 to

move that direction.

From E(4,4)? — Yes. Match Y’s.

.. A

o | B~ W N - O

T WINFPIOIFRIO;L K

AW INRFR|IRINICNDN

W INIELEINWIZ2Z W

(

PIWININ W IPMIZ &
Wi wHw w b oul< U

Ei—-1))+1

E(,j—1)+1
\E(i —1,j — 1) + diff(i, j)

E(i,j) = minX




o p W N P O <

Edit Distance

< S 0 2w

0 1 2 3 45
S UN N Y
0/1/2|3]4]5
1/0¢1,2|3]|4
-

2 171, 1423
312]2(2,213
41313/3/3,3
544|443

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates [?

Vertical move indicates ?

Horizontal move indicates ?

E(i,j) = min+

[ EG(-1,)+1

E(i,j—1)+1

E(i = 1,j = 1) +diff(i, )



o p W N P O <

Edit Distance

< S 0 2w

0 1 2 3 45
S UN N Y
0/1/2|3]4]5
1/0¢1,2|3]|4
-

2 171, 1423
312]2(2,213
41313/3/3,3
544|443

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates ?

Horizontal move indicates ?

E(i,j) = min+

[ EG(-1,)+1

E(i,j—1)+1

E(i = 1,j = 1) +diff(i, )



o p W N P O <

Edit Distance

< S 0 2w

0 1 2 3 45
S UN N Y
0/1/2|3]4]5
1/0¢1,2|3]|4
-

2 171, 1423
312]2(2,213
41313/3/3,3
544|443

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates space
inserted in J.

Horizontal move indicates ?

E(i,j) = min+

[ EG-1,)+1

E(i,j—1)+1

E(i = 1,j = 1) +diff(i, )



o p W N P O <

Edit Distance

< S 0 2w

0 1 2 3 45
S UN N Y
0/1/2|3]4]5
1/0¢1,2|3]|4
-

2 171, 1423
312]2(2,213
41313/3/3,3
544|443

Continuing

the process yields all

of the optimal solutions.

Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space

inserted in i.

[ EG(-1,)+1
E(i,j) = min+ E(i,j—1)+1

E( = 1,j = 1) +diff(i, /)




o p W N P O <

Edit Distance

j 01 2 3 45
S U N N Y
ol1]2]3]4]s

s|1[od1]2]3]4

Nj2[1]1)1]2]3

0/3]2]2[2)23

wia|3|3[3[3]3

Y|5|alalalals

Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space
inserted in i.

S - NOWY
S UNN-Y



o p W N P O <

Edit Distance

j 01 2 3 45
S UN N Y
ol1]2]3]a]s

s|1[od1]2]3]4

N2 11]1)02]3

ol3|2]2[2]2]3

W4333_4§|3

Y{s|alalalals

Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space
inserted in 1.

Alignment?



o p W N P O <

Edit Distance

j 01 2 3 45
S UN N Y
ol1]2]3]a]s

s|1[od1]2]3]4

N2 11]1)02]3

ol3|2]2[2]2]3

W4333_4§|3

Y{s|alalalals

Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space
inserted in 1.

S - NOWY
S UN-NY



o p W N P O <

Edit Distance

j 01 2 3 45

S U NN Y
ol1]2]3]a]s
s|1]og1/2]3)4
N|2]11,1,2)3
o|3|2]2[2]2]3
wi 4|33 3_4;3
vis|alalafals

Diagonal move indicates match.

Vertical move indicates space
inserted in j.

Horizontal move indicates space
inserted in 1.

SNOWY
S UNNY



Edit Distance

(

EGi—1,))+1
j 0 1 2 3 4 5 E(i,j) = miny E(i,j—1)+1
E(i—1,j— 1)+ diff(i,j
S U N N Y E@i—1,j—1) + diff(i, /)
O|1(2|3[4]|5 diff(i,j) = {1’ Moo
S|11/]0(1]2 |34
Nj12 111117123 Space Requirements?
O3 (2|2 |2|2|3
Wi 4|33 |3|3]|3
Y| 544|443




iy

o p W N R O

Edit Distance

< S 0 2w

O 1 2 3 4 5

S UN NY
0O/1(2|3]4|5
110111234
2 (1(1|11|2]3
31212223
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