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Test 3 Logistics

1. During class on Thursday 11/20.
2. You can bring your book and any notes you would 

like, but no electronic devices.
3. You may assume anything proven in class or on 

homework.
4. Three questions (10 points):

1) Approximation algorithm (5 points).
2) Special case (2 points).
3) Tightness example (3 points).



Project Logistics

1. Report due 12/2 (first day of presentations).
2. Presentation schedule posted.
3. 15 minutes maximum presentation time. Leave a 

couple minutes for questions.
4. Attend other peoples’ presentations. If attendance 

plummets, I may have to factor attendance into 
project grades.
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1. Report due 12/2 (first day of presentations).
2. Presentation schedule posted.
3. 15 minutes maximum presentation time. Leave a 

couple minutes for questions.
4. Attend other peoples’ presentations. If attendance 

plummets, I may have to factor attendance into 
project grades.

Also, please do the course evaluation:
https://faculty.campuslabs.com/eval-home/direct/8521795



Travelling Salesman Problem

TSP: Given a list of cities and the distances between each pair of cities, 
what is the shortest possible route that visits each city once and 
returns to the origin city?
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Hamiltonian Cycle Algorithm
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cost(𝑒) = 1 if 𝑒 ∈ HC Instance 
cost(𝑒) = 1 + 𝛽, 𝛽 ≠ 0 if 𝑒 ∉ HC Instance

Same selected edges



TSP Approximation Algorithm
Translation: cost(𝑒) = 1 if 𝑒 ∈ HC 

cost(𝑒) = 1 + 𝛽, 𝛽 ≠ 0 if 𝑒 ∉ HC



TSP Approximation Algorithm

If 𝐺 = (𝑉, 𝐸) has a Hamiltonian Cycle, OPTTSP= ?
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TSP Approximation Algorithm

HamiltonianCycleFinder(𝐺)
Let 𝐴 be a TSP 𝛼-approximation algorithm
Let 𝛽 = 𝛼 |𝑉| and run 𝐴 on 𝐺′, 𝛽
if ALG𝐴 ≤ 𝛼 |𝑉|

return cycle found
else

return false

Is this a problem?
Yes! Any approximation algorithm for TSP will solve 
the NP-Complete Hamiltonian Cycle problem!

∴ ∄ poly time approx alg for TSP, unless P = NP 
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HamiltonianCycleFinder(𝐺)
Let 𝐴 be a TSP 𝛼-approximation algorithm
Let 𝛽 = 𝛼 |𝑉| and run 𝐴 on 𝐺′, 𝛽
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else
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Why is this the case?



TSP Approximation Algorithm

HamiltonianCycleFinder(𝐺)
Let 𝐴 be a TSP 𝛼-approximation algorithm
Let 𝛽 = 𝛼 |𝑉| and run 𝐴 on 𝐺′, 𝛽
if ALG𝐴 ≤ 𝛼 |𝑉|

return cycle found
else

return false

Why is this the case?
Any approx alg for TSP is required to be valid, and a 
valid output is a Hamiltonian Cycle.
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Integer Linear Programming
Suppose one could write an ILP for TSP:

From: Wikipedia

What could you conclude?
If TSP in inapproximable, solving ILPs must be too! 
(Otherwise an approximation algorithm for ILPs would provide an approximation algorithm for TSP.)
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Graph Coloring

Minimum Graph Coloring: Given graph, find the smallest number of 
colors such that each vertex can be assigned a color and neighboring 
vertices do not share colors.
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Graph Coloring

Minimum Graph Coloring: Given graph, find the smallest number of 
colors such that each vertex can be assigned a color and neighboring 
vertices do not share colors.

• Related to Clique.
• Influenced by vertex degree.

𝑛 𝜒 𝑛
0
1
2
3
4
⠸

ü
ü
ü
û
û
⠸

NP-Hard to determine (for 𝒌 ≥ 𝟑):
• Is graph 𝒌-colorable?
• What is the minimum colorable value?
• Is graph colorable with 𝒌 or fewer colors?
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Graph Coloring

Suppose we had a !
"
− 𝜀 -approximation algorithm for the problem.

What happens when we run it on a graph with 𝜒 𝐺 = 3?

𝐴𝐿𝐺 ≤ !
"
− 𝜀 𝑂𝑃𝑇 = !

"
− 𝜀 3 = 4 − 3𝜀 < 4 ⇒ 𝐴𝐿𝐺 ≤ 3

Thus, we could determine if a graph is 3-colorable 
⇒ algorithm can’t exist.

Minimum Graph Coloring: Given graph, find the smallest number of 
colors such that each vertex can be assigned a color and neighboring 
vertices do not share colors.
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Special Case - Metric TSP

TSP: Given a list of cities and the distances between each pair of cities, 
what is the shortest possible route that visits each city once and 
returns to the origin city?



Special Case - Metric TSP

TSP: Given a list of cities and the distances between each pair of cities 
(satisfying the triangle inequality), what is the shortest possible route 
that visits each city once and returns to the origin city?

dist(𝑢, 𝑣) ≤ dist 𝑢,𝑤 + dist(𝑤, 𝑣)



Find some structure that is:
1. Easy to compute.
2. Related to TSP.
3. Lower bound on OPT.
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Find some structure that is:
1. Easy to compute.
2. Related to TSP.
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What is this?
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Find some structure that is:
1. Easy to compute.
2. Related to TSP.
3. Lower bound on OPT.

What is this?
Spanning Tree
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Relationship between OPT and cost of MST?

Special Case - Metric TSP



Relationship between OPT and cost of MST?
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How to turn MST into tour of cities?
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How to turn MST into tour of cities?
What is the cost of this tour?

ALG = 2 cost(MST)
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Relationship between OPT and cost of MST?
OPT ≥ cost(MST)

How to turn MST into tour of cities?
What is the cost of this tour?

ALG = 2 cost(MST)

Relationship between ALG and OPT?
ALG = 2 cost(MST) ≤ 2 OPT

Any problems?
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Relationship between OPT and cost of MST?
OPT ≥ cost(MST)

How to turn MST into tour of cities?
What is the cost of this tour?

ALG = 2 cost(MST)

Relationship between ALG and OPT?
ALG = 2 cost(MST) ≤ 2 OPT

How can we eliminate double visits (without 
messing up the cost)?
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Relationship between OPT and cost of MST?
OPT ≥ cost(MST)

How to turn MST into tour of cities?
What is the cost of this tour?

ALG = 2 cost(MST)

Relationship between ALG and OPT?
ALG = 2 cost(MST) ≤ 2 OPT

How can we eliminate double visits (without 
messing up the cost)?

Skip to next unvisited vertex. Can only 
decrease cost (triangle inequality).
dist(𝑢, 𝑣) ≤ dist 𝑢,𝑤 + dist(𝑤, 𝑣)
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APX

VC

NPO

Approximability Hierarchy

Set Cover

PTAS FPTAS

Knapsack

PO

Shortest Path

TSP
ILP

Inapproximable

Metric TSP


